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‘Strong and ,Wéak Coupling Limits of
Interaction Models of Quantum Fields and
Particles

HIROSHIMA FUMIO
Hokkaido University

1 INTRODUCTION

Asymptotic behaviors of scaling Hamiltonians which describe interactions of particles and
quantized fields afe considered. In a mathematical formulation, interaction Hamiltonians of
the particles and the quantized fields are described by the theory of self-adjoint operators
acting in the tensor product of two Hilbert spaces over thé complex ﬁeldev Let 'H; and H,

be two Hilbert spaces. We define a self—adjomt operator H acting in the tensor product of
Hl and Hg, H Hl ® HQ, by

H:H1®I+O{Him+l®H2.

Here H; and H- are self-adjoint operators in H; and H,, respectively, H;,; is a symmetric
operator in ‘H and a € R is a coupling constant. Then, for the given self-adjoint operator

H, we define “B-coupling Hamiltonian, Hg(A)”, by
Hy(A) = Hy; @ I + AaHy + APT@ Hy, 1< 6. (1)

Introducing a renormalization E‘p(A) which goes to infinity or minus infinity as A — oo in

some sense, we want to investigate the following asymptotic behaviors

s — lim e (Hs(W=Es(0)) _ 5 (e“itHeff ® P) U, ter | (1 2)

A—co

Here'Heff is a self-adjéint operator in Hj, which is called “effective Hamiltonian”, U is a

unitary operator in H and P a projection operator onto a one-dimensional subspace in Hs. It
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seems to be useful to readers to collect some background ingredient. Motivation of this paper
is [1] and [3]. In [1], in order to give an interpretation of a physical phenomenon “Lamb
shift” without formal perturbation theory, A.Arai elaborates a scaling limit of the Pauli-
Fierz model. The scaling limit corresponds to the case 3 = 1 in (1.1). In [3], E.B.Davies
studies a s.ca,lin.g“limit of the Nelson model to derive a Schrodinger Hamiltonian (effective
Haihilton_ian) ‘with a scalar potential. The scaling limit corresponds to the case § = 2 in
(1.1). In this paper, we deal with the Nelson model (2,3,4,5,8,10], the Pauli-Fierz model
[1,6,7,8,9,10] and the spin-boson model [1]. Thus considering scaling limits as in (1.2) for
these models is an extension of those considered in [1,2,3,6,7,10]. We organize this paper
as follows. In section 2, we overview an abstract theory of a scaling limit of self-adjoint
operators. In section 3,4 and 5, we study the Nelson model, the Pauli-Fierz model and the

spin-boson model,respectively. In section 6, we give some remarks.

2 FUNDAMENTAL FACTS

2.1  An abstract Boson Fock space

In this subséction we define an abstract Boson Fock space and basic notations. For a sepa-
rable Hilbert space H over C , we denote the scalar pfoduct by < f,g >3 and the associated
norm by || f||», where the scalar product is linear in g and antilinear in f. For the tempered
distributions f and g, the notation f denotes the complex conjugate of f, and f (resp.g) the
Fourier transform of f (resp.the inverse Fourier transform of g). We denote the domain of
an operator A by D(A). The Boson Fock space over the Hilbert space H is defined by
F; H = @ [®2H] ’
n=0

where ®”H,n > 1, denotes the n-fold symmetric tensor product of H, and ®YH = C. Define
Oy =‘{1,0, 0,..}. Let the annihilation and creation operators in the Boson Fock space

denoted by ax(f), f € H and al,(g), g € M, respectively. It is well known that
F5 = L{ajy(fr)--a(f)20QUf; € H,j=1,.,n,n > 1}

is dense in Fy, where L denotes the linear hull of the vectors in {...}. The annihilation and

the creation operators in the Boson Fock space satisfy the following canonical commutation
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relations on Fif:
lan(f),al(9)] = <f,9>n

[ah(£),ak(9)] = 0,

where qg.( means ay or al,. Let h be a self-adjoint operator in H. Define dI'y(h) by

dT'y(R)Q = 0,

ARl )by (F) 0 = 3 aly(F1)- (B f;)abe(fu) 00, f; € DB).

j=1 _

Then dT'4(h) is essentially self-adjoint. Let us use the same notation as dI'y(h) for its

self-adjoint extension.

