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QUASIISOMETRIC MAPPINGS AND
THE VARIATIONAL CAPACITY!

MITSURU NAKAI (KRTX #H3# =8)

1. Introduction. Given a domain D in d-dimensional Euclidean space R? (d > 2)
and given an exponent 1 < p < oo, the Royden p-algebra M,(D) of D is defined by
M,(D) := L*(D) N L*°(D) N C(D), which is a commutative Banach algebra, i.e. the
so-called normed ring, under pointwise addition and multiplication with ||u; M,(D)|| :=
llu; L=(D)|| + ||Vu; LP(D)]| as norm, where LY?(D) is the Dirichlet space, i.e. the space
of locally integrable real valued functions u on D whose distributional gradients Vu be-
long to LP(D). The maximal ideal space Dj of M,(D) is referred to as the Royden p-
compactification of D, which is also characterized as the compact Hausdorff space contain-
ing D as its open and dense subspace such that every function in M,(D) is continuously
extended to D} and M,(D) is uniformly dense in C(Dy).

Suppose that D and D’ are domains in R? (and more generally that D and D’ are
Riemannian manifolds of class C*™ which are orientable and connected). In 1982 , H.
Tanaka and the present author [7] showed that D} and (D')}; are homeomorphic if and
only if there exists an almost quasiconformal mappimg of D onto D’. Here we say that
a homeomorphism f of D onto D’ is an almost quasiconformal mapping of D onto D’ if
there exists a compact set F C D such that f|D\ E is a quasiconformal mapping of D\ E
onto D'\ f(E). Since then it has been an open question what can be said about the above
result if the exponent d is replaced by 1 < p < d. Recently we obtained the following result
[6] answering to the above question: when 1 < p < d, D; and (D'); are homeomorphic
if and only if there exists an almost quasiisometric mapping of D onto I’. Here we say
that a homeomorphism f of D onto D’ is almost quasiisometric mapping if there exists a
compact set E C D such that f|D \ E is a quasiisometric (i.e. bi-Lipschtz with respect to
geodesic distances) mapping of D \ E onto D'\ f(E). The proof of this last result seems
to depend essentially on the fact that when 1 < p < d, a homeomorphism which, together
with its inverse, does not increase the p-capacity of spherical rings having the p-capacity
less than any given fixed positive number by more than a fixed factor is quasiisometric (i.e.
locally bi-Lipschitzian). ,

The purpose of this paper is to give a proof of the above mentioned last fact. This is
a slight but nontrivial extension of a part of a beautiful theorem of Gehring [3] appeared
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in 1971 (cf. -also Reimann [8]). Our proof is an amelioration of that of Gehring in the
above paper and largely mimics it. The reason we do not consider exponents d < p < 00
is the following two: first, the formal extention of the Gehring theorem to our present
setting is no longer true for d < p < 0o and thus we must exclude exponents d < p < oo;
second, even if Dy and (D'); for d < p < co are homeomorphic, D and D' need not even
be homeomorphic and therefore, from this point of view, there is no need to consider the
case d < p < o0o. As for the case p = d, we only have to remark that quasiisometric
mappings are quasiconformal mappings but there are quasiconformal mappings which are
not quasiisometric mappings. ‘

2. Terminology and the main result. We denote by R? (d > 2) the d-dimensional
Euclidean space and by R” its one point compactification obtained by adding the point
oo at infinity. Sometimes points in R? are denoted by the uppercase letter P or by the
lowercase letters = and y. In the latter case the i*h component of z will be denoted by ;.
Points in R? are also viewed as vectors and the norms of P and x are denoted by |P| and
For each subset £ C R® we denote by dF, E, and E° respectively the boundary, closure,
and complement of F in ﬁd. For each 1 < k£ < d we denote by my the k-dimensional
Hausdorff measure in R? so normalized that my is the Lebesgue volume measure in R¢ and
mg_1(S) is the surface area measure of a smooth surface S in R%. We use the notation

wg =mg_1(S4Y), T4 =my(BY,

where B9 is the unit ball {z : |z| < 1} in R% and S%! the unit sphere 3B so that wg = dy.

We say that a region R C R? is a ring if R® consists of exactly two components Cy and
C;. To be definite we always assume that oo € C; so that Cy is a compact set in R?. The
p-capacity cap,R of R (1 < p < 00) is given by

cap, R := ueivll}fR)/RWu(a:)V’dmd(x), |

where Vu is the (usual or distributional) gradient vector (Ou/0zy,-:-,0u/0z4) of v and
W(R) :={u e C(R") N ACL(R) : u|C; = i (i =0,1)}, where ACL(R) is the class of real
valued functions v on R such that u is absolutely continuous on each component of the
intersection of R with almost every straight line perpendicular to each coordinate plane.
Here a family F of straight lines [ perpendicular to a coordinate plane m; = {reRY:z; =
0} for some i = 1,---,d is measured by the m,_;-measure of the set {m; N1 :1 € F}. As
an example of important rings we have a Teichmiiller ring Ry determined by

