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§0. Introduction.

This paper has the following two aims: (1) To describe generators, fundamental regions
and three-manifolds for the elementary kleinian groups based on the lecture due to Oikawa
[2] and Ford [1]; (2) To give Jgrgensen’s number for the elementary Kleinian groups (Sato
3)). -

In §1 we will classify the elementary Kleinian groups into seventeen groups by the number

~ of limit points of the groups. In §2 we will consider the finite groups, that is, the polyhedral
groups. In §3 we will consider the groups with one limit point and in §4 the groups with two
limit points. In §5 we will give Jorgensen’s numbers for the elementary Kleinian groups.
In Appendix A we will draw the pictures of fundamental regions and the three-manifolds
for the elementary Kleinian groups, and in Appendix B we will make a table of the groups.

§1. Classification of the elementary Kleinian groups.

In this section we give the definition of an elementary group and classify the groups
according to the number of limit points. We denote by Méb the set of all Mébius transfor-
mations.

DEFINITION 1.1. A subgroup G of Mab is said to be elementaiy if the number of limit
points of G is finite.

REMARK. We easily see that G ia an elementary group if and only if the number of
limit points of G is 0, 1 or 2.
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THEOREM 1.2. The elementary Kleinian groups consist of the following seventeen
groups and their conjugate groups in Mob, that is, siz finite groups, seven groups with one
limit point and four groups with two limit points. T ‘

(1) O: The finite groups (the polyhedral groups ), that is, the groups containing only elliptic
transformations.

(1) O1: The trivial group G = {1}.

(2) O2: The elliptic cyclic group of order n (n > 2).
(3) Os: The dihedral group of order 2n (n > 2).

(4) O4: The tetrahedral group.

(5) Os: The octahedral group.

(6) Og: the icosahedral group.

(ii) I: The groups G with one limit point, that is, the elementary Kleinian groups con-
taining parabolic transformations. ' ' ' ’
(1) Ii: A parabolic cyclic group (A simply periodic group).
(2) Io: A doubly periodic group.
(3) Is: The infinite dihedral group.
DIy G=(z— 24w,z 240,z —2).
O)Is: G=(z2 z4+w, 2 2+, 2 iz). :
6)Is: G= (2 24w, 2> 2+ ew, 2 £2) (€ = e23),
(MNIr G=(z 24w,z z+ew, 2z ez) (€ = e™/3).

(iii) II: The groups G with two limit points, that is, the elementary Kleinian groups
containing lozodromic (hyperbolic) transformations.
(1) II;: A lozodromic (hyperbolic) cyclic group.
(2) I: G = (2 Kz,z — e¥/n2) (|K|#1,n>2).
() IIs: G=(z+— Kz,z— 1/z) (|K|#1).
4) Ily: G=(z— Kz,z— e¥/"z, 2 1/2) (K| #1,n > 2).

§2. Generators, fundamental regions and three-manifolds.

In this section we describe generators, fundamental regions and three-manifolds for the
elementary Kleinian groups. Let B and B be the unit ball and its closure, respectively.
We denote by F(G) and M(G) = (BUR)/G a fundamental region and the three-manifold
for an elementary Kleinian group G, respectively, where  is the region of discontinuty on
0B of G. '

(1) Oq: G is the elliptic cyclic group of order n. " -

Set A(z) = €/"z (n > 2). Then G = (1, A, A?,...,A"), that is, G = (A]A" = 1). A
» fundamental region and three-manifold are as follows: F(G) = {z € C|0 < argz < 2r/n}
and M(G) = B. - ~
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(2) Os: G is the dihedral group of order 2n (n > 2).

Let S be the rotation about the axis joining the North Pole and the South Pole through
angle of 2rr/n. Let T (k = 1,2,...,n) be the rotation about the axis through the point
z = e¥™(k-1}i/n and the origin. Then

G={1,85%...,5" '\ T}, Ty,..., To.}-

If we set Go = {1,5,5%,...,5""!}, then G = Go + T1Go. If we set T = T, then we have
Go = (S|S™ = 1) and G = (S,T|S™ = 1,T? = 1). By the stereographic projection, we can
consider S and T as the following Mébius transformations of the complex plane:

S(z) =€*/mz and T(2) =1/z.