2.2 An abstract theory of a scaling limit

We overview an abstract theory of a scaling limit of self-adjoint operators acting in a tensor
product Hilbeft space established in [1] with a little modification. Let K be a Hilbert space
and put X = H ® K. Suppose that an operator, A (resp.B), is a nonnegative self-adjoint
operator in H (resp.K) and KerB = {kG|k € C,||G||, = 1}. Set the projection operator
onto KerB by Pg. We suppose that a family of self-adjoint operators, {Ca}a>o, in X admits

the following conditions: |
(1). For any e' >0, ;chere exisfs Ag so that, for‘ all A > Ay, D(C‘A) D .D(Av®I+AI® B) with
ICA®l|x < €|l(A® I+ AI® B)®|| +b(e) ||2]|x, @ € D(A®I) N D(I® B),
where b(f) > 0 is a constant independent of A > A,.

(2) There exists a symmetric operator C in & so that D(C) D D(A) ® KerB and, for
z €C\R,

s— lim CA(A®I+AI®B—2)"! =Cc{(A-27"®Ps}.
We define an operator Eg(C) with the domain D(Eg(C)) = D(A) by

(f,Ec(C)g)yy =(f®G,C(g®G))y, f€H,geDA).
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We call Eg(C) “the partial expectation of C with respect to G”. Set
Kesr = A+ Eg(C).
The following proposition is fundamental in this paper.
Proposition 2.1 ([1,Theorem 271]) Let operators A,B,Cy, and C be as above.” Then

(1) For A > Ay, Kn = A® I+ AI ® B + Cy is self-adjoint on D(A® I) N D(I.® B) and
uniformly bounded from below. Moreover Eg(C) is infinitesimally small with respect
to A, i.e., Kesy is self-adjoint on D(A).

(2) For z € C\R

s—Alim (KA—Z)_I =(Keff—z)-1®PB. (2 1)

Finally we note a fundamental fact.
Proposition 2.2 Let K, and Kess satisfy (2.1). Then

s — lim e KA = ¢7Rw @ Pp.

A—oo . . .
- Proof: See [l,Theorem 2.2] ' | O

By Proposition 2.2, it is enough to show strong resolvent limits of -coupling Hamiltonian

to investigate (1.2).

3 THE NELSON MODEL
3.1 The Nelson model

In this section, Wé consider the Nelson Hamiltonian with an ultraviolet cut-off function § .
and with a finite number of nonrelativistic particles. Fix the number of the nonrelativistic
particles N. For the mathematical generality, suppose that the dimension of the space in
which the nonrelativistic particles move is d > 1. (This assumption remains throughout this

paper.) We use the following identification

Fn = L‘Z(RdN) ® sz(Rd) = L2(RdN;,fL2(Rd)).
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For notational simplicity, we write the annihilation or creation operators by a*(f) instead of

a%:?(md)( f) in sections 3 and 5. We define a time-zero scalar field ¢(f) by

no_ 1 f f
= —{at == =1,
A ﬁ{ (ﬁ)“(ﬁ)}
Here w = w(k) = VEZ + /LQ p# > 0. In this section we require that p is a real valued even

function, p(k) = o(—k), with
!.3 @ 0 L2(R? ’
—,—, = RY). 3.1
= € L(R) ( )

For each z = (z!,...,z") € RV, 27 E]Rd]_l ., N, we set

~

o( )—\/(—W;@()

We define

Hi(8)= ¢ (2()) -

For the multiplication operator w in L%(R?) with the maximal domain, we set dl'2(ge)(w) =

H,. Define an operator in Fy by

1
HY(8,A) = —5—Ax ® I~ AgH () + AT @ Hy, 1< 8 < oo,
where g € R is a coupling constant, m > 0 a mass of the nonrelativistic particles, Ay

the Laplacian in L2(R%") and A > 0 a scaling parameter. Moreover we put a decoupled
Hamiltonian Hp y(A) by |

1
HY(A) = —5—AN® I+ API ® H,.

We define a class of the set of multiplication operators in L2(R%"). A multiplication operator

V is in a class, M1 (N), if and only if V is infinitesimally small with respect t6 —~Ay.

