
UNIVERSE OF QUANTUM SET THEORY

SATOKO TITANI (千谷慧子)

ABSTRACT. Quantum logic is a logic whose model is the com-
plete orthomodular lattice of closed subspaces of a Hilbert space.
G. Takeuti developed in [1] a quantum set theory based on the
quantum logic.

In the present paper, we introduce a strong implication into the
Takeuti’s quantum set theory, and consider it as a lattice valued
set theory in [4].

INTRODUCTION

Let $Q$ be a complete lattice consisting of all closed linear subspaces
of a Hilbert space $\mathcal{H}$ . $Q$ is an orthomodular lattice, and a model of
quantum logic. We can construct the $Q$-valued universe $V^{Q}$ in our
universe $V$ of ZFC. The set theory on $V^{Q}$ is based on quantum logic,
and is called the quantum set theory.

On $Q$ we have the unary operation $\perp$ of $\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{h}_{0}\mathrm{g}\mathrm{o}\mathrm{n}\mathrm{a}\prime 1$ complemen-
tation, besides the lattice operations $\wedge \mathrm{a}\mathrm{n}\mathrm{d}$ . The $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}arrow Q$

deflned by

$aarrow_{Q}b\Leftrightarrow a\mathrm{d}\mathrm{e}\mathrm{f}\perp$ (a A $b$ )

is an implication, in the sense that the following I 1, 12 are satisfled.
I 1 : $(aarrow_{Q}b)=1$ iff $a\leq b$

12 : $a$ $\wedge(a$

.
$arrow_{Q}b)\leq b$

We $\mathrm{c}\mathrm{a}\mathrm{l}1arrow Q$ the quantum implication.
G.Takeuti developed a quantum set theory with the quantum im-

$\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{C}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}arrow Q$ in [1]. Then the corresponding equality and the mem-
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bership relation on $V^{Q}$ are defined by:

[$u=Qv\mathrm{J}$ $=$
$\bigwedge_{x\in Du}(u(_{X})arrow Q\mathrm{B}x\in Qv\mathrm{J})$

A $\bigwedge_{x\in Dv}(v(x)arrow Q\mathrm{B}X\in Qu\mathrm{I})$

[$u\in_{Q}v\ovalbox{\tt\small REJECT}$ $=$
$x\in Dv\vee \mathrm{t}^{u=}Qx\mathrm{J}$

A $v(x)$ .

Each implication defines equality and membership relation. We $\mathrm{c}\mathrm{a}\mathrm{U}$

the above equality $=_{Q}$ and the membership $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\in_{Q}$ the quantum
equdity and the quantum membership relation, respectively.

$\mathrm{U}\mathrm{n}\mathrm{f}_{\mathrm{o}\mathrm{r}}\mathrm{t}\mathrm{u}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{y}$, the equality axioms are not valid for the quantum
equality on $V^{Q}$ . This means that quantum implication is not strong
enough to define the equality of the set theory. We need a stronger
equality to develop a set theory with equality axioms on $V^{Q}$ .

On the other hand, any complete lattice has an $\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{C}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}arrow \mathrm{d}\triangleright$

fined by

$(aarrow b)=\{$
1 if $a\leq b$

$0$ otherwise.

The above $\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{d}arrow \mathrm{i}\mathrm{s}$ the strongest implication which represents the
order relation of the lattice, and we call it the basic implication. For
a complete lattice $\mathcal{L}$ , we can construct the lattice valued universe $V^{\mathcal{L}}$ .
We showed in [4] that the lattice valued set theory LZFZ on $V^{\mathcal{L}}$ can
be formulated by introducing the basic $\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{C}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}arrow$. That is, if we
interprete the equality and membership relation by using the basic
implication, i.e.

[$u=v\mathrm{I}$ $=$
$\bigwedge_{x\in Du}(.u(x)arrow[_{X\in v}\ovalbox{\tt\small REJECT})$

A $\bigwedge_{x\in Dv}(v(X)arrow[x\in u\mathrm{J})$

$[u\in v\mathrm{I}$ $=$
$x\in Dv[u=x\mathrm{I}\wedge v(_{X})$ .

then the equality axioms are valid on $V^{Q}$ .

In this paper, we introduce the basic $\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}arrow$, and the cor-
responding basic equality and membership relation to the Takeuti’s
quantum set theory, as primitive symbols. The quantum equality and
quantum membership relation are defined in the set theory.
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Now, we have two equalities $=,$ $=_{Q}$ , and two membership relations
$\in,$ $\in_{Q}$ on $V^{Q}$ such that

$u=vrightarrow\forall x(x\in urightarrow x\in v)$ and $u\in vrightarrow\exists x(u=x\wedge x\in v)$ ,

$u=_{Q}vrightarrow\forall x(x\in_{Q}urightarrow Qx\in Qv)$ and $u\in_{Q}vrightarrow\exists x$ ($u=_{Q}x$ A $x\in_{Q}v$ )

We denote $(1arrow a)$ by $\square a$ , that is,

$\square a=\{$
1 if $a=1$
$0$ if $a\neq 1$ .

An element $a$ of $Q$ is said to be $\square -$-closed if $\square a=a$ .