(RT)c:{tel:—lgtSO}U{telzi'StSoo}

with e; = (1,0,---,0). We will use the conformal d-capacity t; := capyRr. A ring R is
said to be a spherical ring if '

R={z:a<|z— P|<b},
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where 0 < @ < b < oo and P € R®. In the case of the above spherical ring R it can be
easily seen (cf. e.g. p.35 in Heinonen et al. [4] for a proof for the case 1 < p < 0o; the
result for the case of p = 1 is indicated in [3]; the cases for p = 1 and p = oo can be shown
directly and more easily by the similar way as those for 1 < p < 0o (see also the appendix
at the end of this paper)) that |

bd—qd 1-p .
wd< ) (1<p<oo, p#d),

W (log ;)H (p=d), |

(p = 0),

where we have set ¢ = (p—d)/(p—1). In passing we remark that when d < p<ooandD
is a bounded open set in R?, as a result of (3), we have infg cap, 2 > 0, where the infimum
is taken with respect to all spherical rings R C D.
Hereafter we always assume that D and D’ are nonempty open sets in R? and that f is
a homeomorphism of D onto I'; then f maps each ring R in D onto a ring f(R) C D'
We say that
[ € Qp(K, )

for 0 < K < 00 and 0 < § < 00, if the following condition is satisfied:
(4) cap,f(R) < Kcap,R

for every spherical ring R with R C D and

(5). | cap,R < 6.

Here we do not exclude the § = oo case in which the condition (5) is redundant. Hence
of course our main concern is about the class @,(K, ) for 0 < § < co. To be precise we
sometimes write Q,(K, 6; D, D’) to indicate that mappings are from D onto D'.

Next we consider a metric property for homeomorphisms f of D onto I’. For each P € D

we set
max |f(z) — f(P)|

|lz—P|=r

L(P, f) := limsup
r10 r

We say that f is K-Lipschitzian on D,

f € Lip(K)
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or more precisely f € Lip(K;D,D’) in notation, if L(P, f ) < K (0 < K < o) for every
P € D. The Riemannian distance pp(z,y) between z and y in D is given by

po(r,9) = infm(y),

where «y runs over all connected polygonal lines in D connecting  and y in Dj if there is
no -y connecting z and y or equivalently if  and y are in different components of D, then
we understand that pp(z,y) = co. A homeomorphism f of D onto D' is referred to as a
K-quasiisometric mapping of D onto D’ if there exists a K € [1,00) such that

K~"pn(z,y) < po(F(@), f()) < Kpp(2,9)

for every pair of points z and y in D. It is readily seen that a homeomorphism f of D onto I’
is a K-quasiisometric mapping if and only if f € Lz’p(K :D,D') and f~! € Lip(K; D', D).

It is easy to see that if a homeomorphism f of D onto IV satisfies f, f~* € Lip(K), then
fo 7t e Qy(KP,6) forevery 1 < p < coand 0 < § < co. In view of the reason mentioned
in the introduction we are interested in studying the converse of the above fact only for
1 < p < d. We can state the following rsult.

THE MAIN THEOREM. Suppose f is a homeomorphism of a nonempty open set D onto D’
in d-dimensional Euclidean space R? withd >2,1<p<d, 0< K <00, and 0 < § < oc0.
If f, f € Q,(K,$), then f, f~! € Lip(K1), where 0 < K; < oo depends only on d, p, K,
and not dependent on §; explicitly S .

d_
; Ko = k5 o (200 ) ).

Gehring [3] obtained the result that if f, f™' € Qu(K,00) for p € [1,d) U (d,00), then
f,f~! € Lip(K') where 0 < K’ < oo depends only on d, p, and K. Our result is a
generalization of the above Gehring theorem for 1 < p < d since Qp(K,6) D Qp(K, o)
(0 < § < 00). Contrary to the above Gehring theorem, our main theorem above cannot be
true in general for d < p < oo. In fact, if D is bounded, then 6 := infg cap,R > 0, where
the infimum is taken with respect to all spherical rings R in D (cf. the remark right after
(3)). Thus taking any homeomorphism f with f, f~* ¢ Lip(K;) for every 0 < K; < 00, we
have f, f~! € Qu(K, 6) for every 0 < K < 0o, and the invalidity of the above main theorem
follows. Nevertheless our proof is entirely based upon the idea of the Gehring proof in
the above paper. The proof will be given in §23 after a series of preparatory discussins
in sections 7, 11, 14, and 21: in §7 several estimates for the p-capacity are givén; in §11
volume distortions under mappings in Q,(K,6) are considered; in §14 area distiortions
under mappings in Q,(K,§) are studied; in §21 mappings together with their inverses in
Qp(K, §) are shown to be quasiconformal; in §24 there is an appendix in which proofs for
the first and the last identity in (3) are given.
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In passing We.state a remark. Let us say that
f € Qp(K, )
for 0 < K < oo and 0 < § < oo, if (4) holds for every spherical ring R with B C D and,
instead of (5), cap,R > 6. Then we can show by using the well known inequality mentioned

below that Q,(K,8) = Q,(K,0) (1< p < oo) for every 0 < § < oo: if R; (1 <4< n) are
disjoint rings each of which separates the boundary components of R, then