Proposition 3.1 ([2]) For A >0 and V € My(N), Hv(3,A) +V @ I is self- ad]omt on
D(H%(A)) and bounded from below. Moreover it is essentially self-adjoint on any core for
HE(A). ‘ |
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In the case of § = 2, following proposition is well known.
Proposition 3.2 ([2,3],0 =2) Let V € M4(N). Then

s — lim e~ {HN(@M+VOI) — e~it- TR ANV +6V(2) Py.

A—o0

Here Py is the projection operator onto the subspace in F, spanned by the vector (pzpa).

3.2 Thecaseof =1

Put Cg° (RN )‘53’7:23(@4) = F¥, where ® denotes the algebraic tensor product. We perform a

unitary transformation

o= (250 () - (Z2)

with the following result:

Propoéition 3.3 The unitary operator U(A'"Pg) maps F into D(H(5,A))) with -

UNPg) I (HE(8,A) +V @ DUA )

1 M, 2
=53 (P OI-gA™4) + PNV (D) @I+ MIQH+V I, (3.2)
i=1 ‘ ' ’

on F, where pl = (migde s i), 65 = (6 (H0)) 6 (840))), 5 = 1,..., N, and

. 1 é(k)e—ika:i k” 1 d

~7 z ’= o (z, k) = -
QZI( ) QL( ’ ) \/(27‘.)d w(k‘) | )y
o 1| & e ||

Vie) = Vor)=—gomal|la——%—

(0) (6,2) 2(2m)d ; Yol ey

Moreover, for su]_’ﬁcienﬂy large A > 0, the right hand side (R.H.S.) of (3.2) is self-adjoint
on D(H%(A)) and the equation (3.2) can be extended to the equation on D(H%(A)).

Proposition 3.3 implies that the following equation holds, for V' € M4(N) and sufficiently
large A > 0; ' ' '

UNPg)~ (HR(0,A) = APV (2) @ T +V ® I) U(AFg)

1 X = ‘ 9 : o
==Y (P eI-gA ) +VoI+ NI H, (3. 3)
=1
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In this subsection we set § = 1. Then we define a symmetric operator Q(9), which is

independent of A, by
R.H.S. 0f(3.3) = Hy(A) + Q()-

Lemma 3.4 Let V € My(N ). Then, for any € > 0, there e:msts Ao and b(e) > 0 so. that
for all A > Ao, D(Q(8)) D D(HE(A)) with

1Q(@)815, < e||HR(A)®|| . +b() 2|5, , @ € D(Hp). (3. 4)
- Moreover D(Q(9)) D D(—Ay)®KerH,, with, for z € C\ [0,00),
s— lim Q(2) (H(M) - 2)" =Q(9) [(—%n—AN -z) © PN] . (3. 5)

Proof: The proof of (3.4) follows from fundamental estimates with respect to a' and Hp.
By (3.4), for any € > 0, taking sufficiently large A > 0, we see that

”Q(é) {(Hﬁ(A) ~2)7 - (‘ﬁAN, - z)_l ® pN}q>

<e€

~1 1
HE(A) {(H{{,(A) -z) - (——EAN - z) ® PN} o
() -2 - (v =2) orv}a
2m
Taking A — oo on the both sides above, we have -
Q(d) {(Hff,(A) = z)fl — (—2—17;1-AN - z) 1 ® PN} )
<ellI®T- I®PN)<I>||fN '

| +b(e)

FN

lim

Fn

Since € > 0 is arbitrary, (3.5) follows. ’ ' O

Theorem 3.5 (B=1) Let Ve Mi(N) and z € C\R Put wy = wo( ) = |k| and
L

5(e) = 2(27r)d o

wy/w

Lﬁ(md)
Then »
s— lim (Hf(8,4) - A PV(0) @ I+V @I - 2)”

