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0. Introduction. o , |

N>122p>1 t35,.F% avnyi4Ee. 0% RY OGRBELS
L. FCOCRY 2T 5o S6I2 0 =Q\dF EBX,0F = F\Int F
Y5, . -

2T, BILHEARERE P 2RO & S CEET 5,

/,(@D‘ ‘P:;dﬁpu@v¢
TIT, Az) eCH{Y)IXZ Q\F CETInt F ETO0THbLT 5, 7.

F4 T ERBBUBABEFEROBOBRETEELRARS, ThiEm(EI L.
u € COY) N C2(Q\ F) BHAARER |

(0-2). - Pu+ B(z)Q(u) < C(m), in Ql’,

P, & B IEMY B(x) and C(z) L TR T2 & X, A(z), B(z),C(z) Q(t)
BT A5 EHOL LT -

(0-3) lim sup u(z) < +o0.
’ ) z—OF

BB 5 L RRT I LIRET 5. 22T Q) i, . MEMME R -
DR TEE (1-8) ZHATET B, BIZIE [tP~1t (p > 1) , (el —1)sgn(t) %
ERQE) DBILBB, COBEFS, bL ue COQ)NCAQ\ F)

(0-4) Pu + B(z)Q(u) = f(z), in &,

TZT f/Be L®(N), i/, Q ECHERLZBEEIFEL T .u k @ =Q\F
ET—HL AR LWL T LD 2 5,



- ZO#BEIE HBrezis and L.Veron - I2£ o T, F "EREESTHD Q) =
[tlP~'t. A(z), B(z),C(z) 7 EEHOL EIC1 98 0FIIBOLATD, EHRE
IS X [BV] I2BWT, L u A (0-2) £ BB pll o TOMEH% iz
T, v IIBRETRLEBEREOAE F ECEOZ LN TELI L ERL7Z, (See
also [VV 1], [VV 2] and V] )o Z@%%ﬁ'ﬂiﬁ#iiﬁ% DIERZTEHRY —
BALTDEEEL D, WCEXELF LLTEEDIY N2 PEFL, SH1C
FREEEDS (0-1) ORCBRARIC—BILT 522 L 2%2 5, 22Tk Pid 81k
T57213TCE%RL. FORNEATEIEARICRLIEVHINLEDOTHSL, FE
B HEEE, MEOAFRL[{ERRERETDHL, '
RICHEL1Z, HeDRB % BT ST L CRETREICET 28R40 F o5+
FEEDLEETHEE BT ¥ =7 (LDEHD) ThEIEERT,
BRI & LT BIGBMEY 2 R ELB bR R T 27 1) 7 L
AR ’

{Pu +B(z)Q(u) = f(z), inQ,
(0-6) _ '

u=0, on 0.
DERLEBO—BFHEETT. P B —HEME (on Q) THIE, ZOREI
L TIHIES K OWERSTTIIH S, ([9], G. Stampacchia : linear case) ,
([BS] H. Brezis and W.A. Strauss : f € 2 (2),Q(u) HFRHEM (possibly multi-
valued)) , (Z0ft: [BBC] [BG]) o BEHEIDBRE % OHESH D, ( [LL],
[LM], [BGDM],[R1],[R2],[R3], and so on) o LA L . #EIBIL T HEHEICIE T
RHREERIB R VIKRTH 5,

COHBEFOBBIIRD L )T, §1 CREME Yy T4V 7 EELERE
BRET, §2 TREEF VYT THIHI L2 AL L THEL £3, §3is
FHROFHDOEMTY, 4 THE 1 2RL T T, HBRICEIH21T §5 TRINE T,

1. TRER. - -
N>1, FQ#zFhFharns e ERBAEALL. FCOQCRY 2

3e95, &6

(1-1) Q' =Q)\dF.

LELA, TZT OF 12 OF = F\ Interior of F L EFE SN 5B, EHNLEI A
OF ~DHMERD L ) IZERT %o



Definition 1. d(z) € C°() 2 R% /- THFABHKL 75,

~2). Tl <L
(1-2) €= dist(z,0F) — <

|87d(z)| < C(v)dist(z,dF) =N zeq,
Z 2Ty IZEED multi-index T C(y) & z ICEBRLIEERTH 5,

- Y. RO [HA1] % FAMEM A(x), B(x) and C(z) IZIRET %,

[H-1].

