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- CONSTRUCTION OF RIEMANN SURFACES
BY PARALLEL TRANSFORMATIONS

YOSHITAKE HASHIMOTO (FZI: #K) AND KIYOSHI OHBA (K &)

1. INTRODUCTION

In this paper we introduce a new method of constructing once punctured Riemann
surfaces. In our construction we use line segments in the complex plane C and parallel
transformations: For a pair of disjoint parallel line segments with the same length in C,
we first cut C along the segments and paste each side of one segment and the opposite
side of the other segment by a parallel transformation obtaining a once punctured elliptic
curve. The puncture is at infinity. (See §2, Figure 1.) We shall call such a pair an
Igeta. (Igeta is a Japanese word coming from a technical term “Igeta-kuzushi” used in a
Japanese martial art.) Putting g disjoint pieces of Igeta on C, we obtain a once punctured
-Riemann surface of genus g in the same way. We denote a set of g disjoint Igeta by I and
the resulting once punctured Riemann surface by (R(T'),po). Moreover when we move
the position of g Igeta, there appears a family of once punctured Riemann surfaces of
genus g. All the possible configurations of g disjoint Igeta up to the affine automorphisms
of C form a 3g — 2-dimensional complex V-manifold and this dimension is the same as
the dimension of the moduli space My ; of once punctured Riemann surfaces of genus g.
We thus expect to have a visual image of the moduli space by using this construction.

We first consider the Kodaira-Spencer maps of the family. Let I;n be the collection
of I''s, and let I,ny be the subset of I;n consisting of those I' having [0,1] as one of its
2g hne segments. I;n turns out to be a 3g-dimensional complex manifold and I a
3g — 2-dimensional complex mamfold Our first main result is as follows:

Theorem 1 . The Kodaira-Spencer map
pr[=38] : T(Iyn)r — H'(R(T); ©(—3pss))
is an isomorphism for any I' € Iy, where T(Iyn)r is the holomorphic tangent space of

I,n atT' and ©(—3ps) is the sheaf of germs of holomorphzc vector fields on R(I") having
zero at po, of order at least 3. :

Corollary 1. The Kodaira-Spencer map
pro :T(1, 770)1“ — HI(R(F) O(=Pwo))
15 an 1somorphism for any I' € I;ny.

For a closed Riemann surface R of genus g we define a Lagrangian sublattice A of R to
be a subgroup of H;(R;Z) which coincides its orthogonal complement with respect to the
intersection form on Hi(R;Z), i.e. a subgroup isomorphic to Z¢ such that the quotient
Hi(R;Z)/A is also isomorphic to Z9 and the intersection number of any two elements
in A equals zero. Moreover, for any once punctured Riemann surface (R, p) of genus g,
a Lagrangian sublattice A of H;(R;Z) and the puncture p determine a certain Abelian
differential wy of the second kind on the surface unique up to scalars. When we construct
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a once punctured Riemann surface (R(T),ps) from I', R(T") has a natural Lagrangian
sublattice Ap. On the other hand if we denote by { the standard coordinate of C, R(I")
has a natural Abelian differential wr of the second kind induced by d(. It turns out that
wr is equal to wy, up to scalars. We use wr to prove Theorem 1.

Furthermore, using wy of (R, p, A) we obtain the following result:

Corollary 2 . For an arbitrary once punctured Riemann surface with e Lagrangian sub-
lattice (R,p,A), (R,wp) and (CPy,d() are piecewise parallel.

We call two Riemann surfaces (R,w) and (R, w’) with Abelian differentials of the second
kind piecewise parallel if after decomposing (R, w) into small pieces having line-segment-
boundaries we can obtain (R',w') by pasting them together using parallel transformations
in another way. This operation turns out to be reversible. (See §3.)

Corollary 2 indicates that any once punctured Riemann surface can be obtamed from
C by cutting along line segments and pasting by parallel transformations. We have to
remark here that this corollary does not imply that any Riemann surface can be obtained
by Igeta-construction. Nevertheless from this result we expect that any once punctured
Riemann surface with a Lagrangian sublattice would appear | in some natural extension of
our family.

The authors would like to thank the many people who have contnbuted ideas and
suggestions for this manuscript, among them C. F. Bodigheimer, V. Chueshev, K. Fukaya,
M. Furuta, A. Hattori, S. Morita and K. Ono. The authors would like to express their
gratitude to H. Helling for useful suggestions on how to improve the early drafts.