— U(g) {(—E%AN +ENK 4V -2) @ PN}u<g>-1. (3. 6)



214

Proof: From (3.3) it follows that

(HR(,0) - APV (D) @I +VeT—2)"
S o
= U(A"Pg) (HR(A) + Q(8) — ) U(NPg) L.
By the fact that U/ (A-#g) is independent of A, it is ehough to show that
1 -1

Ay + ¢®N6(3)+V — z) ' ® Py,

5= lim (EZ () +Q(p) - =) =( om

Since the partial expectation of Q(g) with respect to £ [2(r?) 18

s &80
- E Q) = g S|~ +V
QL2(|:d)( ( )) ;;2 \/a LZ(]Rd)
= ¢°Né(8)+V,

it follows (3.6) from Lemma 3.4 and Proposition 2.1 with the following correspondence :

1 . » , )
A= —'2—mAN, B=H, Cy=C= Q(g), G= QLz(@d). ‘

a
3.3 Thecaseof 1<f<2,2<p
First we study the case of 1 < § < 2. We put the R.H.S. of (3.3) by
R.H.S.of (3.3) = Hy(A) + Q'(3,A). (3. 7)

Similar to (3.4) and (3.5), one can see that, for V € M4 (N) and any € > 0, there exists Ag
and b(€) > 0 so that, for all A > Ag, D(Q'(§,A)) D D(Hy(A)) with

Q' 2. me]|,, <el|ERW)e|,, +o@l8l, 2 DEFW). (38
Moreover D(Q'(4,A)) D D(—Ay)®KerH, and, for z € C\ R,
. B -1
s — lim Q'(5,A) (HY(A) - 2) fo [V (—-%AN — z) ] ® Py. (3. 9)

Note that, for § > 1,

: g |
s—}grgou (W)= I (3. 10)

Hence we prove the following theorem
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Theorem 3.6 (1< f3<2) LetV € My(N), 2 € C\R. Then

o g - 1 -1
s— lim (Hy(8,A) - *K*V(0) @ IT+V @I -2) e (—2—AN +V - z) ® Py.
—00 : m

Proof: Sinceithe -partial expecfa,tion of VI with respect t0 (22 (gey is EQLz( 2 (V QI) =

from (3.8), (3.9), (3.10) and Proposmon 2.1, theorem follows Wlth the following correspon-

dence:
A=—z-Ay, B=H, Cr=Q'(3,A), C=VOI G=0pqu)

O

Secondly we study the case of 2 < . In this case, note that we do not need to subtract

the renormalization A>"?V(p) ® I. Put the R.H.S. of (3.2) by
R.H.S.of (3.2) = Hy(A) + Q*(3,A).

By the same argument as that of the case of 1 < 8 < 2 with QI(A ) repla,ced by Qz(A 0),

one can easily prove the following theorem.

Theorem 3.7 (2 < §) LetV € M4(N) and z € C\ R. Then

, X . -1 1 -1
s— lim (Hy(3,A)+V&I-2) =<—§n—;AN+V—z> ® Py.

4 THE PAULI-FIERZ MODEL
4.1 The Pauli-Fierz model

In this section, we study the Pauli-Fierz model in quantum electrodynamics with the dipole

approximation. Let

W=LR)e..0LYRY.
d-1

For 0®... f ..®0)eW,weseta,(06... \f/ . ®0) = a¥"(f). We write

~ ]
the-r—th ) the r—th

d(g) = [dP®gk)dk, r=1,..d-1
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Let e : Rd_ — R%,r = 1,...,d — 1, be measurable functions so that
C(DeT(k) k=0, r=1,.,d-1, (2)€'(k)-e’(k) = by,

We denote the u- th component of e" by e}, p = 1,...,d. The quantized smeared radiation
ﬁeld A,,( f,x) with f i in the Coulomb gauge, and the conjugate momentum I1 ( f L)y 4=
1,...d,z € RY, are deﬁned by