' =
(cappR = >Z capp ;) TP,

where the equality holds if R = U2, R; and R; are spherical rings (1 < i < n). Hence the
original Gehring theorem for p € (1,00) and p # d may be restated that if, for p € (1, c0)
and p#£d, f,f™ € Qp(K,6),0< K <00 and 0<§ < oo, then f, ! € Lip(K'), where
0 < K’ < 00 depends only upon d, p, and K and not dependent on §. On the contrary our
main theorem above seems not to be able to be reduced to the Gehring theorem although
we closely follow the original proof of Gehring modyfying it here and there to prove our
main theorem. In this context we must stress that the class Ql(K ,0) is a difficult class
to treat since we do not know any p = 1 counterpart to the above displayed capacity
inequality. Hence there remain an open question to resolve whether f, f~! € QI(K, 6),
0 < K < oo and0 < § < oo, implies the existence of 0 < K’ < co dependent only upon
d,p, and K and not dependent on 6 such that f, f~! € Lip(K’). Here we add one more
comment on Qq(K,6), 0 < K < 0o and 0 < § < oo, although it is a subsidiary object in
this paper. We can show that if f € Qq(X,6), then f € Qq(K’,00) (and hence, as is well
known, f~' € Q4(K’,00)), 0 < K’ < 00, i.e. f is a quasiconformal mapping. However we
can only show that X’ depends not only on d and K but also on §. Thus to determine
whether the dependence on 6 is essential or not is another open question left.

7. Estimates for the p-capacity. We state in this section three different type estimates
for the p-capacity of rings, where the exponent p is supposed to satisfy 1 < p < d in this
section. To begin with we give some extremal length type estlmates For a ring R with
complementary components Cy and Cl we consider

V(R) = my(R), A(R) - igfmd_l(E),' L(R) = dist(Cy, Cy),

where the infimum is taken with respect to every polyhedral surfaces ¥ in R separating Cj
and C. If Cp and C; are nondegenérate,then the following two sided estimates of cap, Rt
hold (see Lemma 1 in Gehring [3]):

(8) %}%%)—1 <cap,R < I‘J/(ng,
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Next let R be an arbitrary ring with complementary components Cy and C;. If R* is
a spherical ring with complementary components C§ and C} such that ma(Cy) = ma(Co)
and mg(Cg U R*) = my(Co U R), then

9) | | cap,R > cap,R".

For a proof of this fact see Gehring [2] (see also Lemma 2 in Gehring [3]).
Finally we recall the extremal length definition of the conformal capacity capyR of rings
R. For a ring R and a function ¢ which is nonnegative and Borel measurable in R we put

Vi, B) = [ ¢Pdma, Alp,R) =inf [ ¢ dmar,

where the infimum is taken with respect to every polyhedral surface ¥ in R separating
the complementary components Cy and C;. We denote by ®(R) the family of nonnegative
Borel functions ¢ on R with V (i, R) and A(yp, R) not simultaneously 0 or co. It is known
(Gehring [1] and Ziemer [10]) that

A(p,R)*
capgR= sup w7 mhd—1-
. pd WEQ?R) V(<p7R)d !
We wish to replace ®(R) in the above identity by its subfamily ¥(R) of nonnegative
continuou functions ¥ on R with V (¢, R) < oo and A(%, R) > 0. To do this we need to
requir for R to be approrimable from outside in the sense that there is a sequence of rings

R; containing R such that R separates the complementary components of each E; and
capgR = lim capyR;.
1—00

Under the condition that R is approximable from outside we have the following extremal
length expression of the conformal capacity capyR of R (cf. Lemma 5 in Gehring [3]):
' A(%, R)*

10 capyjR= sup ——5—

(10) , : 4 ¢ew%)R) V(y, R)4-1

11. Volume distortions. We next study analytic properties of mappings in Qp(K, 6).
First we consider how volumes of sets are distorted under the mappings in Q,(X,6). The
exponent p is supposed to satisfy 1 < p < d in this section. The study of volume distortions
under f is based upon the following quantity associated with f, so to speak , a kind of
Jacobian of f: -

' . ma(f(B(P,T)))
- J(P, f):=limsu .
(B1) ro” ma(B(P,7))

for any P € D and for any homeomorphism f of D onto D', where B(P,r) is the open ball
of radius 0 < r < co centered at P: B(P,r) := {z : |t — P| < r}. First we maintain that

(12) J(P,f) < K%
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for every P € D if f € Qp(K,6) for any 0 < § < oo. The following proof is a minor modi-
fication of that for Lemma 6 in Gehring [3] in which the above assertion for § = 0o is stated.