A fundamental region F(G) and the three-manifold M(G) of G are as follows: FG) =
{z € Cl|z] < 1,0 < argz < 27/n} and M(G) =

(3) O4: G is the tetrahedral group.

S;: the rotation about the axis joining v; with the center of the opposite face to v;
through 2r/3 (1=1,2,3,4).
" Vij: the rotation about the axis joining the midpoint of the side v;v; with the midpoint
of the side vve(k, € # 1, 7). bs; throu,gh m (Vig = Vas, is = Vauy, Vi = Vi3).

bThen, we have _ v
G={L,S;,5? (i=1,2,3,4), iz, Vi3, Vas}

and ord(G) = 12. Noting Vis = ViaViz, Sz = Vi2$1Viz!', Ss = VaaSiVizt, Ss = ViaS1Vig" and
setting S = 5,V = Vi3, W = Vi4, we have

G=(S,V,W|S* =1,V =1,W?=1)
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and .

(1 vowowy

G=|S SV SW SwV |.

1 S? Sy S’W S*wv
F\thhermore, since W = S?V' S, we have

=(5,V|$®=1,Vv2=1, (SV)3 =1)

S Sv VS VSV
Ss? SV SVS SvVSV

By the stereographic projection we can represent S and V as follows:
S)=i(z+1)/(z—1), V(2) =1/

A fundamental region F(G) and the three-mnifold .M (G) are as follows: F(G) = {z €
Cllzl < 1,-/3 < argz < m/3} and M(G) = E

- (4) 05 G is the octahedral group.
Sj: the rotation about the axis u;v; through 21r/ 3.

( 1 Vv SVS S’VSV)
e,

Tij: the rotation about the axis joining the midpoint of vxv; and the center of the
opposite face to vyv; through 7/4.

Us;: the rotation about the midpoint of the side uxv; and the mxdpomt of the opposite
side through .

Then

G = {I,SJ,Sf (.7 I 1 2 3 4) 121 13: g (J = 1:'21 3)’ Ul2) U13)Ul4a U23;U24: U34}
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and ord(G) = 24.

, Ifweset;S=SI,V=V13=T12 and U = = Uy3, then we have
1 U S*US S*USU
S SU Us

- uUsU
c=| 8 $U sus susu

T TU TSWUS TSUSU
TS TSU TUS TUSU
\ TS? TS TSUS TSUSU }

Bythestereographxcpro;ect:onweca.nrepresents U,T and V as follows:
S(2) =i(z+1)/(z-1), U(z) =1/2, T(z) =iz, V(2) =
If we set R(z) = (z+1)/(z — 1), then we have

- G=(R,T|T"=1,R*=1,(TR)* =1).

A funda.mental region F(G) and three-manifold M(G) are as follows: F(G) = {ze€Cllz|] <
1,-7/4 <argz < x/4} and M(G) = B.

(5) Og: G is the icosabedral group.

Si: the rotation about the axis joining the center of a face thhtheoenterof the oppont.e
face through 27 /5 for i = 1,2, 3,4, 5,6.

T};: the rotation about the axes joining the midpoint of a side with the midpoint of the
opposite side through 7 for j =1,2,...,15.

Us: the rotation about the axis joining a vertex with the opposite vertex through 21r/3
- fork=1,2,...,10.

