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CONTACT GROUPOIDS AND PREQUANTIZATION

Pierre DAZORD
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Introduction. The geometric prequantization of a general Poisson manifold (TpAy)s as

defined by Weinstein [16] and Xu, is an extension of Souriau's process [14] for symplectic

manifolds. First, if possible, is associated to (T'y:A,) a symplectic groupoid (f',0) [2], which is

a kind of nice desingularisation, and secondly the symplectic manifold is eventually

prequantized [14], that is to say, one looks to the existence of a SIQprincipal bundle ®: T" — T,

'with a connection A, the curvature of which is n*c. If f* is Hausdorff (which is a very special
- case), there exists a prequantization iff [c] € H2( f,Z).

Actually, if (T';,A,) is prequantizable, (I',A) has a nice structure : it is a contact

groupoid, a notion which enlarges previous one due to Libermann [11] and Kefbrat and Souici
[9].

This lecture is a survey of relations between contact groupoids and prequantization [4].
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1. CONTACT GROUPOIDS [4]

Definition 1.1 - A contact groupoid (U, ¥ ) is a Lie groupoid endowed with a compatible
contact structure.

o I' is a Lie groupoid : T is'a C* (generally not Hausdorff) manifold, I, is a Hausdorff
submanifold of I" (the manifold of units), o and B two C* surjective submersions of I'on ',
(o is the source and B the target) ; moreover on I' is defined a C* "inverse" map
i:x = i(x)=x71, and on I, =1{xy) | o(x) = B(y)} a C* product m : (x,y) = m(x,y) = X.y
such that

@ vVxeTl x0(x) = B(x).x =x _
(ii) If (x,y) € T’y and (y,z) € I'y, (x.y,z) and (x,y.z) are inT’5 and

(x.y).z = X.(Y.Z)
Gi) VxeTl,  xlx=a®x xx!=pE).

First examples of Lie groupoids
@) If T is reduced to a point, I' is a Lie group. .
(ii) If T, is any Hausdorff C* manifold, I'/xT', is canonically endowed with a
groupoid structure (the coarse groupoid of T')) with the laws :
(xy)(y,2)) = (x,2)
xy)!=(y.x)

and I’ is identified to the diagonal of I' XTI’ .
(iii) Any vector bundle 7 : E — I is a vector groupoid with addition in the fibers. In

this case . = = 7.
a
(iv) f I’ =3 T is any Lie groupoid, the tangent groupoid of I', TT" is the Lie groupoid
T|3 ‘ |
a .
T =3 TI', with the inverse law X — ©X = Ti(X) and the product law :

TB
Tm: (ITy) > T  (X,Y) > X®Y = Tm(X,Y).

 Compatibility condition of T and 3
(T, ) is a contact groupoid iff

G Xe H =>GXe P {
(i) X,Y) e (HxH) ﬁTF2=>X@YG P ¢

The first result is the following.
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Theorem 1.1 {4] If the dimension of T, dim T, is strictly greater than the dimension of T ,,n
(i) dim I" =2n+1
(i) T, is a Legendrian submamfold of T, H)
(iii) # ,= H N Ker Ta (resp. MB— I N Ker TB) is right ( resp. left) invariant.

The notion of left (or right) invariance is explicited in the next paragraph.

2. LIE ALGEBROID OF A CONTACT GROUPOID.

B(x) a(x) = B(y) a(y)

If x € T the left action by x, L, is deﬁhcd only from B1(a(x)) into B-1(BX)) :
Lx(y) = x'y

This leads to the notion of left invariance for objects in Ker TP, which makes clear theorem
1.1. In particular if X € 9C(T") Lie algebras of vector fields of T, X is left invariant iff TBX =0
and

L, X, =X,

which is equivalent to
Xe XAD) iff 00X=X

that is to say X, =0, ® Xy-'.

For left invariant vector fields we have the three nice properties

() ICAT) is a sub Lie algebra of X(T)
(i) Even if I' is not Hausdorff, it can be proved that for each x, ﬁ'l(x) is a Hausdorff
submanifold soif X € OC'!(F) it has a (local) flow.
(iii) To X € X 4 (T') is associated a unique vector field on ', X such that
TaoX =X 00 and Xis complete iff X is.
This leads to the notion of Lie algebroid due to Pradines [13] and which plays for Lie
groupoid the same role than Lie algebras for Lie groups.