A(z) € CHQ) N LL_(9),
(1-3) A(z) =0 inInt F = F\ 9F,

A(x) >0 in Q\F,

B(z) € Li5, () N L, (),
(1-4) { B(z)>0 in =0Q\0dF,
and |
| C(z) € L) NLL.(Q),

(1-5) { C(z) > o’ in €. l

Kic [H-2] % IHEEE Q1) WIRET %o

[H-2].

(1-6) { Q(t) X R LCHAMMTERTH Y, KEWT LT 5o

Q(O). =0 & Q@®)t>0 foranyteR)\{0}.

Definition 2. Let us set for z € Q' = Q\ OF

A(w) = A(2) + d(2)| V)],
— ess Al

(1-7) ®(z) = ess SUP|, <4 B(y)»

— ess- Aly)
W(zr) = ess SUP|, o< 42 By)-

361
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[H-3]. There is a positive number &y > 0 such that

t|1+do
T e <
and
0 e P () Y <+
ZL 7T
[H-4].
(1-10) sup C(2) < 400

zEN B(il?)

Remark 1. £ff (1-9) i B(z) 7% A(z) E(HNTHIDRBEHR BV E
RERT S, T, BLIKN<S2THNT AD d DELLMIE OF LTl
TR S 2,

}j{ﬁi‘i%ﬂ@_o"c‘}) 5 o
Theorem 1. Assume that [H-1], [H-2|, [H-3] and [H-4]. Assume that u €

LOO

o () satisfies Pu € L}, () in the distribution sense. Moreover we assume

that for almost all z € {z € Q';u(z) > 0},
(1-11) Pu+ B(2)Q(u) < C(z).

Then we have u € L§2 (2), where u;. = max(u,0).

loc
CORBOEEDRE L TRIFBIALY 5,
Corollary 1. Assume that [H-1], [H-2] and [H-3]. Instead of [H-4], assume that

f(z) € Lo (¥) NLL (Q) satisfies for some positive number C

loc loc

(1-12) |f(z)| < C-B(z), for almost all z € Q.

Assume that u € Lj? (V') satisfies

loc

(1-13)  Pu+B@Qu)=f  inD(@).



Then there exists a function v € LS. (Q?) such that

(1-14)

v|,, = u.

{ Pv + B(z)Q(v) = f, in D'()

Q

Proof of Corollary 1. Theorem 1 2*5 uy € L2(Q) & u_ € LE(Q) 2
bhb, LEdFoTue LR (Q). TZT A(z) =0o0n F\OF Hb,u(x) =

loc

v(z) = Q7 1(f(z)/B(z))) on F\ OF. B —&¥d Theorem 2in §4 ELFL
ERTHOLIALILEZEELTEL.

AL L OB R SRR ET 57 1 Y 7 VEEORO —BHEEL
2,

U )Q(u) = in
015 { o

Theorem 2. Assume that [H-1], [H-2] and [H-3]. Instead of [H-4] assume that

f(x) € L () satisfies for some positive number C
(1-16) |f(z)] < C:-B(z), foralmost all x € Q.

Moreover we assume that A(z),B(z) € C°(Q). Then there exists a unique

function
(1-17) | uwe L®Q)NHL (Q\F)
which satisfies (1-17) in the distribution sense and satisfies

(1-18) L[A(w)IVuI? + B(@)Q)u] dz < C||f/Blloe.

Here C is a positive number independent of each function f.

Remark. 3L Q 2*—#icV 7> vy VERTHIUT vwe HE (Q\F) b5,
COEBEOGERIZ, MEB ST ERIZBETELL ., €81 2BV T, ZB50
BOFNB—BRCERRBIPORT 5 L 2RI LIRAET %

12



2. Counter examples to Theorem 1.
F % JF 55 m—dimensional C*™ compact submanifolds in RY (0 < m <
N-1) &L,

(2-1) Lou = —div(d(z)**Vu) and ~ Q(u) = |uff u.
%X D, BTRD H-1) #EET 50

(b-1) ﬂ>—£§—’1‘-, and 7>—N;m:

EHhiZ0<m<N-1 &tLT<T

, 1—a¥ﬁ e ' :

142 £ 1

(2-2) IPRED Ry vy et B
1, it a>p+1.