Then

G={1,5,5%85,8 (i=1,2,.

veon O Ty (G =1,2,...,16), U, U (k=1,2,...,10)}
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and ord(G) = : L ’
Let V be the rotatlon about the honzontal cross-line through . Smce V (STS")T(.S'T.S""')“1

we have

1 S S? 53 54 14 VS Vs? L5 Vst
. T ST S*r ST ST VT VST VST VST VST
o= TS STS S?TS S°TS S*TS VTS VSTS VS2TS VSTS VSTS
T | TS? STS* S2TS? S3TS? SATS? VST?2 VSTS? VS TS? VS3TS?2 VSATS?
TS3 STS® S?TS® S3TS3 S4TS? VTS® VST® VSTS® VS3TS? VS3TSt
TS* STS* S*TS* S°TS* S*TS4 VTS* VSTS* VS?TS* VSPTS* VSTS*

and . )

=(S,T|S°=1,T2=1,(TS)* =1).

By the stereographic projection we have

(\/5 +1)z+2
—(v/5+1)

vA fundamental region F(G’) and M(G) are as follows: F(G) = {z € C||z| <1l,-7n/5 <
argz < w/5} and M(G) = |

S(z) =e™/5z and T(z)=

§3. The groups with one limit point.

In this section we consider groups with one limit poxnt tha.t is, elementary Kleinian
groups containing parabolic transformations.

(1) I1: G is a parabolic cyclic group (a simply periodic group).

G = (A), where A(z) = z+w (w # 0). Then M(G) = B\ {L}, where L is the axis
joining the North Pole with the South Pole. For a fundamental region F(G) see' Appendix
A. ' , .

(2) I,: ‘G is a doubly periodic group. :
= (A, B), where A(z) = z+w, B(2) = z + o' (Im(v'/w) # 0,w # 0 W #£0). M(G) =
Thesohdtorus {L}, where L is the central axis in the solid torus. For a fundamental
region F(G) see Appendix A.

(3) I3: G is the infinite dihedral group. v
= (A,C|C? = 1), where A(z) =z +w (w # 0),C(2) = ~z. M(G) = B — {R}, where
R is the radius joining the North Pole with the origin. For a flmda.mental reglon F(G) see
Appendlx A.

4) L G = (A,B, C|Cc? = 1), where AZ) = z4+w (w # 0),B(z) =z4+uw (W # |
0,Im(w'/w) # 0),C(2) = —z. Then M(G) = B — {0}, where O is the center of the ball B.
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For a fundamental region F(G) see Appendix A. The Riemann surface /G is the sphere
- -with four branched points of order two.

(5) Is: G = (A, B,C|C* = 1), where A(z) = z + w (w#0), B(2)=z+ 1w, C(z) =iz.
If we set S = C and T = AC, then G = (S5,T|S* = 1,T* = 1,(T'S)? = 1). Then
‘M(G) = B — {0}, where O is the center of the ball B. For a fundamental region F(G) see
Appendix A. The Riemann surface 2/G is the sphere with three branched points of orders
2, 4, 4. |

(6) Is: G = (A, B,C|C® = 1), where A(2) = z+w, B(2) = z+ew (e = e¥/3), C(2) =
ez. lf weset S =C and T = AC , then G = (S,T|S® = 1,72 = 1,(TS)® = 1). Then
M(G) = bf B — {0}, where O is the center of the ball B. For a fundamental region F(G)
see Appendix A. The Riemann surfaces 3/G is the sphere with three bra.nched pomts of
order three.

(N I: G = (A,B,C|C® = 1), where A(z) = z2+w (w # 0), B(z) = 2+ ew (¢
'"/3), C’(z) =¢z. lfweset S=C and T = A'BC3, then G = (S5,T|S® = 1,T?

1,(TS)® = 1). Then M(G) = B — {0}, where O is the center of the ball B. For a
fundamental region F(G) see Appendix A. The Riemann surface /G is the sphere with
three branched points of orders 2, 3, 6.

II I

§4. The groups with two limit points.

In this section we consider groups with two limit points, that is, elementary Kleinian
groups containing loxodromic (hyperbolic) transformations. We denote by H?3 the upper
half space.

(1) II;: G is a loxodromic (hyperbolic) cyclic group.
G = (A), where A(z) = Kz (|K| # 1). M(G) is the solid torus and H3UQ — M(G) is
an unbranched covering map.