For each set $u$ in our external universe $V$ , We define $\check{u}\in V^{Q}$ by

$\{$

$D\check{u}=\{\check{X}|X\in u\}$

$\check{u}(\check{x})=1$ .

Then for sets $u,$ $v\in V,$ [$\check{u}=\check{v}\mathrm{J}$ and $\mathrm{I}\check{u}\in\check{v}\ovalbox{\tt\small REJECT}$ are $\square$-closed and
$u=v\Leftrightarrow[\check{u}=\check{v}\mathrm{I}=1$ ; $u\in v\Leftrightarrow[\check{u}\in\check{v}\#=1$ .

A set in $V^{Q}$ which is equal to a set of the form $\check{u}$ is called a. check
set. As far as check sets concern, the quantum equality $=_{Q}$ and the
quantum membership $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}\in_{Q}$ are identical with the basic ones $=$

$\mathrm{a}\mathrm{n}\mathrm{d}\in$ , respectively, i.e.
$\check{u}=_{Q}\check{v}\Leftrightarrow\check{u}=\check{v}$ ; $\check{u}\in_{Q}\check{v}\Leftrightarrow\check{u}\in\check{v}$ .

lf we take the $\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}arrow \mathrm{i}\mathrm{n}$ the definition of numbers, then the
set of real numbers is a check set (cf. [4]). On the other hand, it is
known that the set $R^{Q}$ of real numbers in $\langle V^{Q}, \wedge, \vee, arrow_{Q}\rangle$ is repre
sented by the set of self-adjoint operators on the Hilbert space $\mathcal{H}$ .
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1. QUANTUM LOGIC
Let $\mathcal{H}$ be a Hilbert space. We consider the complete lattice

$Q=\langle Q,$ $\leq,$ $\wedge ^{\perp},,$ $\mathrm{o},$ $1)$

consisting of closed linear subspaces of $\mathcal{H}$ , as a model of quantum
logic, where the least upper bound of $\{p_{\alpha}\}_{\alpha}$ of $Q$ is denoted by $_{\alpha}p_{\alpha}$ ,
and the greatest lower bound of $\{p_{\alpha}\}_{\alpha}$ is denoted by $\bigwedge_{\alpha}p_{\alpha}$ . The
smallest element and the largest element of $Q$ are denoted by $0$ and
1, respectively.

1.1. Properties of $Q$ .

The complete lattice $Q=\langle Q,$ $\leq,$ $\wedge,$ $,$ $\perp,$ $0,1$ ) of all closed linear
subspaces of $\mathcal{H}$ is an orthomodular lattice. That is, for $p,$ $q\in Q$ ,

(1) $p^{\perp\perp}=p$

(2) $p$ A $p^{\perp}=0$ ; $p\vee p^{\perp}=1$

(3) $(p \mathrm{A} q)^{\perp}--p\mathrm{v}q\perp\perp;$ $(p\vee q)\perp\perp\wedge=pq^{\perp}$

(4) $p$ A ($p^{\perp}$ ($p$ A $q)$ ) $=p$ A $q$

1.2. Implications.

$\ln$ general, an $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}arrow 0*\mathrm{n}$ a complete lattice which satisfies the
following properties is called an implication.

I 1 : $(aarrow_{*}b)=1$ iff $a\leq b$

I 2 : $a$ A $(aarrow_{*}b)\leq b$.

The $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}arrow \mathrm{o}\mathrm{n}$ a lattice deflned by

$(aarrow b)^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\{$

1 if $a\leq b$

$0$ otherwise

represents the order relation of the lattice, and is the strongest impli-
cation on the lattice in the sense that

$(parrow q)\leq(parrow_{*}q)$ for every implication $arrow_{*}$ .

We $\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}arrow \mathrm{t}\mathrm{h}\mathrm{e}$ basic implication. The corresponding complement $\neg a$

of $a$ is defined by
$\neg a^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}(aarrow 0)$
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Here we denote the formula $(1arrow a)$ by $\square a$ , that is,

$\square a=\{$
1 if $a=1$
$0$ if $a\neq 1$

Proposition 1.1. For all elements a, $b,$ $a_{k},$ $b_{k},$ $c_{k}(k\in K)$ of $Q_{j}$

$G\mathit{1}$ : $\square a\leq a$

$G\mathit{2}$ : $\neg\square a=\square \neg\coprod a$

$G \mathit{3}:\bigwedge_{k^{\coprod a_{k}\leq}}\square \wedge ka_{k}$

$G\mathit{4}$ : If $\square a\leq b$ , then $\square a\leq\square b$

$G\mathit{5}:\square a\wedge \mathrm{V}_{k}b_{k}=_{k}(\square a\wedge b_{k})$ ; $a$ $\wedge _{k}\square b_{k}=_{k}(a \wedge\square b_{k})$ ;
$\square a\bigwedge_{k}b_{k}=\bigwedge_{k}(\square ab_{k}))$ $a \bigwedge_{k}\square b_{k}=\bigwedge_{k}(a\square b_{k})$

$G\theta$ : $\square a\neg\square a=1$

$G7$ : If $a\wedge\square c\leq b_{f}$ then $\neg b\wedge\square c\leq\neg a$ .
$G\mathit{8}$ : $(aarrow b)=${$c\in c|c=\square c,$ $a$ A $c\leq b$}

Definition 1.1. On the orthomoduler lattice $Q$ , the binary operator
$arrow Q$ deflned by.