T Hr) (o u(k)f(k)e"'” _&W
AdF2) = 2/{ (k) Jo®) aiy) (k) YCE }dk,

.(f,2) = ;;—5 Z::l / {“w)(k)v AR F(k)e - o) (k) ) e,’,(k)f(k)e“”} dk

Here (k) = g(—k). We define the free Hamiltonian in Fyy by

dI‘w(w D..0 w) = HEM.
' d-1

We require that o satisfies (3.1) and p is real-valued rotation invariant function throughout
this section. Then the Pauli-Fierz Hamiltonian with the ultraviolet cut-off function § and

with N-nonrelativistic particles is defined as an operator acting in

| LN =L2(RdN) ® f‘w o Lz(RdN;FW),

1 X - N2 ‘ o
_mz_:( ®I‘6A(Q,')) +1Q® Hgy, R (4. 1)

where e € R is a coupling constant and A(9,:) = (A1(§,-), ..., Aa(,)). Introducing the

polarization vector e”, which corresponds to taking the Coulomb gauge, we see that, on a
suitable dense domain, |
Then formally we may rewrite (4.1) by
o ] Cen
——2——AN ®I— -—ZZ ), ®I)A”(g, ) ——A (8, )+ I® Hey.
-—lu-—l

Here, for simplicity, we introduce the following assumptions to the Pauli-Fierz Hamiltonian:
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(1) The self-interaction term A2(9,-) is neglected.
(2) We introduce the dipole approximation,i.e.,A(g,z) is replaced by A(g,0).
Then, putting A(5,0) = I ® A(p), our Hamiltonian is as follows:

(0,0 = —5-Aw ® T~ AcHFY(0) + A1 @ Hy,

where

HPM(p) = ZZpﬂ ® Ay(

M j—1p=1

Put
B ‘_ 1 8
HEM(A) - —2mAN ®I+A I®HEM~

Theorem 4.1 ([1]) Let V € My(N). Then the operator Hoy(3,A) +V ® I is self-adjoint
on D(H5,,(A)) and bounded from below. Moreover it is essentially self-adjoint on any core
for HE (A).

We define a unitary operator by

e d 1 5
S(e) = exp | —ie ;,; —n—z-pi I, (u—)-i) ,
where we put II,(0, f) = I Q IL,(f).

Lemma 4.2 ([1]) Let V € M4i(N). "Then the unitary operator S(e) maps D(H%,,(5,M))
onto itself with

S(A'Pe)™ (HE,(8,A) + V ® )S(A'Pe)
1 e’ \ o ] ”
- _ (% + A ﬂ2M) AN @I+ API® Hpy + Vs(d,A),
(4. 2)

where

1 _d—l(l)Q_@Q
oM~ d \m/ ||lw

L V(a,A) = S(APe) T (V @ )S(APe).

Lv2 (}Rd)
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To obtain the scaling limit of the case of § = 1, we need to fix a dN X dN-matrix T so that

w1 N 0 .. 0

11 ... 1 1 0 0 .. 0

T . . ST =] . .
o1 A |
11 ... 1 } 0 0 ... 0

Then, for a multiplication operator V in L2(R*"), we put
o . _l(Tz); =y
Vé;(z) = (2nCn(p)) 7 /Rd dyV (T~} (y, (Tz)a, ..., (Tz)x)) e~ N0,
where
. _d—l e\2 |@(k)]2
Cn(d) = o (E) s o

and (Tz); € R%, 7 =1,..., N, denotes the j-th element of Tz € R?Y. In the case of 8 = 1,

the following proposition is well known.
Proposition 4.3 ([1,6,7],6 =1) Let V € M1(N) with

Then —s=Ay + V&, is self-adjoint on D(—Ay) with, for z € C\R,

2 ‘ -1
—k B (s 2-8_ € _
s Algr;o (HEM(‘Q,A)+V®I'+A 2MAN®I z) _‘

= 5(e) {(—%AN +VE, - 2) "o PEM} Se)™,

where Pgyr is the projection operator onto the subspace {kQwlk € C} C Fw.