B, RiC (h-2) 2KET S ( (1-7) in [H-3]) .

'prfn, if a<pB+1,
(h-2) p>p=1, i a>B+1,
> —m—2
o _——,
. 2

B#IZ (b-3) ZIRET 5o ( [HA]) .

(h-3) | =
A& @ L € uy = max[0,u] and u_ = max[0, —u]

Theorem 3. Let F be either the origin or an m—dimensional C*° compact
submanifolds in R™ for 0 < m < N — 1. Assume that [h-1], [h-2] and [h-3].
Assume that u € L (Q) satisfies Lou € L, () in the distribution sense.

loc

Moreover we assume that for almost all z € {x € Q;u(z) > 0}
(2-3) Lou + b(z)d(2)*PuP < c(z)d(x)?,

for some positive smooth functions b(z) and c(z). Then we have ut € L2 (Q2).

Proof of Theorem 3. Q(u) = |ulPlu DT, fH=p—1&B< L (1-8) and
(1-9) in [H-3] WA T 3. A(z) = d(z)**, B(z) = b(z)d(z)? »> C(z) =

13



14

c(z)d(z)?' ¥ LT, Theorem 1 % WRAT 5, ([H-1], [H-2] iki#i7z SLTV3,) L
7eho T (1-9) in [H-3] 2P ONT LV, BEEDOFHET

(2-4) ‘
1 / (d(x)—z“?é“” + 1) d(z)** 1 dz
€ Jo<d(z)<e

]. 2a—1

= —/ (d(:ﬂ) p—1 (p—%) +d($)2a——1) dz
€ Jo<d(z)<e _

2a—1 28+

< C’dzam(F)m%/ (P p—1 ,(P_'z‘gf%) +p2a—-1)pN—m-—1 dp
' 0

N42a—m—2 (p N+28—m

= C'diam(F)™ (5 p—1 - N+2a-—m—2) + E2a+N—m—2)

—0@1).  (h-1) and (h-2)
BbhD, THTEEIRINT,

Counter-examples to Theorem 3.

F 2uaitHEL LTS, (FHEh m—dimehsional C* compact submanifolds
. (with boundary) in R® for 0 < m < N—1) . L7Z2*>TF =0F T®5,
KA BRI X VO T, d(z) = dist(z, F) T d(z) i F¢ THELDT
|Vd(z)| = 1 LIRET 5. U(z) = d(z)~M, for M >0. &£BL, UPR%
HBHM>0THIZTELTHD,

LaU(m)v +b(z)d(2)PU(z)? =0, in W\F.

M(d(z)Ad(z) + 2a — 1 — M) + b(z)d(x)1—2+A)-M{-1) — g,

bIVLEIET S L

2(1—a+p)
M

D SRS TE B2 E0bh b, 72

p=1+ , M(d(z)Ad(z) + 2a — 1—M) + b(z) = 0.

M > d(z)Ad(z) + 20— 1.
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THNL b(z) ZIEE % b, ST F ELTHIREERELZEIZLED.
F=F, 22T

Frn={z:a2}+ 422 <lzpm = =2y =0}

for1<m<N-1,
Fo = {0}
ThHE
N m
dist(z, Fy,) = Z 2, if Em?ﬁl,‘
I=m+1 =1 .
dist(z, Frp,)Adist(z, Fy) = N —m—1, for0< Zwlz <1
=1
TDEEFMI
{ M(N-m+2a—2-M)+bz)=0
M>N-m+2a—2.
)=

Proposition 1. Assume that F = F,, for 0 < m < N —1. Moreover we assume

that [h-1]. Then for the validity of Theorem 3, the aésumptions [h-2] is necessary.