$(parrow Qq)=p^{\perp_{\mathrm{v}}}$ ($\mathrm{d}\mathrm{e}\mathrm{f}p$ A $q$ )

is also an implication on $Q$ . We $\mathrm{c}\mathrm{a}\mathrm{l}1arrow Q$ the quantum implication.

1.3. Commutability.

Definition 1.2. $p$ is said to be commutable with $q$ , in symbols $p4q$,
if $p\leq$ ($p$ A $q$ ) ${ }$ ($p$ A $q^{\perp}$ ).

$p\iota q\Leftrightarrow^{\mathrm{e}}p\leq \mathrm{d}\mathrm{f}$ ($p$ A $q$) $\vee$ ($p$ A $q^{\perp}$ )

Note that $p1q,$ $q1p,$ $p^{\perp \mathfrak{g}\iota q^{\perp_{\mathrm{a}\mathrm{r}\mathrm{e}}}}q,$$p$ all equivalent, and $(\square p)\iota q$ for
all $p,$ $q\in Q$ .

Definition 1.3. $A\subset Q$ is commutable, in symbols $\iota(A)$ , if elements
of $A$ are mutually commutable.

$\mathrm{t}(A)=\mathrm{d}\mathrm{e}\mathrm{f}\bigwedge_{\mathrm{P},q\in A}(p\iota q)$ .
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Proposition 1.2. If $p4^{q_{\alpha}}$ for each $\alpha$ , then

$p\wedge\vee q_{\alpha}=\vee\alpha\alpha$($p$ A $q_{\alpha}$ ).

Theorem 1.1. Let $M$ be a linearly ordered subset of Q. Then $M$ is
commutable, and $\dot{\mathrm{t}}hereexi_{S}t_{S}.a$ complete Boolean $s$

.
ubalgebra $B$ of $Q$

including $M$ .

Proof. It is obvious that $M$ is commutable. Let $B$ be a maximal
commutable subset of 2 containing M. $B$ is a complete Boolean
subalgebra. $\square$

2. $Q$-VALUED UNIVERSE $\mathrm{V}^{Q}$

$Q$-valued universe $V^{Q}$ is constructed by induction, in the same way
as Boolean valued universe $V^{B}$ .

$V_{\alpha}^{Q}$ $=$ $\{u|\exists\beta<\alpha\exists Du\subset V_{\beta}^{Q}(u:Duarrow Q)\}$

$V^{Q}$

$= \bigcup_{\alpha\in \mathrm{O}\mathrm{n}}V_{\alpha}Q$

The primitive relations $u=v,$ $u\in v$ are interpreted on $V^{Q}$ as:
$\mathrm{B}u=v\mathrm{J}$

$= \bigwedge_{x\in Du}(u(X)arrow[x\in v\mathrm{I})$ A $\bigwedge_{x\in Dv}(v(_{X})arrow \mathrm{I}x\in u\mathrm{J})$

[$u\in v.\mathrm{J}$ $=x\in Dv[u=X\mathrm{I}$
A $v(x)$ .

We say an element $p$ of $Q$ is $\square _{\frac{-}{}C}losed$ if $p=\square p$ . As an immediate
consequence of the definition of $\mathbb{I}u=v\mathrm{J}$ , we have:

Lemma 2.1. For every $u,$ $v\in V^{Q},$ $\mathrm{I}u=v\mathrm{I}$ is $\square$ -closed.

Lemma 2.2. For $u,v\in V^{Q}$ and $\{b_{k}\}_{k}\subset Q$ ,

[$u=v\mathrm{J}\wedge kkb_{k}=\ovalbox{\tt\small REJECT} u=v\mathrm{I}$ A $b_{k}$

Proof. By Proposition 1.1, G5. $\square$
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2.1. Nonlogical axioms.

The following nonlogical axioms, $\mathrm{G}\mathrm{A}1$-GAII, of lattice valued set
theory LZFZ are valid on $Q$-valued universes $V^{Q}$ (cf. [4]) :

GAI. Equality: $\forall u\forall v$ ($u=v$ A $\varphi(u)arrow\varphi(v)$ ).
$\mathrm{G}\mathrm{A}2$ . Extensionality: $\forall u,v(\forall x(x\in urightarrow x\in v)arrow u=v)$ .
$\mathrm{G}\mathrm{A}3$ . Pairing: $\forall u,v\exists z(\forall x(X\in Zrightarrow(x=u_{X}=v)))$ .
The set $z$ satisfying $\forall x(x\in Zrightarrow(x=ux=v))$ is denoted
by $\{u,v\}$ .

$\mathrm{G}\mathrm{A}4$. Union: $\forall u\exists z(\forall x(X\in Zrightarrow\exists y\in u(X\in y)))$ .
The set $z$ satisfying $\forall x(x\in Zrightarrow\exists y\in u(x\in y))$ is denoted by
$\cup u$ .