4.2 The case of § =2

Put

ey 1 2 ‘ ;o
H}ﬂgM(A):—(z—m'l';—M) Ay Q@I+ API® Hgy.
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Lemma 4.4 Let V € My(N). Then, for any € > 0, there exists Ay and b(e) > 0 so that,
for all A > Ag, D (V3 (,A)) D D(HE, (A)) with

Vs (2)2llz, <e

Moreover, for z € C\ [0, 00),

——

HEw(W)2||  +5(0) 12, @ € D(HE\ (1)) (4.3)

| 1 e? | -
V(f (%+m) AN‘Z)
Proof: Since V is infinitesimally small with respect to —Ay and —A n commutes S(e), one

—_— -1 -
can derive (4.3). Put (HgM(A) - z) = K}, (—- (ﬁ+ %) Ay — z) 1 ® Ppy = Ko, and
S(A'=Pe) = S,. Note that, for 8> 1,

—~ -1
s~ lim Va(3,A) (HgM(A) - z> -

® Ppy. (4. 4)

— L 1-8,) _
s » All_r)rolokS'(A e)—I,
By (4.3), for any € > 0, taking sufficiently large A > 0, we have

Va(2, A)r® — (V © K. |

< e||-An(Er — Ku)®l|z,, +€ll-An(Ss Koo — Koo)®]| -,

U I(Kn = Keo)@ll, + B (SaFoo = Ko}l +[|(S5 = 1)V © DE, -
Taking A — oo on the both sides above, we have '

Jim [[Vp(2, A)Kr® — (V @ 1)Kl < ell(T® T~ 1® Prar)d|, .

Since € > 0 is arbitrary, (4.4) follows. o | O
Theorem 4.5 (8 =2) LetV € My(N). Then, for € C\R,

) A -1 1 e? ’ 1 |
s—Ah_r)rolo(HgM(g,A)-{-V@I——z} ={—<2—m-+m>AN+V—z} ® Prpu.
(4. 5)

Proof: By virtue of (4.2), we see that, for 2 € C\R,
~1 - -1 -1
(Hhw(2,0)+V @I —2)" =5 (NPe) (Hpw(8) + Vala,N) = 2) 5 (a1%e) 7,
and the partial expectation of V ® I with respect to Qyy is Eq,(V ® I)' = V. Hence, it

follows (4.5) from Lemma 4.4 and Proposition 2.1 with the following correspondence:

, 1 e\ N |
A= <57£ +§M) An,B = Hpu,C(A) = Vs(8,4),C =V ® I,G = Q.
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4.3 Thecaseof 1< (3<2,2<06

For the case of 1 < § < 2, by (4.2), we should subtract the term —A2_ﬂ2—e;/[—AN ® I from the
original Hamiltonian .Hg u(8,7), and for the case of # > 2, we do not need any renormal-

ization. Hence,the similar argument of the cases of § = 2 and 8 = 1 gives an asymptotic
behaviors of HE,,(5,A). See Fig. 6.2.

5 T_HE SPIN-BOSON MODEL

5.1 The spin-boson model
In this section we study the spin-boson model. The total Hamiltonian of the spin-boson

model is defined as an operator acting in the Hilbert space

Lsp = c2Q® sz(Rd) = fL?(Rd) 8] sz(Rd),

Hip(\A) = vor+Aos® (af(X) +a())) + A°I ® Hgsp.

Here Hgp = dl jaey(w), v > 0, X € L*(R?) and

(o1 10
“l10) P Vo <1 )

In what follows, we assume that

-\/5, ” €L (R )
Theorem 5.1 ([1]) The operator Hsg(A,A) is self-adjoint on D(I ® Hsp) and bounded

from below. Moreover essentially self-adjoint on any core for I @ Hgp.