2. IGETA-CONSTRUCTION AND THE KODAIRA-SPENCER MAPS

The Gauss plane is the complex affine line A! with a fixed global coordinate ¢ : A — C.
Consider the set 7 consisting of unordered pairs (0*,0~) of disjoint line segments in the
Gauss plane (A!, () such that ¢ and o~ are parallel and equilateral. We denote by I;n
the collection of unordered sets I' of g elements of n where

T=((o},07)€n; j=1,...,9)
such that 0]"-*: are pairwise disjoint. Let ¢;-E = ¢;t[F] be the affine map from the Gauss
plane (Al,£) to (Al,() given by

(=a;6+bF, a;€C* bFeC
such that ai = ¢*([ 1, 1]) The space Iyn is a 3g- dimensional open complex manifold

with local comdmates (a], ; 7=1,...,9) for a fixed order of line segments.
We construct a holomorphlc famlly of once punctured Riemann surfaces of genus g over
I;n as follows. Let B be an open and relatively compact subset of Iyn. Set

g .
EY=A'-|J(of uoy)
=1
forT = (ai) € I,n and set .
E'= || B} cLynxAl,
Felgn
E% = E°n (B x Ab).
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Let U be the disk {w € C; |w| <€} and V; (j =1,...,g) copies of the annulus
(z€C; 1+ < |zl <1+€ |
for € > 0 and let
Vit={zeV;; dl>1}, Vi={zeV;; | <1}.
Note that the Joukowski transform

JE) = (427

maps the unit circle in C onto the interval [-1,1]. For sufficiently small € > 0, we paste
the patches

E}, BxUe, BxV;(j=1,...,9)
by the attaching maps .
B x (Us — {0}) 3 (T, w) — (T,w™") € EY,
+ + 0
B x V73 (T,2) — (T, ¢ 0 J(2)) € E}
and obtain a complex manifold Ep, which is the total space of a holomorphic family
of once punctured Riemann surfaces of genus g over B. As I,n is locally compact, we
can construct the holomorphic family 7 : E — I;n such that 7=!(B) = Ej for any

open and relatively compact subset B of I;n. For a point I' of I;n the Riemann surface
R(T') = 7~1(T') is constructed by pasting the patches
B, U, V;(j=1,...,9)
through the attaching map
Uwdwr— (=w' € E},
ViEszr— (=¢Fo0J(2) € EQ
Denote by py, the puncture on R(T") corresponding to 0 € Us..
We call such a pair (o+, 07) Igeta and the construction mentioned above Igeta-construction.
- Roughly speaking, the Igeta-construction is to cut the Gauss plane along the g pairs of
line segments (0]-i ; 7 =1,...,9) and to paste each side of a;' and the opposite side of
o; by a parallel transformation. (Figure 1. The numbers (1), ... ,(6) in Figure 1 indicate
where to paste.)

We investigate the infinitesimal deformation for this family 7 : E — I,n. We differ-
entiate at a point I' of I,n the coordinate transformation for the Riemann surface R(T)
by the parameters of I;n, and obtain the Kodaira-Spencer map ([K]). We consider the
Kodaira-Spencer map with respect to the deformation fixing po, to order n:

pr[—n] : T(Ign)r — H'(R(T),0(-nps))
where © denotes the sheaf of holomorphic vector fields on R(I'). Now we state the
following;:

Theorem 1 . The Kodaira-Spencer map
pr(=3]: T(Iyn)r — H'(R(T),0(—3pc))

s an isomorphism.
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"FIGURE 1. Igeta-construction

We first calculate the dimension of H(©(—=3p)). (Note that we omit R(T") in H*(R(T'), *).)
By the Riemann-Roch formula,

dim H°(O(-3ps)) = dim H'(6(=3ps)) =1 — g+ c1(O(—3ps)) = —39.
As ¢1(0(—3poo)) = —(2g+1) is negative, H(O(—3ps)) = 0. So dim H'(O(—3p)) = 3¢,
which coincides with the dimension of I;n. Thus we show the surjectivity of p = pr[—3].
The pairing ‘ S
(,) : HYQ' ® 2'(3px)) x H'(O(=3pe0)) = H'(Y) = C
is nondegenerate because of the Serre duality. Note that the 1-form d¢ on E} extends
to a meromorphic 1-form w = wr on R(T'), which has a 2-pole at p, and 2g zeros at q;-':
(4 =1,...,9) corresponding to =1 € V;. The multiplication by w induces the isomorphism