$\mathrm{G}\mathrm{A}5$ . Power set: $\forall u\exists z(\forall x(x\in zrightarrow x\subset u))$ , where

$x\subset u\Leftrightarrow^{\mathrm{f}}\forall \mathrm{d}\mathrm{e}y(y\in Xarrow y\in u)$ .

The set $z$ satisfying $\forall x(x\in Zrightarrow x\subset u)$ is denoted by $P(u)$ .
$\mathrm{G}\mathrm{A}6$ . Infinity: $\exists u$ ($\exists x(x\in u)$ A $\forall x(x\in uarrow\exists y\in u(X\in y))$ ).
$\mathrm{G}\mathrm{A}7$. Separation: $\forall u\exists v$ ($\forall x$ ($x\in vrightarrow x\in u$ A $\varphi(x)$ )).
The set $v$ satisfying $\forall x$ ($x\in vrightarrow x\in u$ A $\varphi(x)$ ) is denoted by
$\{X\in u|\varphi(X)\}$ .

$\mathrm{G}\mathrm{A}8$ . Collection:
$\forall u\exists v(\forall x(x\in uarrow\exists y\varphi(x,y))arrow\forall x(x\in uarrow\exists y\in v\varphi(_{X}\square , y)))$ .

$\mathrm{G}\mathrm{A}9$ . $\in$-induction: $\forall x(\forall y(y\in xarrow\varphi(y))arrow\varphi(x))arrow\forall x\varphi(x)$ .
GAIO. Zorn: $\mathrm{G}1(u)\wedge\forall v(\mathrm{C}\mathrm{h}\mathrm{a}\mathrm{i}\mathrm{n}(v,u)arrow\cup v\in u)arrow\exists z{\rm Max}(z, u)$ ,
where

$\mathrm{G}1(u)$
$\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}\forall x$ ,

Chain$(v,u)$ $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}v\subset u\wedge\forall x,y(x, y\in varrow x\subset y\vee y\subset x)$ ,

${\rm Max}(z,u)$ $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}z\in u\wedge\forall x(_{X}\in u\wedge z\subset xarrow z=x)$ .

GAII. Axiom of $0:\forall u\exists z\forall t(i\in zrightarrow \mathrm{O}(t\in u))$ .
The set $z$ satisfying $\forall t(t\in zrightarrow 0(t\in u))$ is denoted by $0u$ .
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2.2. Subuniverse $V^{B}$ of $V^{Q}$ .

Let $B=\langle B, \wedge, \vee, arrow \mathrm{B}, \mathrm{o}, 1\rangle$ be a Boolean subalgebra of $Q$ , and let
$(parrow Bq)\mathrm{d}\mathrm{e}\mathrm{f}=p\perp \mathrm{v}q$ .

$arrow B$ is an implication on $B$ , and

$(parrow Bq)=(parrow Qq)$ ( $=p^{\perp}\vee(p$ A $q$)) for $p,q\in B$ .

The corresponding equality and membership relation $\mathrm{t}_{0arrow_{Q}\mathrm{a}\mathrm{n}}\mathrm{d}arrow_{\mathrm{B}}$ ,
$=_{Q},$ $\in_{Q},$ $=_{\mathrm{B}},$

$\in_{\mathrm{B}}$ , are defined by:
$\ovalbox{\tt\small REJECT} u=_{Q}v\ovalbox{\tt\small REJECT}$

$= \bigwedge_{x\in D\mathrm{u}}(u(X)arrow Q[X\in Qv\ovalbox{\tt\small REJECT})$
A $\bigwedge_{x\in Dv}(v(_{X)}arrow Q1X\in Qu\mathrm{J})$

$\mathrm{I}u\in_{Q}v\mathrm{I}$

$=x\in Dv[u=_{Q}X\mathrm{I}$ A $v(x)$ .

[$u=_{\mathrm{B}}v\ovalbox{\tt\small REJECT}$

.

$=x\in Du\wedge(u(X)arrow_{\mathrm{B}}\beta x\in_{\mathrm{B}}v\mathrm{I})$ A
$\bigwedge_{x\in Dv}(v(x)arrow \mathrm{B}[_{X\in u}\mathrm{B}\ovalbox{\tt\small REJECT})$

[$u\in_{\mathrm{B}}v\ovalbox{\tt\small REJECT}$

$=x\in Dv[u=_{\mathrm{B}}X\mathrm{I}$ A $v(x)$ .

It is obvious from the fact that $(parrow Bq)=(parrow Qq)$ for $p,$ $q\in B$

that
$\beta u=_{\mathrm{B}}v\mathrm{I}=\ovalbox{\tt\small REJECT} u=Qv\#$ , [$u\in_{\mathrm{B}}v\mathrm{I}=\mathrm{B}u\in_{Q}v\mathrm{J}$ for $u,v\in V^{B}$ .

Hence $\langle B, \wedge, , arrow_{\mathrm{B}}, \mathrm{o}, 1\rangle$ is a subalgebra of $\langle Q, \wedge, \mathrm{V}, arrow_{Q}, 0,1\rangle$ , and
$V^{B}$ is a subuniverse of $V^{Q}$ .