(2) Ily: G = (A, B), where A(z) = Kz (|K| # 1) and B(z) = e*/*z (n > 2). M(G) is
the solid torus and H3UQ +— M(G) is a branched covering map and the mapping is locally
n to 1 on the central axis in the solid torus.

(3) II3: G = (A,C|C? = 1), where A(z) = Kz (|K| # 1) and C(z) = 1/z. M(G) =
and H3UQ — M(G) is a branched covering map. The R.lemann surface (/G is the sphere
with four branched points of order 2.

(4) 1L G = (A, B,C|B" = 1,C? = 1), where A(z) = Kz (|K| # 1), B(z) = €¥"/"z (n >
2),C(z) = 1/z. M(G) = B and H3UQ — M(G) is a branched covering map. The Riemann
surface Q/ G is the sphere with four branched points of order two.
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§5. Jgrgensen’s number.

In this section we consider Jgrgensen’s number for the elementary Kleinian groups.

DEFINITION 5.1. Let G = (A, B) be a marked two-generator subgroup of Méb. We
call

J((A, B)) := |tr®(A) — 4] + [tr(ABA™'B™) — 2

Jorgensen’s number for G = (A, B). The Jgrgensen’s number || J(G) || for a sugroup G of
MGob is defined as follows: .

I J(G) |I:= inf{J ({4, B))|{(4, B) C G, A™ # B™ (m,n € Z)}.
Then we have the following.

THEOREM 5.1. (i) O: the Finite groups.
(1) Os: G = (8,T) is the dihedral group, where S(z) = €/*z and T(z) = 1/z. Then
| J(G) ||= 8sin® 7/n. .
(2) O4: G 1is the tetrahedral group. Then || J(G) ||= 5.
(3) Os: G 1is the octahedral group. Then || J(G) ||= 3.
(4) Og: G is the icosahedral group. Then || J(G) ||=4— /5.
(ii) I: Elementary Kleinian groups with one limit point. ‘
For all groups G in this type || J(G) ||= 0.
(iii) II: Elementary Kleinian groups with two limit points. '
(1) Il G = (A, B), where A(z) = Kz (|K| # 1) and B(z) = e¥™/*2 (n > 2). Then
| J(@) ||= min{4sin? n/n,|KP/2ekm/m — K-P/2e~kmi/n|2 (1 < p < 2log3/log|K|,p €
Z;k=0,1,2,...,n—1))}. :
(2) IIs: G = (A, C), where A(z) = Kz (|K| # 1) and C(2) = 1/2. Then || J(G) |I=
min{4 + |K?/2 — K~?/%[ 2|K?/2 — K?I** (1< p<2log3/log|K|,p€ Z)}.
(3) ILi: G = (A, B,C), where A(z) = Kz (|K| # 1), B(2) = e?™/mz (n > 2) and
C(z) = 1/z. Then || J(G) ||= min{4sin®n/n, |KP/2%ek™/m . K-P/2~km/m2 (1 < p <
2log3/log|K|,p € Z;k=0,1,2,...,n—1))}.

Our proof of this theorem will appear elsewhere.
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Appendix A. Fundamental regions and three-manifolds.
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Appendices B. Signature of the elementary groups.

292+ (1- <o,
j=1 Vj

where g is the génus of the Riemann surface R = Q/ G and v; is the order of a branch point
on R. ‘

|
g n w o ow Elementary Groups
tloff- - - - I, I, Iy
0 a2 2 2 2 L, s, IL,
o|3|l3 3 3 - Is
1ols 2 4 4 - Is
o|3fl2 3 & - I
ol 3|l 2 3 5 - Os
ol sll 2 3 4 - Os
of 3l 2 3 3 - 04
0|l 3] 2 2 o - Is
0 2. 2 2 n - | ()3
0 2A 00 oo . - - . 0
0 2 n n - - 0,
o of - - - - 0,