. , 9 .
N = HYQ (peo + > _(gf + ;) = HA(Q' © ' (3pcc))-
i=1
Hence it is sufficient to show the following :
X € N vanishes if (xw, p(v)) = 0 for any v € T'(Ign)r.
- The calculation of the pairing is based on the following lemma :

Lemma 1. Let R = | g U be a Riemann surface with an open covering. A holomorphic
1-form o on Uy N Uy for Uy, Us € S induces an element [o] of H'(R, Q') (the cocycle



47

vanishes on the other intersections of the coordinate neighborhoods). If Uy N U, is an
annulus bounded by two circles Cy C Uy, Co C Uy, then the evaluation of [a] is given by

=% [,
Proof We introduce a cut-off function ¢ on U; N Us such that
supp ¥ C Uy, supp (1 — %) c U;.
Then the (1,1)-form d(1c) extends by 0 outside U; N U, and the evaluation of [o] is given

b ,
y /R B(ya) = /R d(pe) = /C _wa= /C o

up to sign. ' : O
‘Now we differentiate the coordinate transformations of R(T'). The map
| Uw—{0} 5w+ ¢ =w' € E2
is independent of the parameters of I;n, and
VE3 2 (= cbioJ(z)EElQ

depends only on (a;, bi) and
0
a—<¢* 0 () = (e 427,

FEeEo I =1

Thus _ . B
(v, Pz} = (xw, L om 6F 0 I

= (x on ¢]i ° J(V;i»

=/X
,Cf

where Cf = {z € V} ; |7] =1+ £)*!} oriented appropriately. Since the left-hand side
vanishes by the assumption, | :
| / x=0.
cf

Hence Res GX Tt Res X = Jot+c- X = 0. Further,
1 _i\ 0 ’ _ o
(e, pl50)) = s (5 +57 )2 on 8 o J(V7) U6 0 SV
1

=(5(z+27)x on ¢f 0 J(V;) U g0 J(V)))

1
=/ o =(z+ 27Ny
ct+c; 2 |

= Resqj+x —_Resqj-x _
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and it vanishes, so we get .
Reszx =0
. 7
and
X € H'(2(p)) = H(Q)
(by the residue theorem). Finally

/ x=0, j=1,...,9
cf

yields x = 0 by the bilinear relations of Riemann. O
The group Aut(C) of automorphisms of C acts on I;n as
(a;,bF) — (aa;,bF +b) a€C*,beC

preserving the complex structure of any once punctured Riemann surface (R(T'),po).
Hence we obtain Corollary 1 below, which implies that the family of once punctured
Riemann surfaces of genus g by Igeta-construction is complete and effectively parametrized
at any point for each g. - '

Corollary 1 . The Kodaira-Spencer map .
pro : T(Io)r — H'(R(T); ©(—Peo))
is an isomorphism where
Iyno = {T € I,n ;T has [0,1] as one of its 2g line segments.}.

Note that the submanifold I;n, gives alocal manifold cover of the V-manifold I;n/Aut(C)
at any point.

3. CUTTING AND PASTING OF RIEMANN POLYGONS

In the previous section, given a once punctured Riemann surface (R(T), p ) constructed
from Igeta I', we used the Abelian differential wr of the second kind on R(T") in order to
prove Theorem 1. Let Ar be the subgroup of H;(R(T'); Z) generated by Cff (j =1,...,9).
The integral of wr on any element A of Ar vanishes, and the orthogonal complement of
Ar with respect to the intersection form coincides with Ar itself.

We first give a definition of Lagrangian sublattice, which is deduced from the properties
of Ar, for any closed Riemann surface as follows:

Definition 3.1. Let R be a closed Riemann surface. A Lagrangian sublattice is defined
to be a subgroup A of H;(R;Z) satisfying A = A', where A denotes the orthogonal
complement with respect to the intersection form on H;(R;Z).