3. NUMBERS IN $V^{Q}$

The set $\omega$ of all natural numbers is constructed from $0$ by the suc-
cessor function $x\vdash*x+1$ , where $0$ is the empty set and $x+1=x\cup\{x\}$ .
The integers are constructed as equivalence classes of pairs of natural
numbers, the rational numbers are constructed as equivalence classes
of pairs of integers, and finally, the real numbers are constructed by
Dedekind’s cuts of rational numbers. We denote the set of all integers
by $\mathbb{Z}$ , the set of all rational numbers by $\mathbb{Q}$ , the set of all real numbers
by $\mathbb{R}$ and the set of all complex numbers by C.

55



If we use the basic $\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}arrow \mathrm{i}\mathrm{n}$ the deflnitions of these numbers
in $V^{Q}$ , then they are all check sets (cf. [4]), that is, the sets of nat-
ural numbers, integers, rational numbers, real numbers, and complex
numbers are equal to $\check{\omega},\check{\mathbb{Z}},\check{\mathbb{Q}}$

)

$\check{\mathbb{R}}$ and $\check{\mathbb{C}}$ , respectively, where $\check{u}$ is the
copy in $V^{Q}$ of $u$ , which is deflned by

$D\check{u}=\{\check{x}|x\in u\}$ , $u(\check{x})=1$ for $x\in u$ .

We call a set $v$ of $V^{Q}$ a check set , if $\beta v=\check{u}\mathrm{I}=1$ for some set $u$ .
If we use the quantum $\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{C}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}arrow Q$ instead of the basic implica-

$\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}arrow$ , then the sets of natural numbers, integers, rational numbers
are still $\check{\omega},\check{\mathbb{Z}}$ , and $\check{\mathbb{Q}}$ , respectively. A real number that is an upper
segment of a Dedekind cut deflned by using the quantum implication
$-Q$ , we call a $Q$-real. It is known that each $\mathrm{Q}$-real is in some Boolean
subuniverse $V^{B}$ of $V^{Q}$ , and represented by a self-adjoint operator on
the Hilbert space $\mathcal{H}$ .

3.1. Q-reals.

Definition 3.1. We call $u\in P(’\check{\mathbb{Q}})$ a $Q$-real, if

(1) : $\exists r\in\check{\mathbb{Q}}(r\in_{Q}u)$ A $\exists s\in\check{\mathbb{Q}}(s\in_{Q}u)\perp$

(2) : $\forall r\in\check{\mathbb{Q}}((r\in_{Q}u)rightarrow Q\exists s\in\check{\mathbb{Q}}$($S<r$ A $(s\in_{Q}u)$ )
Proposition 3.1. If [$u$ is a $Q$-real I $=p_{j}$ ffien there exists $v\in V^{Q}$

such that

$Dv=D\check{\mathbb{Q}}$ , [$v$ is a $Q$-real $\mathrm{I}=1$ , and $\mathrm{B}u=_{Q}v\mathrm{I}\geq p$ .

Proof. Such an element $v$ of $V^{Q}$ is defined by

$Dv=D\check{\mathbb{Q}}$

$v(\check{r})=\{$

$([\check{r}\in u\mathrm{I}\wedge p)\vee p^{\perp}$ , if $r>0$

( $[\check{r}\in u\mathrm{I}$ A $p$), if $r\leq 0$ .

$\square$
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Let $R^{Q}\mathrm{b}^{-}\mathrm{e}$ the set of $\mathrm{Q}$-reals in $V^{Q}$ .

$R^{Q}=$ { $u\in V^{Q}|\mathrm{I}u$ is a $\mathrm{Q}$-real $\mathrm{I}=1$ }
Definition 3.2. $\mathrm{Q}$-reals $u,$ $v\in R^{Q}$ are said to be commutable if

$\forall r,$ $s\in \mathbb{Q}(\#\check{r}\in u\mathrm{I}\mathit{1}[_{\check{S}}\in v\mathrm{J})$ .

Proposition 3.2. (1) If $\{u,v, w\}$ is a set of mutually commutable
$Q-Teal_{S}$, then

[ $(u=_{Q}v)$ A $(v=_{2}w)\mathrm{I}\leq\ovalbox{\tt\small REJECT}_{u}=Qw\mathrm{J}$

(2) $Ifu$ is a $Q$-real in $V^{Q}$ which is a check set, then $u$ is commutable
with every $Q$-real in $V^{Q}$ .

Proof. (1)

{ $\mathrm{I}^{\check{r}\in u}\mathrm{I}$ I $r\in \mathbb{Q}$ } $\cup$ { $1\check{S}\in v\mathrm{I}$ I $s\in \mathbb{Q}$} $\cup${ $[\check{t}\in w\mathrm{I}$ I $t\in \mathbb{Q}$} $\cup\{\mathrm{B}u=_{Q\mathrm{I}\mathrm{f}v=_{Q}}v,w\mathrm{I}\}$

is commutable. Hence (1) follows from
$\beta\check{r}\in u\mathrm{I}$ A [$(u=_{Q}v)$ A $(v=_{Q}w)\mathrm{J}\leq \mathrm{I}\check{r}\in w\mathrm{I}$ , and

[$\check{r}\in w\mathrm{J}$ A [$(u=_{Q}v)$ A $(v=_{Q}w)\mathrm{J}\leq \mathrm{I}\check{r}\in u\mathrm{J}$ .