A,

We define a unitary operator by

e B)-a(2)) o\ _ (T o
TW:( 0 e—{a*<%>—a<e>})=( 0 )

In the case of g = 1, following proposition is well known.
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Proposition 5.2 ([1],6 = 1) Let F(A) = (Qaquay, To (M) Qpaas)) and z € C\R. Then

}-LQ(md)
s— lim (HEp(\A) = AP Egp —2)" =T(\) {(wF(\)o1 — )™ ® Psa} TV

Here Pgp is the projection operator onto {kQUk € C} C Fi2gey and Esp =

NITE
_“W L2(RY)"
5.2 the case of § =2

It is well known and easily checked that T(A=#)) maps D(I ® Hgp) onto itself with

T AP N HE5(MT(APA)

0 T2(A-P)) |
= B API @ Hsg + A PEgp. 5.1
V(T_?_(Al'ﬂ)\) 0 + - ® Hsp + SB (5. 1)
Theorem 5.3 (§ =2) Let z € C\R. Then
-1
s— lim (Hfp(\A)—z)" =(vor+Esp—2)"' ® Psp. (5. 2)

Proof: We see that, by (5.1),

T~ (A'PX) (HEp(\,A) — 2)7'T (A1)

e (riep _ 1 ,
,=_{V(T_%_(£1—ﬂ)‘) T_(jt) )\))+AﬁI®HSB+A2‘ﬁESB—Z} .

It is easily seen that s — limp_,o T (Al‘ﬂ )\) =TI and

s— lim v
A=

0 T2 (A=A
T2(A1%)) 0
= [l/0'1 (E_SB - Z)_l] ® PSB-

) ) (Az_ﬂ,ESB +AﬂI®HSB - Z)_l

Hence, with the following correspondence:

0 T2 (A-8)
—( ) ) ,C =v01,G = Qpagey,

A= Egp,B = Hgp,C(A) =
SB SB ( ) V(T‘% (Al_ﬂ)‘) 0.

one can easily check the conditions with respect to C(A) and C in section 2. Since the partial
expectation of vo; ® I with respect to Q L%(R?) is EQLz(md)(Val ® I) = voy, we get (5.2) by
Proposition 2.1. » , ]
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5.3 Thecaseof 1<f(3<2,2<p

For the case of 1 < § < 2, by (5.1), we should subtract the term A?2"?Egp from the original
Hamiltonian H gB()\,A), and for the case of 3 > 2, we do not need any renormalization.

Hence,the similar argument of the cases of # = 2 and 8 = 1 gives an asymptotic behaviors
of Hig(), A). See Fig 6.3.

6 CONCLUDING REMARKS

(1) In section 4, we studied the Pauli-Fierz model neglected the terms A%(p,-). In [6,7], we
- studied the Pauli-Fierz Hamiltonian with the terms A2(,-). By the same method developed

in [6,7], we can investigate the following scaling Hamiltonians:

1 2N
—5 Ay ® I — AeHM(6) + Al @ Hpu + E%Az(@, V4V eI, (6. 1)

1 N |
—— Ay ® I — AeHFM(9) + AT ® Hpy + A2 A%(5,)+ VI (6. 2)
2m 2m ,
Introducing different renormalizations from-those given in this paper, we can get effective
Hamiltonians of (6.1) and (6.2).

(2) In the case of 0 < 8 < 1, we need delicate discussions of asymptotic behav1ors of unitary
operators I/{(A1 fg), S(A1=Pe) and T(A'7P)) as A — co. We omit the dlscussmns

Effective Hamiltonian | Unitary operator Renorlﬁalization
8>2 —-s=AN+V . I 0
‘ﬁ:2 —am AN+ 2V(0)+V I 0
| 1<B8<2 —=An+V I g2A2’ﬁV(é)
B=1 | AN+ g?Ns(@)+V U(g) ' 92AV(’§)

Fig 6.1 B-coupling Nelson model H IQ,(@,A)
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Effective Hamiltonian | Unitary operator | Renormalization
8>2 —s=AnN+V I 0
p=2 | -(d+dm)dvev| 1 0
1<f<2| —LAn+V | I —A2B Ay
g=1 ~ AN +VE, S(e) ~AfyrAn

Fig.6.2 B-coupling Pauli-Fierz model HZM(Q,A) :

Effective Hamiltonian | Unitary operatof Renormalization
8 >2 voy I 0
g=2 vor + Esp I 0
1<f<2 voy I A>~PEgg
g=1" vF(\)oy T(X) AEsgp

Fig.6.3 3-coupling spin-boson model H g s(AA)
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