PROOF OF (12): Let b = dist(P, D°)/2 and take an a arbitrarily in (0,). Consider
spherical rings R = {r : a < |[x—P| < b} and R* = {z : a* < |z| < b*} with complementary
components Cy, C1 and (g, Cf, respectively, where a* and b* are chosen so as to satisfy
ma(C§) = ma(f(Cy)) and md((}g UR*) = my(f(CoUR)). Observe that b* is a fixed number
determined by f, P, and b; a* | 0 along with a | 0. Recall that, for 1 < p < d,

b7 —q?\'? abr \*
cap, 2 = wy < . > = wgrf! ( ) Ty

where ¢ ;= (p—d)/(p—1) and r = |q|; for p =1,
cap; R = wga®™!.

Hence cap,R | 0 as a | 0 so that there is an a; € (0,b) such that cappR < 6 for a € (0, ay).
Since f € Qp(K, 6), we have cap, f(R) < Kcap,R for every a € (0,a;1). On the other hand,
by (9), we see that cap,R* < cap,f(R). Thus we deduce

CappR* < Kcap,R

for every a € (0,a;). In terms of a, b, a*, and b*, the above displayed inequality takes the
form —p —p
*\q *\q B q _ o4 -
((b )? — (a*) ) <K (b a )

(a*)d——l S Kad—l

for 1 <p<dand

for vp = 1. Since (a*)" < (a*)"(b*)"/((b*)" — (a*)"), the first of the above inequalities implies
d ' : (e )
) ente o 2))
a/) — b
and the second of the above inequalities implies

*\ d
() <rt
a

for every a € (0,a:1). By mq(f(B(P,a)))/ma(B(P,a)) = (a*/a)?, we conclude that

a*\ ¢ d
J(P, f) =limsup (—) < Ka-»
al0 a

as desired. ' m]
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For any homeomorphism f of D onto D' satisfying (12) for every P € D, the following
volume distortion inequality holds: '

(13) | ma(f(E)) < K35my(E)

for every Borel set E in D. In particular, (13) holds for every Borel set E in D if
f € Qy(K,6). Although the proof for Lemma 7 in Gehring [3] works in essence as that for
(13) for any f satisfying (12), we repeat it here in the form to suit the present situation
only for the sake of convenience and completeness. -

PROOF OF (13): The inequality (13) is trivially true if mq(E) = oo and thus we assume
that mq(FE) < co. Given an arbitrary positive number € > 0. By the regularity of mg we
can find an open set G O E such that ’

ma(G) < my(E) + €.

Since £ C D N G, by replacing G by D NG, we can assume that £ C G C D.
In view of (12) we can find a sequence (r;(P));>1 for each P € G with the following two
conditions: first

0 < r;(P) < min{dist(P,8G),1}/10; (j =1,2,--);
second on setting U = B(P,r;(P))
| ma(f (kD)) < (KT5 +e)ma(kU)  (k=1,5),

where, in general, for balls B(z,r) we write aB(z,r) = B(z,ar) for any positive number
a > 0. Then we consider the collection U := {B(P,r;(P)): P€ G,j =0,1,---}.

We first consider the case my(E) = 0. By the 5r-covering theorem (cf. e.g. p.23 of
Mattila [5]) we can find a coutable subcollection of U consisting mutually disjoint balls
U; € U such that

G=|JUclsU.
Ued S

) < (f (g 5@)) = mg (LiJf(wi))

< Y malf(5U9) < Y (K#5 + e)ma(505)

Since EC G

= E(Kd_ff’ + E)Sdmd(Ui) = 5d(Kﬁ + s)mdA<U Ui)
< 5K + £)mg(G) < 5H(K 5 +¢)(ma(E) +e).
Hence by m4(E) = 0 we obtain

ma(f(E)) < 5%KT5 +e)e.
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On letting € | 0 we conclude that ma(f(E)) = 0 and therefore (13) holds.
Next we consider the case my(E) > 0. By the Vitali covering theorem we can find a
countable subcollectlon of U consisting of mutually disjoint balls U; € U such that

ma(F)=0 <F:E\UUZ>
As we havé seeh above mq(F) : 0 implies mq(f(F)) = 0. Since f(E) = f(U;Uy) U f(F),

we have
mal () = ma 1 (uUi ) =ma(U f(Ua)
= X maf(0)) < (K¥5 + &) SmalU;

- (K75 t eym, (UU) < (K75 + eyma(G).
Hence we conclude that
ma(f(E)) < (K75 + €)(ma(E) + ).