(2) follows from the fact that $0,1\in Q$ are commutable with every
element of $Q$ .

$\square$

Definition 3.3. If $u,$ $v$ are commutable $\mathrm{Q}$-reals in $R^{Q}$ , then

$u\leq_{Q}v$ $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}\forall r(r\in varrow_{Q}r\in u)$

$u<_{Q}v$
$=\mathrm{d}\mathrm{e}\mathrm{f}$ $(u\leq_{Q}v)\wedge(v\leq Qu)\perp$

$u+v$
$\mathrm{d}\mathrm{e}\mathrm{f}=$ { $r\in\check{\mathbb{Q}}|\exists r_{1},$ $r_{2}\in\check{\mathbb{Q}}((r=r_{1}+r_{2})$ A $(r_{1}\in u)$ A $(r_{2}\in v)$ }

$-u$
$\mathrm{d}\mathrm{e}\mathrm{f}=$

{ $r\in\check{\mathbb{Q}}|\exists s\in\check{\mathbb{Q}}$ ( $(S<r)$ A $(-s\in u)^{\perp}$)}

If $A$ is a commutable set of $\mathrm{Q}$-reals in $R^{Q}$ , and $u,$ $v\in A$ , then $u+v$ ,
$-u$ are $\mathrm{Q}$-reals, and $A\cup\{u+v, -u\}$ is commutable. Hence we have
the following propositions.

Proposition 3.3. If $u_{1},$ $u_{2},v1,$ $v_{2}$ are mutually commutable $Q$-reals in
$R^{Q}$ , ffien the following sentenses are valid in $V^{Q}$ .

(1) $u_{1}=_{Q}u_{2}$ A $v_{1}=_{Q}v_{2}$ A $u_{1}\leq_{Q}v_{1}arrow u_{2}\leq_{Q}v_{2}$
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(2) $u_{1}=_{Q}u_{2}$ A $v_{1}=_{Q}v_{2}arrow u_{1}+v_{1}=_{Q}u_{2}+v_{2}$

(3) $u_{1}=_{Q}u_{2}arrow-u_{1}=_{Q}-u_{2}$

Proposition 3.4. If $u,$ $v,w$ are mutually commutable $Q$-reals in $V^{Q}\lambda$

then the following sentenses are valid in $V^{Q}$ .

(1) $u+v=v+u$
(2) $u+(v+w)=(u+v)+w$
(3) $u+\check{0}=u$

(4) $u+(-u)=\check{0}$

(5) $u\leq_{Q}\check{0}rightarrow-u\geq_{Q}\check{0}$

3.2. Projections. For each element $p$ of $Q$ , let $\hat{p}$ be the element of
$V^{Q}$ defined by

$D\hat{p}=D\check{\mathbb{Q}}$

$\hat{p}(\check{r})=\{$

$0$ , if $r\leq 0$

$p^{\perp}$ , if $0<r\leq 1$

1, if $1<r$

Then $\hat{p}$ is a $\mathrm{Q}$-real in $R^{Q}$ , and
$[\hat{p}=Q\check{1}\mathrm{I}=p$ , $\beta\hat{p}=Q\check{0}\mathrm{I}=p^{\perp}$ ,

where $\check{1}$ and $\check{0}$ are identified with $\theta \mathrm{r}\mathrm{e}\mathrm{a}\mathrm{l}\mathrm{S}$ defined by
$D\check{1}=D\check{0}=D\check{\mathbb{Q}}$

$\check{1}(\check{r})=\{$

$0$ , if $r\leq 1$

1, if $1<r$ ’
$\check{0}(\check{r})=\{$

$0$ , if $r\leq 0$

1, if $0<r$

Proposition 3.5. If a $Q$-real $u$ satisfies
$[u=_{Q}\check{1}\mathrm{I}=[(u=Q\check{0})\perp\#=p$ ,

then $[u=\hat{p}\mathrm{J}=1$ .

Proof. From the definition of $\hat{p}$ . $\square$

Definition 3.4. We say a $\mathrm{Q}$-real $u$ is a projection on $p\in Q$ if
$[u=_{Q}\check{1}\mathrm{I}=_{\mathrm{I}(u}=_{Q}\check{0})^{\perp}\mathrm{I}=p$ .
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Proposition 3.6. Let $p,$ $q\in Q$ .
(1) $p\leq q\Leftrightarrow \mathrm{f}\hat{p}\leq_{Q\hat{q}}\ovalbox{\tt\small REJECT}=1$

(2) $Ifp,$ $q$ are commutable and $p\wedge q=0$ , then $[\hat{p}+\hat{q}=_{Q}(p\vee q)^{\wedge}\ovalbox{\tt\small REJECT}=1$

Proof. (1) is obvious.
(2) If $p1^{q}$ and $p\wedge q=0$ , then $p\leq q^{\perp}$ and $q\leq p^{\perp}$ . Hence,

$p=p\wedge q^{\perp}=1\hat{p}=_{Q}\check{1}\square$ A $[\hat{q}=Q\check{\mathrm{o}}\mathrm{I}\leq 1\hat{p}+\hat{q}=Q\check{1}\mathrm{I}$