Proof of Proposition 1. B

AR [h-3) IZDWVTRHRRDZ L HSbHh B,

Proposition 2. Let us set F' = F,, for0 < m < N —1. Assume [h-1]. Then for
the validity of Theorem 3, the assumption 3 < v ([h-3]) is necessary if & > y+1.
And if « < 1+ m/2, then 8 < 7 —l—p(—M——%ﬂﬂ + ) is necessary. '

Proof of Proposition 2. B%

3. Lemmas.

L OMCREENSE L TEBERENT 50N Y BN ET,

Lemma 3-1. Assume that u € L} (') and Pu € L} (Q). Then we have

loc loc



Put < (Pu)sgntu, in D'(),
1, for u > 0,
where =~ sgntu={ 1/2, foru=0,

0, foru < 0.

Proof. This follows from Kato’s inequality. For the detailed proof of Kato’s
- inequality see [K].

Lemma 3-2. Assume that [H-1], [H-2] and [H-3]. f € L},.(?) and B(z)-Q(u) €

loc

L} (), and assume that
Pu<f, inD'(Q)

Then we have

Pu<f, in D' ().

Lemma 3-3. Assume that u € L2 (Q') satisfies Pu € L} ()in the distribu-

loc loc
tion sense. Assume that [H-1]-[H-4]. Moreover we assume that for almost all
ze{re Q; u(z) > 0}
Pu+ B(z)Q(u) < C(x).

Then we have, for some positive numbers C and €y,

u(z) < C[‘I’(w)%d(m)_% + 1], for x with 0 < d(z) < eo.

Lemma 3-4. Assume that [H-1] — [H-3]. Assume that u € L{S (§)') satisfies

loc

Pu € L} (€)in the distribution sense. Moreover we assume that for almost all

z € {z € Q;u(z) > 0}
Pu + B(z)Q(u) < C(z).

Then we have

B(z)Q(u") € Lioe(Q).

16
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4. Proof of Theorem 1.
p=Q 7 (sup,en ) £B<o Lemma33 LRAMILT,

(61 Pu—p)+BEQW) - QW) <0, forae {u(x) >0}

Lemma 3-1 lb | |

(42)  Plu—p)s+B(@)sgn*(u—p)(Qu) - Q) <0,  in D(R).
L7245 T Lemma 3-2 5

(43)  Plu—p)y + B(@)sgn* (u - y)@(u) —Qu) <0, i D(Q).
—HEER KD LS {21 d(z) < 1} CQ B0 > supy jpcqim < u(a;) Lyak,
(4-4) T u(z)<p, - for d(z) < 1/2

BUTDOEL)TObD B, ¢ = (u— p), if d(z) < 3/4, and ¢ = 0 otherwise,
E¢; = min(g;,75) (j = 1,2,...) £BL Le; %?’E‘%?Z)‘&E@ﬁﬂﬂn_eD(Q)
(m=1,2,...) TEBTEHEHNTEX, jo0 T

(4-5)
¢ > ¢=(u—p)+inQ(ae), BQ($;)— BQ(¢), in L'(Q)

POm-—s00T, HjIIAHLT

¢T — ¢; in Qae, BQ(S) — BQ(¢;)in L (Q).

LTED, ZOZEHSH, Lemma 3-2 £ FRICL T, D ¢ € D(Q) 127 L

T, HHED CHEELT,

(4-6)
l/ﬂ(@-—ep)-Pwdw

1

| / QU — ¢l)F - Az) de
suppq& v

<C

1

) .— 0,

<o( [ Bl —e)d)” - ( [ A@e)s s
as j — o ([H-2] with n = 1).



R LB b, koT

(4-7) Pg,; 5 P¢ in D'(Q).

B € L}, (Q) #2¢7 ¥ —HA R D THEBRIC L'cﬁmﬁi’m"ﬂg; h

(4-8) P¢T — Pg; in D'(Q).

PTh, FNT |

(4-9) P¢T + B(z)sgn™ (u — p)(Q(u) — Q(u»))‘ < o(1), in D'(92),

(j,m = 00) %D, ¢ A* AL —XT supp ¢, supp ¢7* C {d(x) < 3/4} TH %
»oH,

(4-10) 0< / B(z)- Q) — Q(u)|dz < o(1)  asm — -+oo.
fu>uIn{d(e)<3/4}

HTh, LLET limsup, ,op(u—p)y =0 DRINTZ,
5. Proof of Theorem 2.