On letting € | 0 in the above inequality, the Validity of (13) follows. O

14. Area distortions. We continue to study analytlc properties of mappings in @,(K, 6).
Here we consider how the (d — 1)-dimensional measures or areas are distorted under map-
pings in Q,(K, 5‘) For any positive number € > 0 and any set X C R? we use the notation
(X)e for the set {m dist(z, X) < €}.

15. LEMMA. Given an f € Q,(K,6), (1 < p < d), any relatively compact open set W with
W c D, and an arbitrary positive numbern > 0. Then there exists a positive number a > 0
with the followng properties: for any P € W and any a € (0,0), U C D (U = B(P,a))
and there ezists an open polyhedron G’ such that first

(16) fU) & C(f(U)),
and second |
(17) md_l(aG") S ClKZT_Fl’md_l (8U) (Cl = 2d/d)

Proor: We choose a postlve number & > 0 so small that the followmg three conditions
are fulfilled. First we requir o to satisfy

0 < a < dist(W,0D)/2.
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As a result of this we have B(P,2a) C D for any P € W as far as a € (0,a). By the
uniform continuity of f on W, we can choose a > 0 small so as to satisfy

J(B(P,2)) € B(f(P),n)

for every P-€ W. Let R = {z : a < |z — P| < 2a} for a positive number a > 0. Then
cap,R = wy|(2? — 1)/q|'Pa®? (¢ = (p—d)/(p—1)) for 1 <p < d and cap, R} = wga®t.
Then we can choose a > 0 so small that

cap, R < 6

for any P and for every a € (0,a). Thus we can fix a positive nunber o > 0 satisfying
simultaneously the above three displayed conditions. :

Since V(R) = 74((2a)?—a?), A(R) = wga®™!, and L(R) = a, We have V(R)/A(R)L(R) =
1404(2¢ — 1)/ (waa® ! - @) = (14/wa)(2¢ — 1) = (2? — 1)/d =: co. Hence we see that

L(R) = V(R)/aA(R).

Next by the right hand side inequality in (8), we see that cap,R < V(R)/L(R)? =
V(R)/(V(R)/cA(R))? = GA(R)P/V(R)P™, L.
A(R)P
cap,R < V(R T
Observe that A(f(R))?/V(R)>™" = (V(f(R))/V(R)"""(A(f(R))/V (f(R))*™"). The first
factor on the right is dominated by (K%(@~P)P=1 in view of (13) and the second factor on
the right is dominated by cap,f(R) by the left hand side inequality of (8). Thus

é{%]’%); < Kd_gj—_?ucappf(R)'

Since cap, R < 6, f € Qp(K, 6) implies that cap,f(R) < Kcap,R. Hence A(f(R))?/V(R)P™?
< Kdp-1)/(d-p) . Kcap,R = Kp(d—l)/(d—p)cappR < KPd-D/@-2) @ A(R)P/V(R)P™'. Then
A(f(R))P < (K@D/@P)p A(R) so that

A(f(R)) < oK T A(R).

By the definition of A(f(R)) and by ¢y < ¢; we can find a polyhedral surface ¥' in f(R)
separating f(Cp) and f(C;), where Cp and C; are complementary components of R*, such
that ‘ B R

ma1(T) < K5 A(R) = o, K Trmg_y(0U).

Let G’ be the Complementary component of ¥ containing f(U). Then it is easily seen that
G’ satisfies (16) and (17). O
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18. LEMMA. Given an f € Q,(K,6) (1 < p < d), any compact set E C D with my_,(E) >
0, and any positive number € > 0. Then there exists an open polyhedron G' such that first

(19) f(E) C G C (f(E))
and second
(20) ma1(0G) < K Trmy1(B) (c2 1= 2e1warsy).

PROOF: By the local uniform continuity of f and by the compactness of E, we can find a
relatively compact open set W with EC W Cc W C D such that

F(E) C f(W) C f(W) C (f(E))..

Fix positive numbers 8 > 0 and 1 € (0,¢) so as to satisfy (E)es C W and (f(W)), C
(f(E))e. Then choose a positive number o > 0 determined by Lemma 15 with respect to
the above W and 7. Finally let v := min(a, 3).

Since my_1(E) > 0 and E is compact, we can find a finite collection (U;); of open balls
U; := B(FP;,a;) such that 0 < a; <y, E C U;U;, and '

Z Td_laf"l < 2md_1(E).