$q=q\wedge p^{\perp}=[\hat{q}=\mathcal{Q}\check{1}\mathrm{I}\wedge\#\hat{\mathrm{P}}=Q\check{0}\mathrm{I}\leq]\hat{p}+\hat{q}=_{Q\mathrm{I}}\check{1}$

It follows that $p\vee q\leq[\hat{p}+\hat{q}=_{Q}\check{1}\mathrm{I}\cdot$

$(p\vee q)^{\perp}=p^{\perp}\wedge q^{\perp}\leq[\hat{p}=_{Q\mathrm{J}}\check{0}$ A $[\hat{q}=_{Q\mathrm{I}[=\check{0}\mathrm{I}}\check{\mathrm{o}}\leq\hat{p}+\hat{q}Q\cdot$

$\square$

3.3. Product on $R^{Q}$ .
Definition 3.5. the product $u\cdot\hat{p}$ of a $\mathrm{Q}$-real $u$ and a projection $\hat{p}$

which is commutable with $u$ is defined by

$u\cdot\hat{p}^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}$ { $r\in\check{\mathbb{Q}}|$ ($r\in u$ A $\hat{p}=_{Q}\check{1}$ ) $(r>0$ A $\hat{p}=_{Q}\check{0})$ }

We abbrevite the $\mathrm{s}\mathrm{y}\mathrm{m}\mathrm{b}_{0}1$ . of product, if there is no possible confu-
sion.

Proposition 3.7. $[0\cdot\hat{p}=\check{0}\mathrm{J}=[\check{1}\cdot\hat{p}--\hat{p}\mathrm{J}=1$

Proof. Since $\check{r}\in\check{0}\cdot\hat{p}arrow\check{r}\in\check{0}$ and $\check{r}\in\check{0}arrow\check{r}\in\check{0}\cdot\hat{p}$ are valid, we
have

$\mathrm{B}\check{0}\cdot\hat{p}=\check{0}\mathrm{I}=1$ .

[ $\check{1}\cdot\hat{p}=\hat{p}\mathrm{J}=1$ is shown similarly. $\square$

Proposition 3.8. Letu, $v$ be a $Q$-red in $R^{Q},$ $p,$ $q\in Q$ , and let u, $v,\hat{p},\hat{q}$

be mutually commutable. Then
(1) $p\leq[u\hat{p}=_{Q}u\mathrm{I},$ $p^{\perp}\leq[u\hat{p}=Q\check{0}\ovalbox{\tt\small REJECT}$

(2) $p\leq 1u\leq_{Q}v\mathrm{I}\Rightarrow 1u\hat{p}\leq_{Q}v\hat{p}\square =1$

(3) $[u(\hat{p}_{1}+\hat{p}_{2})=Qu\hat{p}_{1}+u\hat{p}2\mathrm{I}=1$

(4) $1^{\hat{p}\hat{q}=_{Q}}\check{1}\mathrm{I}=p\wedge q$ .
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Proof. (1) follows from the fact that $\{\hat{p}, u,\check{0},\check{1}\}$ is a commutable
set of $\mathrm{Q}$-reals, and

$p$ A [$\check{r}\in u\hat{p}\mathrm{J}$ $=$ $\mathrm{M}^{\wedge}=_{Q}\check{1}$ A $\check{r}\in u\hat{p}\mathrm{J}\leq[\check{r}\in u\mathrm{I}$ ,
$p$ A $\mathrm{f}\check{r}\in u\mathrm{I}$ $=$ [$\hat{p}=_{Q}\check{1}$ A $\check{r}\in u\mathrm{J}\leq\ovalbox{\tt\small REJECT}_{\check{r}\in u\hat{p}}\mathrm{J}$ .

(2) By (1) and Proposition 3.3, we have

$p\leq\ovalbox{\tt\small REJECT} u\hat{p}\leq_{Q^{v\hat{p}}}\mathrm{I}$ , a..n $d$ $p^{\perp}\leq[u\hat{p}=Qv\hat{p}=Q-\check{0}\mathrm{I}\cdot$

It follows that $p\leq \mathbb{I}u\leq_{Q}v\mathrm{J}\Rightarrow[u\hat{p}\leq_{Q}v\hat{p}\mathrm{I}=1$ .
(3)

$\mathrm{I}^{\check{r}}\in u(\hat{p}_{1}+\hat{p}_{2})\ovalbox{\tt\small REJECT}=[\exists r_{1},r_{2}\in\check{\mathbb{Q}}((\check{r}=r_{1}+r_{2})$ A $(r_{1}\in up_{1})$ A $(r_{2}\in up_{2})\mathrm{J}$

$=\mathbb{I}$ (
$(\check{r}1r=rr_{1_{1}}r12\in+r_{2}\mathbb{Q}\in u)\wedge(\hat{p}1=Q\check{1})$

A $(\check{r}_{2}>0)$ A $(\hat{p}_{2Q}=\check{0})$) ${ }$

( $(\check{r}_{2}\in u)$ A $(\hat{p}_{2}=_{Q}\check{1})$ A $(\check{r}_{1}>0)$ A $(\hat{p}_{1Q}=\check{0})$) ${ }$

( $(\check{r}_{1}>0)$ A $(\check{r}_{2}>0)$ A $(\hat{p}_{1Q}=\check{1})$ A $(\hat{p}_{2}=_{Q}\check{\mathrm{o}})$) $\mathrm{I}$

$=[r\in u(\hat{p}1+\hat{p}2)\mathrm{J}$

(4) follows from (1)
$\square$

Definition 3.6. For commutable $\mathrm{Q}$-reals $u,$ $v$ in $R^{Q}$ , let

$\#(u\geq_{Q}0)$ A $(v\geq_{Q}0)\ovalbox{\tt\small REJECT}=p$ .