96

Definition 2.1. A Lie algebroid E — T, is a C* vector bundle over a C* Hausdorff

manifold together with a Lie algebra structure on the space R(E) of sections of E and a vector
bundle morphism, the anchor map p, from E to T | such that, for each s € R(E) and

ue C=T, R)
1) pols1:82}=[Pys1:PoS1]
(p is a Lie algebra morphism from R(E) to X(T))

(i) {spu.sy} =u.{s1,8} + (iposlu).sz where &£ is the Lie derivative.

Note that this implies that R(E) is a class of Kirillov's algebras [10].
Going back to T, the Lie algebroid [ of T can be described :

(i) As vector bundle T 1s the normal bundle of ') inT": L =TC | Fo/T [, SoLis
canonically isomorphic to Ker TB | T, I,. '

(i) The anchor map is defined by the diagram :

I — KeTBlp,
Np o Tay
TTO

 (iii) The Lie algebra structure of v.‘ﬂ(D comes form the canonical isomorphisms

X AT) ~ A4 |Fo ~ RO .

In the sequel we shall restrict ourselves to the special case of "oriented" contact
groupoids, which is enough to our purpose. In this case 3 is the Kernel of a contact form A,

which, more over, can be choosen such that :
MX, @Y, = fEOMY,) + g(MX,)

where f and g are morphisms of I" into Ry, multiplication group of non zero real numbers.

Such a groupoid (T',A) is called a pfallian groupoid, subordinate to (T',3€).

Theorem 2.1. [4] If (T, ) is an oriented contact groupoid and (L,A) a subordinate pfallian
groupoid, ' ’ : | '
(i) There exists on T'ja canonically defined Jacobi structure (I',E, A,) [8].
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(ii) Lis the Lie algebroid canonically defined by (I',E,,A}) : as vector bundle,
L= JI(I"O,]R) ~ R x T*Fo ; the anchor map p is defined by pu,g) =uE  + Aﬁ?;

and the bracket is the Kerb_rdt—Souici 's bracket [9] :

{@8),(v)} = ({uv} - 1 (G-du)a(-dv), uLg M - vy M - 1E0(§An) + [ﬁ,n]p)
where {u,v} is the Jacobi bracket on C=(T',R), :

{u,v} = uionv - v'iEou +1 Ao(du/\dv)
and where [&,‘n] =1 A#gdn 11]# d§ +di Ao(ﬁAn)
We have noted Aﬁ the morphism T*I"; — TT,, given by 1(A§ Em=1 Ao(&/\n).

Remark. If (I';,E ,A ) is a Jacobi manifold, generally speaking there exists only a "Jocal” L1e
algebroid in Van Est s sense [4]. We say that (T’ ,E ,A) is contact—mtegrable if it is the units

‘of a contact groupoid.

3. Lie groups of infinite dimension.
Before describing the relations between contact groupoids and prequantization, it is

necessary to recall a notion introduced by Ehresmann [6] and which enlarges the usual notion
of graph of a diffeomorphism. If I'=3 I'; is a Lie groupoid, a bisection of I' is a submanifold S

such that o I g and B | g are diffeomorphisms on I . So a bisection of I" is, equivalently, a
section SP of B:I' — I, such that (IOSB is a diffeomorphism (pg of r‘o JIf Ty x Ty is the
coarse groupoid, S is the graph of @-1. The set ér of bisections is a group and S — (prs is an
(anti) representation of ar into Diffeo I'; , group of diffeomorphisms of T'; . GI‘ has another
(anti) representation in Diffeo I', given by S — q)rs

05 (%) = x.8 = x.8P (a(x)).

We note by Gr the subgroup of GI‘ of bisections S such that (prS has compact
support, and we endowed G- with a diffeological structure in Souriau's sense [15] that is we
say that a map f from an open subset U of some RP in G- is "C™" if '

@) UxI,—>T (ux)—> qff(u)(xo) = f(u)(xp) is»C°°.