(E)os C W, ie. Uy CW C D. Then, by Lemma 15, there exists an open polyhedoron G,
such that

Here we can clearly assume that U; N E # 0 so that by a; < 3 we have U; = B(P;,a;) C

FU:) G C (f(U))y

and

md-l(BG;) S ClKgT_Il’md_l(an).
Set G’ := U;G, and then 8G’ C U;0G). We have

mg_1(0G") <Y me_1(0G;) < C1KZT—’1’ > ma1(0U;)

d—1 d—1 '
a—2 d—1 __ = -1 d-1
= Kir E waa; = cKarwyT; E Td-10;
i B

< oK rwgryl - 2me 1 (B) = Qciwaryy) K rmg_y (E),

which is nothing but (20). To see G’ satisfies (19) we proceed as follows:

E)Cf(LiJUi) Usw) ey
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CU (f(W))n C (F(E))e

and thus G’ = U;G; satisfies (1 9), as desired. |

21. Quasiconformality. Our main concern is about the class @Qp(K,6) (1 < p < d).
However we need to consider the class Q4(K,00) as an auxiliary class to clarify Qp(K, )
(1 < p < d). It is known that a homeomorphism f of D onto D' is a quasiconformal
mapping if and only if f € Q4(K, o) for some K > 0. Often this fact itself is taken as a
definition of quasiconformal mappings (cf. e.g. Vaiséld [9]). In this section we prove the
following result.

22. LEMMA. If f and f~! belong to Q,(K,8) (1 < p < d), then f and f~' belong to
Qa(Ko, o), where Ko = (24 wyd 7, L KA4-D/@-P)d s ¢ constant depending only on d,
p, and K. v

Obseve that Ky does not depend on 6 > 0. This result is obtained for the class Qp(K, 00)
not only for 1 < p < d but also for d < p < co in Gehring [3] as T heorem 1. As already
stated we are not interested in the d < p < oo case from the view point of the application of
the main theorem to our final purpose and actually the above lemma is not true in general
for the d < p < oo case.

ProOF: We only have to show that f € Q4(Ko, 00) since the proof for [~ € Q4(Ko, 00)
is identical by symmetry. Hence, for any spherical ring R = {z : a < |z — P| < b} with
R C D, we only have to prove that cap,f(R) < KocapgR. As an obvious result of the fact
that R is a spherical ring, it is seen that not only R but also f(R) are approximable from
outside in the sense of Section 7 (cf. e.g. Lemma 6 in Gehring [3]; see also Chapter 2 in
Heinonen et al. [4]). Hence by (10) we have

. A(¢, f(R))*
@paf(R) sew(siry V9, F(R)FT

With each ¢ € ¥(R) we associate ¢ € ¥(f(R)) by ¢ = ¢o f. Then U(R) = ¥(f(R))o f.
We will evaluate A(¢, f(R)) from above by A(%, R) and V (¢, f(R)) from below by V (¢, R).
We start with A(¢, f(R)). Take an arbitrary positive number € > 0 and any polyhedral
surface ¥ C R separating two complementary components Cy and C; of R. By the uniform
continuity of % on ¥, we can express X as a finite union of Borel sets E;, i.e. ¥ = U;E;, such
that mq_1(E;) > 0, Oscg,4* ! < e, and mg_1(E; N E;) =0 (i # 7). Clearly Oscy(g,)¢?™! <
€. We apply Lemma 18 to each f(F;). Then there exists an open polyhedron G such
that f(E;) C Gi C G} C f(R), Oscg¢?™* < ¢, and mq_1(9G;) < cp K@ V/@-Pm, (E;).
Obviously U;0G; contains a polyhedzral surface ¥’ C f(R) separating f(Cp) and f(Ci).
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Then
A(g, F(R)) < / 6 dmas S T [ 6 dmas

< SWR) + mas (96 < oK SRy 1+e)md_ (E)

%

< cde—p Z/ ¢d 1y 26)dmd_1 = cde—P / (y1 + 2e)dmg_y,

where P; € E; is an arbitrarily fixed point for each 3. Since £ > 0 and ¥ are arbitrary, we
deduce -

A9, f(R) S K5 A(4, R).

Next we turn to V (¢, f(R)). Take an arbitrary positive number ¢ > 0. By the local _
uniform continuity of ¥ on R we can express R as a countable union of Borel sets E;,
le. R = U;E;, such that my(E;) > 0, Oscg9? < €, and mq(E; N E;) = 0 (i # 7).
Clearly Oscg,9? < € implies Oscy(g)¢? < e. By (13), ma(E; N E;) = 0 (i # j) assures
that mqy(f(E;) N f(E;)) = 0 (¢ # j). Observe that, since f and f~! € Qs(K,6), the
inequality (13) valid for f € Qp(K, ) and E C D must also be valid for f~1 € Q,(K,¢)
and f(E) C f(D) = D' so that we also have my(E) < K¥4Pmy(f(E)). Using this
inequality we proceed as follows:

R)=3 [, ¥'dma < SEER) +)ma(15)

< K35 S ($(F(P))E + )ma(f(Ey)

i

SKEY [ 64 2)dmg = K75 [ (¢4 20)dm,

where P; € E; is an arbitrarily fixed point for each i. Since ¢ > 0 is arbitrary, we deduce

V(%, R) < K35V (¢, f(R)).