$(uv)\hat{p}$ is defined as

{ $r\in\check{\mathbb{Q}}|\exists r_{1},r_{2}$ ( $(r=r_{1}r_{2})$ A $(r_{1}\in u)$ A $(r_{2}\in v)$ A $(\hat{p}^{=_{Q}\check{1}})$ ) $((r>0)$ A $(\hat{p}=_{Q}\check{0}))$ }.

Proposition 3.9. For $Commu\mathrm{t}a.b\iota_{e}Q$-reals $u,$ $v$ in $R^{Q}$ such that

$\mathrm{I}u\geq_{Q}0$ A $v\geq_{Q}0\mathrm{I}=p$ ,

we have
$\mathrm{B}uv\hat{p}=_{Q}vu\hat{p}\ovalbox{\tt\small REJECT}=1$ .
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Definition 3.7. Let $u,$ $v$ be commutable $\mathrm{Q}$-reals in $R^{Q}$ , and

$p_{1}=[0\leq_{Q}u\mathrm{I},$ $p_{2}=[u<_{Q}\mathrm{o}\mathrm{I},$ $p_{3}=[0\leq_{Q}v\mathrm{I},$ $p_{4}=[v<_{Q}\mathrm{o}\mathrm{I}\cdot$

Then $p_{1},p_{2},p3,p4$ are mutually orthogonal, and $p_{1}\vee p_{2}\vee p_{3}\vee p_{4}$

.
$=1$ .

Thus, the product $uv$ is defined as follows.

$uv^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}uv\hat{p}_{1}\hat{p}3+u(-v)\hat{p}1\hat{p}4+(-u)v\hat{p}2\hat{p}_{3}+(-u)(-v)\hat{p}2\hat{p}_{4}$

Proposition 3.10. Let $u_{1},$ $u_{2},$ $v_{1},$ $v_{2}$ be mutually commutable Q-reals
in $R^{Q}$ . Then

[ $(u_{1}=_{Q2}u)$ A $(v_{1}=_{Q}v2)\mathrm{J}\leq \mathrm{B}u_{1}v_{1Q}=u_{2}v_{2}\mathrm{I}$

Proof. Immediate from the definition. $\square$

3.4. Representation of Q-reals.

Let $u$ be a $\mathrm{Q}$-real in $V^{Q}$ . Then

$r,$ $s\in \mathbb{Q}$ , $r\leq s\Rightarrow \mathbb{I}\check{r}\in u\mathrm{I}\leq \mathrm{B}\check{S}\in u\mathrm{J}$ .

Hence the set $M=\{[\check{r}\in u\mathrm{J}|r\in \mathbb{Q}\}$ is a linearly ordered subset
of $Q$ , and commutable. Let $B$ be a maximal commutable subset of
2 including $M$ . Then $B$ is a complete Boolean subalgebra of $Q$ , and
$u\in V^{B}\subset V^{Q}$ .

Proposition 3.11. $IfB=\langle B, \wedge, \vee, arrow_{Q},1\perp,,0\rangle$ is a complete Boolean
subalgebra of $Q_{f}$ then

$\mathrm{B}v$ is a $Q$-real $\mathrm{J}_{B}=[v$ is a $Q$-real I for each $v\in V^{B}$ ,

where $\mathbb{I}$ $\mathrm{I}_{B}$ means the truth value in $V^{B}$ .

Each $\mathrm{Q}$-real $u$ is represented as a self-adjoint operator $\int\lambda dE(\lambda)$ on
-?, where $E( \lambda)=\bigwedge_{r>\lambda}\mathrm{I}\check{r}\in u\mathrm{I}\in B$ (cf. [2]).

Proposition 3.12. Every $Q$-real $u$ in $R^{Q}$ is in some Boolean valued
subuniverse $V^{B}$ of $V^{Q}$ , and the set of $Q$-reals in $V^{B},$ $R^{Q}\cap V^{B}$ , form
a commutative ring, and also $\check{\mathbb{R}}$ -linear space.

61



REFERENCES
1. TAKEUTI, G., Quantum Set Theory
2. TAKEUTI, $\mathrm{G}$ , Two Applications of Logic to Mathematics,Princeton University

Press, Princeton (1978)
3. TITANI, S., Completeness of Global Intuitionistic Set Theory, J. Symbolic

Logic, $\mathrm{v}\mathrm{o}\mathrm{l}.62-2(1997)$

4. TITANI, S., Lattice Valued Set Theory, to appear in Arch. Math. Logic

CHUBU UNIVERSITY

62