(i) Foreachuje U there exists a compact K in I', and a neighbourhood V of u,in U

such that for each u € V, the support of (p;(u) 1s contained in K.
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With this "diffeology", G- is called the group of compactly controlled bisections.

If E — T, is a Lie algebroid of anchor map p, we defined (rrihtatis mutandis) the Lie
algebra .ﬂc(E) of compactly controlled sections s such that p s is a compactly supported

vector field on I',.

If G is a subgroup of G we can define the tangent space to G in T’ as the set of
time derivative for t=0 of "C™" inaps f: 1 — G, where I is a neighbourhood of 0 in IR, such
that f(0) =T . It turns that G = TFO Gris :ﬂc(L) and that for any subgroup G < Gr,
G= TFOG is a vector subspace of & (D). We say that a vector subspace V of R oD is full if
T,V =V where TV is the tangent space in 0. Moreover, for each X € :ﬂc(L) we define
exp X = (p)l('e(l“o) where (p)t(l is the flow of the left invariant vector field X% associated to X.

t — exp tX is a C* map from R into G-.

Deﬁniﬁon 3.1. A subgroup G of Gr is an (infinite dimensioh) Lie group iff
(i)G= TI‘OG is full. Then G is a subLie algebra of & (D).
(ii) For each Xe€ G t—expXisa C*map from R into G.

Remark. If T' | is reduced to a point G- is a Lie group (of .ﬁnite dimension) and Yamabe's

theorem [17] implies that (i) and (ii) are always satisfied.
Let (I"‘,}f') bea contaét groupoid and G the set of Légendrian bisections. |
Theorem 3.1. [4] GH¥ is a Lie group.

In order to describe Qﬂ , we assume that (I",3€) is oriented and we consider a subordinate
pfaffian groupoid (I",A) and the Jacobi structure (I ,E,A) onT .

Then j!: C*T,R)—> & (D= R c(III(I‘ JR)) is an injective Lie algebra morphism
and we note C°c°(1" o-R) the subLie algebra of C=(I',R) of u such that jlue & (D) with the
diffeology induced thatis tosay f: U — C°c°(l" sR) is "C=" iff (u,x,) = f,(x,) is C* and jlfu

compactly controlled.
Corollary. If ¥ is oriented,

G¥ =C3(,R).
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Remark. For an extension of these results if 3 is not oriented, cf. [4]. This extension solves
the problem of integration of all Kirillov Lie algebras of rank one (cf. [8]).

4. PREQUANTIZATION

We restrict ourselves now to a special case of Jacobi mamfolds, the Poisson ones in
which E = 0. Then if (I';,A) is contact integrable, the contact groupoid is always orientable

and we can choose the contact form A such that -
MX, ® Y= AMX,) + MYy).
This peculiar situation has been studied by Libermann [11].

In this case the Reeb vector field E of (I',A) is right and left invariant and so, E is
complete. Then we can define a Lie groupoid morphism y in a trivial sense from the vector
groupoid R XxT'j — T, into I' by mean of the E-flow, (p:3 :

y:RxT —>T |
V(LX) = O (x,).

y is an immersion and VA = dt

So if_wy is an embedding, 7L restricted to ]E(l" ) = W(R xT) is a regular foliation, which in
turns implies that all the maps t— @, (x) have same penod T mdependant of x (by convention
T=0if t > gF(x) is injective). - |

Then T =IVIET ) is a groupoid with a nice structure : it is a symplectic groupoid with
the symplectic form ¢ induced by dA. This means that, on T,

1 1 2 mv2y vl w2y 1 2
oX, ® Yy, X ® Yy) =o(X, ., XD+ c(Yy ,Yy)
and T — T is a prequantization in Weinstein's sense.