Fix an arbitrary ¢ € ¥(f(R)). Then

(c2K5—I%A(¢, R))d

A, F(R)* _
<

V(e, f(R))% ( K&V (y, R)>‘“
2@-y A, R 2d(d-1)

where the last inequality follows from (10). Taking the supremum of the leftmost side term
in the above inequality with respect to ¢ € ¥(f(R)), we deduce, by (10), that

cap,f(R) < Kocade,
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where the constant K is given by Ko = cGK24d-D/(d-p) = (2ciwyry ! KH4-D/(d-p))d —
(21 yd-1r L K2-D/G-p)d - 0

23. The proof for the main result. Compiling the results stated thus far in the
preceding sections we can now prove the main result of this paper. For the purpose we
need to consider one more quantity H(P, f) associated with any homeomorphism f of D
onto D' and any point P in D:

max |f(z) - f(P)|

= [ |o—Pl=r :
AP J) = Y o T = 7P

It is known (cf. e.g. §22 in Viiséld [9]) that f is a quasiconformal mapping if and only if
suppep H (P, f) < 0. '

PROOF OF THE MAIN THEOREM. By Lemma 22 we have f € Qq(Kjp,00). Hence we see
that

H(P, f) < exp ((Ko%ﬁﬁ) —H (PeD)

(see e.g. §22 in Viisili [9]), where we recall that ¢, is the capacity of the Teichmiiller ring
Ry introduced in Section 2. By (12) we have -

sup J(P, f) < Ko7,
PeD
With each r > 0 satisfying B(P,r) C D for any fixed P € D we associate a positive
number b(r) > 0 such that '
| ma(f(B(P,7))) = Tab(r)°.

Clearly (minj,—p| |f(z) — f(P)|)/b(r) < 1. Therefore we have

| lz—P|=r

r = min [f(z) - f(P)]

lz—P|=r

Juax |f(z) = f(P)]  max |f(z)=f(P)| v(Tdb(T)d)i
<

T d’l"d

and a fortiori, by taking the superior limit as r | 0 :of both sides of the above inequality,
we deduce

L(P, f) < H(P, f) - J(P, f)2.
Hence we conclude that - o
L(P,f)<H K& = K,

on D and K; can be explicitly given as in the statement of the main theorem. Repeating
the same argument for f~' instead of f we can deduce f~! € Lip(K;) in addition to
fe Lip(K31). |
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The proof of the main theorem is herewith complete. ' m]

24. Appendix. For convenience we record here the proofs of the first and the last identity
in(3)for R={z:a<|z]<b} (0<a<b< o).

As is well known, if u € ACL(R) N C(R), then the usual gradient Vu of u exists my-a.e.
on R and |Vul is a Borel function on R. By the standard mollifier method, it is shown
that, if |[Vu| € LP(R) (1 < p < o0) in addition to that u € ACL(R) N C(R), then there
exists a sequence (u;);>; in C*°(R) such that

(25) lu = s L=(R)[| + ||V — Vs LP(R)]| = 0 (i — o0).

Based on this fact, the class W(R) of competing functions for calculating cap, Rt may be
replaced by W(R) N C*(R), which often makes the computation for cap, R much easier
(1 <p < 00). In this regard we must be careful. The fact (25) is no longer true for p = oo
so that W(R)NC(R) is not dense in W (R) with respect to the norm |jv; L] + ||Vv; L=||
for v € W(R). ‘

However (25) for 1 < p < oo is still useful even for p = 0o in the following sense. Let
u € ACL(R) N C(R) with |Vu| € L}.(R). We denote by z = r¢ the polar coordinate
expression of z € R?\ {0}: 7 = |z| and ¢ = z/|z| € S*. In terms of z = r¢, we have the
identity '

(26) VO = O + IVeulr)P,

where u, = Ou/0r and V; indicates the gradient operation for functions on S9! with re-
spect to the natural Riemannian metric on $%~*. Using the localized version of (25) we can
show that r — u(r€) is absolutely continuous on (a,b) for my_j-a.e. & € S4 1. Therefore
we can use tha following fact in the proofs below:

FactT. If u € W(R) satisfies [Vu| € LP(R) (p=1 or p = c0), then r + u(r€) is absolutely
continuous on [a,b] for my_;-a.e. £ € S*1.

This is of course true for every 1 < p < o0.
We now proceed to the proof of the first identity in (3), i.e. we will prove

(27) ' cap; R = wga® 1.