Uniqueness.
(5-1) T(2) = L=(Q) N Hyoo(2\ F).

95, uand v BSEDIETH B LT B, THE

(5-2) P(u—v)+B()(Q() -Q()) =0,  inD'().

,B-Q(u) € L'(Q) THHH»5H, Lemmas 3-1, Lemma 3-4 £ 9

(5-3) { P(u—v)4 + B(x)sgn* (u—v)(Q(u) — Q(v)) < 0, in D'(Q),
P(v — ). + B(a)sgn* (v — u)(Q(v) — Q(w)) < 0, in ().

Theorem 1 & FREIC LC (u—v)y #EBT ALY Qu) = Qo) if z € Q\ F
BREND, QRIHEFATHY.,. du=vin IntF THED5H,u=vin Qb2 5%,

18



Existence. N > 10k XOAERT 5, %3 P & —RHEHEARE (P.)oo
TRDEHIZEBPT 5, P —HBHETHIE HHQ) TOBROFLEIT L A
bNTwWwb,e>0¢L T

(5-4) P. = —div|(e + A(z))V],
EBE .

‘ Pu+B(z)Qu) = f, in,
(5-5) { u=0, on 9.
®EZ D,

Lemma 5-1. Let N > 1. Assume that the same assumptions as those in
Theorem 2. Then there is a unique u. € Hg(Q) which satisfies (5-5) in the

distribution sense. Moreover u. satisfies

(5-6) 7 ' , BQ(UE),‘BQ(’U@)U; € LI(Q)'

Proof. B

Remark. (1) 2 X7 b K C Q\F‘b:ﬁb‘(,} ﬁa € HY(K) 22 BQ(ue)ue €
L'Q) 25 e>0 IZHLT—HRIZHEY Lo,

(2) ELIZHTHVRE fFe LH(Q) DD ET, ABOHFEEEHEERT I LITE S,
#0351 21 [BS, Theorem 12 and its corollary | % R &o

End of the proof of Theorem 3. u. T (4-5) DfE% E T, Lemma 5-1 &
remarks 2°5 | u. € H}(Q) & BQ(u.)u. € HY(Q) 5bDh 5, KT u. BEHD
770 A ) EHEE € > 0 1CBL TR T & RRT |

_2+60

(4-8) a= m,

and b=2+4 4.

1

EB<o (1-8) in [H-3] 26, |uc| < C(|uc||Q(ue)|)7F% 2305, young’s inequal-
ity KDIEE AR IIHLT

(5-9) / fllul de < /Q Y1l Q(ue) )5 B o

ga—lh—a/ (m)aBda:+b_1ﬁb/ e ||Q(u.)| B da.
o B Q

19



BT Do TOFHLIC ue 20T Q THRETIE,

(5-10) /9 (e + A)|Vuc|?dz + (1 — Cb~1RY) /ﬂ Blue||Q(u.)| dz

—11—a I_f_la
<Ca'h /Q(B) bda.

#1/%, TTT A =b(20) 1L B, FIOAEFERDIBON S,

RIZ a priori estimate .l: compa,ctness' £ Y, WAH {u,; }2, % {us}€>0'7)16
B, 2 EFuec HL (Q\F) KEPORE €D L TE D, §5 & Bu,Q(ue;)
b BuQ(a) I Li,(A\ F) KBWTIHT 2 (HRRAER). TOL & T id)
BRXZ Q\F TBHEBOERTHIZT, 22T

H(m), lf:IZEQ\F,
(5-11) u(z) = {

Q7' (f(z)/B(z)),  ifze€F\OF,

LB, THE. WL u RHERE Q\OF THREKOBRCTRHZT LAt
bh5b, L7ho7T Theorem 1 £ ) u i QTHRTH Y, Corollary 1 225 5
—RBHLROLE vel2(Q) PHELT,.v=uinQ\oF %yt
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