We shall say that a Poisson manifold (I',,A ) is symplectic-integrable if it is the units of

a symplectic groupoid (f,c). The Lie algebroid of [, T is the so called Lie algebroid of the
Poisson manifold (T',,A,) which, as fiber bundle, is T*I'; — I, and for which the anchor map

is Aﬁ and the bracket {En} = [&,T]]p (cf. supra). Then R c(f) = Qé(f‘o) the Lie algebra of 1-
form & such that Aﬁ € has a compact support. We note ZQ‘I:(I“O) and BQ}:(FO) respectively the
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subLie algebras of closed and exact one-forms, and -HIC(FO,IR) the quotient

1 1 . . .
ZQ . (', R)/BQ C(I“ o IR). Then the exact sequence of diffeological Lie algebras
1 1 1 -
0— BQC(FO) - ZQC(I“O) - HC(FO,]R) -0

can be integrate in the exact sequence of Lie groups (in the sense of definition 3.1)

0- G -G -5 H.(T,RYD -0
where Gg is the connected component of the Lie group of Lagrangian bisection and where G®*
is a sub Lie group the group of "hamiltonian isotopies" which is defined in the following way :

S € G®* iff it exists a C*° map t—> S, from a neighbourhood I of 0 in R to GO such

that _
@ So=T, $;=S8 ‘
(i) If X, e X4 is the time dependant vector field defined by

d r _ r
at 9s, = X0 0,
then 1Xtd = -o*dH,; where t — H, is a C* map from I to C°C°(I"6,IR).

C is defined by mean of an extended notion of Calabi's invariant and D is a discrete

subgroup (in diffeological sense) of Hé(l“o,]R).

Remark. The above result is an extension of the one given in [3]. In fact there is no necessity
of the assumptions of [3] to have it. The results extend Banyaga's one [1].

Assume now that (I',A ) is prequantizable so it is contact and symplectic-integrable.

Then we can integrate also the exact sequence

0— R — CC,R) -5 BRlT) — 0

in the exact sequence of Lie groups

0— R/TZ >G:Z')f > GX — 0

where T (eventually 0) is the common period of the Reeb vector field of (I',A).
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In fact, as usual, if T = 0 we can always by using a suitable Z-quotient of (T',A)
assume that T = 1. So in any case, the prequantized case leads to the exact sequence

0— 8l >sz > GSX —> 0
Sl>~R/TZ T>0)

and prequantization appears as a $1 central extension of the hamiltonian isotopies.

S. CONCLUDING REMARKS

S.1. There exists Poisson manifolds which are contact integrable but not symplectic-
integrable. For example if we look at §* dual of a semi-simple compact Lie algebra, and at
S = S('§*) the unit sphere (for the Killing form), S(§%) is a Poisson manifold which is
symplectic integrable iff §= so(3) but is - trivially - always contact integrable, with
I'=(T"G| g-A) where G is a Lie group of Lie algebra '§ and A is the Liouville form.

Another example is given by I’ = 82 x R with (Slx{t}, o,f(t)) as symplectic leaves,
‘where O, is the standard form on 82 and f is a C* function which is.every where non zero.
- Then T =$3 x 838! x T*R with A = [p:lo - p;XO] + tdu when the bracket denotes the image
in 83 x 83/81 (i.e. quotiented by the diagonal action) of p’;ko - p;ko where A is the contact

form on 83 and where T has the produbt groupoid structure of the 8!-quotient structure of the
coarse groupoid $3 x 83, by the vector groupoid T*R. (T’ ,0,f(t)) is symplectic integrable iff
f(t) is constant either a submersion, in which case I, is isomorphic to an open subPoisson

manifold of so(3)*.

If welook at T'j = 82 x 8! with o,f(t) as above, (I',,0,f(1)) is sympléctic and contact
integrable iff f is constant.

5.2. (T ,AO) is a symplectic manifold (I" 0,60), it is prequantizable in Weinstein's sense iff
it exists T > 0 and a covéring FO of I'; such that (?O,T'lao) is prequantizable in Souriau's

sense.

5.3. On any regular Poisson manifold there exists a star-product [12] but even on a
symplectic manifold, the problem of the L2-representation (in asymptotic sense) of the *-

product cannot be solve if a cohomological condition is not satisfied [5] [7].
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From these three remarks, it seems that a nice category of Poisson manifold to study

problems of quantization is the category of Poisson manifolds, a covering of which is contact

integrable.
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