For the purpose we first show that cap; R > wqa®™!. Take an arbitrary u € W(R) and
we will show that wsa®! < ||[Vu; L'(R)|| < co. We may then suppose that Vu € L(R).
By the fact mentioned above, there exists a subset E, C S%! with mg—1(Fy) = 0 such
that r — u,(rf) is absolutely continuous on [a, b] for every fixed ¢ € S41\ E, so that we
see, by (26), that ' :

1= () — (o) = [ ur(re)dr
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b b ,
</ lu, (r€) |dr§/ |Vu(re)|dr
b
= [ 5 IVu(re)irt-tar < / V()| dr
since 1/r%1 < 1/a%"! for every 7 € [a,b]. Thus we have shown that
| b -
a1 < / | Va(re)|rddr

for mg_i-a.e. & € S471. Integrating both sides of the above» inequality over S4-1 with
respect to dmg_1(§), we obtain

Ld_l ad_ldmd—l(f).ﬁ . (/ab !Vu(rf)lrd‘ldr) dmd_l(;g“).

Applying the Fubini theorem to the right hand side term of the above and changing the
polar coordinate to the Cartesian coordinate, we deduce

< [ V() |dma(z).

Hence wgad~! < infuew(r) [r |Vu(z)|dmq(z) = cap, R as desired.

To complete the proof of (27) we have to show that cap; R < wga~!l. For the purpose
take an arbitrary c E (a, b) which will be ultimately made to tend to a and define a function
u(z) = u.(z) on R’ by

0 (a<a)
u(z) := < lz] —a (a < |z| < ©),
c—a
1 (c <z| < o0).
It is easy to see that u € W(R) and
1 ,
_ — (a<r<ec),
Vu(ré)| = [u(ré)| = { ©
0 (c<r<oo)

for every ¢ € S%!. Hence we have

[ Vu(@)ldma(e) = [, ( [ 190 ) dmes €
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Since cap, R < [ |Vu(z)|dmgy(z), we conclude that

1cd—qd

cap; R < Wi

c_

for every ¢ € (a,b). On letting c | a in the above inequality, lim. ,(c? — a%)/(c— a) = da?!
implies that cap; R < wga®!, which completes the proof of (27). m]
We next give the proof for the last identity (3), i.e. we will prove

1
b—a

(28) cap R =

First we show that cap,,R > 1/(b — a). In order to do this we only have to prove that
[Vu; L2(R)|| > 1/(b — a) for every u € W(R). Contrary to the assertion, assume the
existence of a u € W(R) such that

L —
IV L=(R)]| < =

-On setting 6 := (1/(b— a)‘—- [Vu; L=(R)||)/2 > 0, we consider the set

X :={z € R:|Vu=)| < b%E_é}’

which is a Borel subset of R since |Vu| is a Borel function on R. By the definition of §,
|[Vu; L*(R)|| < 1/(b— a) — 8, which implies that mg(R\ X) = 0. Let X, be the £-section
of X in the porlar coordinate for each ¢ € S4-1:

X ::‘{r:’agrsb, ré e X} (£es+h.

Observe that the £-section (R\ X), of R\ X is Re\ X¢ = [a, ]\ Xe. By the Fubini theofem,
X¢ is Borel measurable for mgy-a.e. £ € S9! and

_ _ _ d-1
0=my(R\ X) = /R\X dmg(z) = /Sd—l (/(R\X)E T dr) dmg_1(£),
that is, we obtain ' ‘ |

f d-1 _
/soH </{a,b]\X£ " dr) dma-1(8) =9,

/ T ldr =0
[@,b]\ X,

for my_j-a.e. £ € S Since r¢! > a?"1 > 0, the above identity yields

which implies that

mi([a,b] \ X¢) =0
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for my_i-a.e. € € S%1. By the fact mentioned before (27), the function r — u(r§) is
absolutely continuous on [a,b] for my_i-a.e. € € S*°!. Hence there exists at least one
n € 8471 with the following three properties: X, is a Borel subset of [a, b];

my([e, 8] \ Xp) =

r +— u(rn) is absolutely continuous on the interval [a,b]. Then we have, by (26),
. . :
= u(bn) — u(an) = / ur(rn)dr = / ur(rn)dr
a . Xy
6) dr

1

< (rn)|dr < f dr < / ( -

< [ lutrmldr < [ 1Vutm)ler < [ (5=
—/( ) dr=1-6(b-a),

ie. 1 <1-6(b—a), which is clearly a contradlctlon Thus the proof of cap, R > 1 / (b—a)

is herewith complete.

Finally we need to show cap, R < 1/(b — a) to complete the proof of (28). This is an
easy task compared with the latter half of the proof of (27) since we only have to consider
the function u(z) on R given by

0 (la] < a),

ulx) ;= | I.’L'| —a ,
(z) — (a<|acy|»<b),
R O (b < |z] < o0).
Cléarly u € W(R) and, for z = r¢,
bi (a<r<b),
[Vu(z)| = |Vu(re)| = |u-(ré)| = ¢
: o 0 (0<r<a, b<r<oo)

~ for every £ € S% 1 =1/(b—a) and for every z € R\ OR. Hence we have ||Vu; L®(R)|| =
1/(b—a). This with cap,, R < ||Vu; L*(R)|| yields cap,, R < 1/(b — a), which completes
the whole proof of the identity (28). m|
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