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- Abstract
Let f(z2) =2+ Y22, a,._z" be analytic in |z| < 1 and
zf"(z) _ :
1+Re——+—+—>0 in  |zi<l.
@) ok
Then it is well known that [1, 3]
2@ .
Re in |z|<1.
@ g

Corresponding the above theorem, if f(z) = 1/z 4 3,32 4 an2z" is analytic in the
punctured disk 0 < |z| <1 and

Re[—(1+ ‘;,’;S) N>0 in |z <1,

then there exists no positive constant o > 0 for which

2f'(2)

Rel=Fy

—|>a in |2|<1.

1. Introduction.
Let ¥ denote the class of function of the form

f(z) =% +gauz"

which are regular in the punctured disk E = {z: 0 < |z| < 1}.
A function f(z) € X is called meromorphic starlike of order a (0 < a < 1) if

2f'(2)

Rl

——]>a
forall ze U= {z:|z] <1}.

We denote by Z*(«) the subclass of X consisting of functions which are meromorphic
starlike of order a in U.

Further, a function f € X is called meromorphic convex of order a (0 < a < 1) if

I LONT
Rel~(1+ 5701 >

forall ze U.
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We denote by Z.(a) the subclass of T consisting of functions which are meromorphic
convex of order a in U.

2. Preliminaries

Lemma 1. [ 1, Theorem 1 | Let p(z) be regular in U, p(()) =1and suppose that there
exists a point zg € U such that .

Rep(z) > 0 for |z| < |z,

Rep(zp) =0 and p(z) #0.
Then we have

zop'(20) =
P(z0) =

where k is real and |k| > 1.
Lemma 2. Let p(z) be regular in U, p(0) =1 and

(1) Re(p(z) -

then

27/(2) .
() )>0 ,( e U),

Rep(z) >0 (z € U).

Then this result is sharp for the function p(z) =

Proof. First, we want to prove p(z) # 0 (z € U).
If p(z) has a zero of order n (n > 1) at a point zy (20 # 0), then p(z) can be written

as p(z) = (2 — z0)"9(z) (9(20) # 0, () is regular in U ), and it follows that

) _ (o sorgfe) - 22 - 20)

p(z) i-m  9()

1-—:

p(z) -

When z approaches to z on the line segment satxsfymg the conditions
argz = argzp = 6 and |29| < |z| < 1, we have .

zp/ (2)y

. B )
= lim Re((z — 20)"g(z) — - t%zo _ z;;(:;))

argz=argzg.|zgl<|z|<1
= negative infinite real value,



~ because we have

nz
lim  (arg(- )
args:cr:x_o'jrol<|s|<l z - Zo

z—2g

= lim (arg(—1) + argnz — arg(z — zp))

argz=argzg,|sgl<|z|<1

=n+0-6=m.

This result contradicts (1) .
Therefore we have

p(z) #0 (z€U).
If there exists a point 2p € U such that

Rep(z) >0  for |z| <|zl,

Rep(z0) =0  and p(z) #0,
then from Lemma 1, we have '

zop'(20) ik
P(z)
where k is real and |k| > 1.
For the case p(zp) = ia (a > 0), we have

zp (Zo) =
( p(z ) p(z )) Re(zk za,) -

" This contradicts our assumption.

For the case p(z) = —ia (a > 0), applying the same method as the above, we have

zop'(20) -
Re( p(z ) ]’( 0)) 0.

This contradicts our assumption.
Therefore we complete our proof.
The result is sharp for the function p(z) = 3=

3. Main result.

Theorem. If f(z) € £.(0), then f(z) € £*(0), and there exists no positive constant

a > 0 such that =.(0) C Z*(a).
Proof. Setting

N0

then we have p(0) = 1 and

L) = gt - 2L

~+ ) Pe)
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From the assumption of theorem, we have

£"(2). _BE)
Rel~(1+ 553 = Refp(s) - Z2 >0 im

then from Lemma 2, we have

f’(z) 2) in

Next, we prove that there exlsts no positive constant c > 0 such that X.(0) C Z*(a).
Because the extremal function of Lemma 2is

p(z) = 1 +z
so we put »
_zf'(z) 14z
fz) 1-2
Then by a brief calculation, we have
| f(z) __1__2
f(2) z 1-2

Adding 1/z to both sides and integrating from zero to z (0 < |z| < 1), we have

f'(2) 2
(G =-f

1- zdz’

and it follows that

1-2)?
sy =228
This function belong to £.(0) and X*(0) b’ut there exists no positive constant a > 0
for which f(z) € £*(a).
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