Let (R,p) be a once punctured Riemann surface of genus ¢ and A a Lagrangian sub-
lattice of Hy(R;Z). The kernel Z, of the homomorphism given by Abelian integrals
HY(R; 1'(2p)) — Hom(A,C) (2 C9)
is always one-dimensional because it holds that
dim H(R;Q'(2p)) =g +1

from the Riemann-Roch formula and the surjectivity is implied by the bilinear relations
of Riemann. Accordingly, a Lagrangian sublattice and a point on the surface determine
an Abelian differential up to scalars. (Note that A = Z9.)
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Each Igeta I is associated to a once punctured Riemann surface (R(T'), pss) together
with the Lagrangian sublattice Ar. In the case of (R,p,A) = (R(T), peo, Ar), the kernel
Zj; is generated by wr. Now the problem is the following:

Problem . Is it possible to construct any (R, p, A) by cutting and pasting the Gauss plane
using line segments and parallel transformations as in the Igeta-construction?

We next introduce a concept “Riemann polygon” so that we can consider cutting and
pasting of Riemann surfaces with Abelian differentials using “line segments” and “parallel
transformations”.

Let R be a Riemann surface and w an Abelian differential on it. We call a simple path
or simple loop v : [0,1] — R w-line-segment if its image contains no poles of w and the

integral
(1)
[
7(0)

depends on t € [0, 1] linearly. We also call its image w-line-segment. The 2-form %w Aw
induces a metric g, on R which has conical singularities at the zeros of w. w-line-segments
are geodesics for this metric g,. Let us cut R along w-line-segments and separate into
finitely many pieces. We call a collection of such pieces Riemann polygon:

Definition 3.2. A Riemann polygon (F,w) is defined to be a pair consisting of a compact,
not necessarily connected Riemann surface F' and an Abelian differential w on F such that
the boundary of F, if not empty, consists of w-line-segments.

A Riemann surface with boundary in our understanding is a 2-dimensional topological
manifold F' with boundary which is embedded in a Riemann surface R and whose inte-
rior inherits its complex structure from R; in addition an Abelian differential on F is a
restriction of some Abelian differential on R. For example, any polygon P in the real
plane R? is considered as a Riemann polygon (P,d(|p) when R? is identified with C. If
we compactify EQ U U, in §2 by attaching line segments to both sides of a;-b, the pair
consisting of the compactification E—{Z and the 1-form d¢ is a Riemann polygon. We can
also consider a closed Riemann surface with an Abelian differential as a Riemann polygon
‘with empty boundary.

We can easily generalize the concept of “the translation scissors congruence” (see [Mo],
[S]) to the case of Riemann polygous. In order to do so, we introduce two operations “P-
cutting” and “P-pasting” for getting a Riemann polygon from another Riemann polygon.

P-cutting: Let (F,w) be a Riemann polygon, and let v be an w-line-segment on it such
that the image 7((0,1)) is in the interior of F. We first remove the w-line-segment
7([0,1}]) from F', and then compactify by attaching one copy of ¥([0,1]) to each side
of ¥([0,1]) obtaining a new Riemann polygon (F',w'), where o' is induced by w
naturally. (If (0) (resp. ¥(1)) is in the interior of F and is different from (1) (resp.
7(0)), ¥(0) (resp. (1)) in one of the copies of ([0, 1]) should be identified with (0)
(resp. (1)) in the other.) - '

P-pasting: Let (F,w) be a Riemann polygon. If there are w-line-segments v and 7' on
the boundary dF such that ‘ '

¥(t) 7' (%)
/ w= / w
7(0) 7'(0)
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. for any t € [0,1] and the interior of F sits on opposite sides of the paths, then we can
paste v([0,1]) and ([0, 1]) by identifying ~(t) with 7/(t) and obtain a new Riemann
polygon (F',w'), where ' is induced by w naturally.

For Riemann polygons in C, P-cutting indicates cutting along line segments, and P-
pasting indicates pasting by parallel transformations. Igeta-construction is a special way
of P-cutting and P-pasting.

Tt is obvious that P-pasting is the inverse operation of P-cutting. So these operators
give rise to an equivalence relation'between Riemann polygons: We call Riemann polygons
(F,w) and (F',w') piecewise parallel, if (F,w) is obtained from (F',w ) by ﬁmtely many
P-cuttings and P-pastings. -

* We shall consider the special case where F is a closed Riemann surface of genus g. Let
R be a closed Riemann surface of genus g. For an Abelian differential w of the second
kind on R, we define a sequence PT(w) and a real number S(w) as follows:

Definition 3.3.

PT(w) := {n;}iez, (niis the number of poles of order i),
' g o ) o
w) = Im(E/ GJ/ w), ((a1,B4,.--,04 B) is a symplectic basis of Hi(R,Z)).

The value of § will be shown not to depend on the ch01ce of the basm (a1, ﬁl, CL, Qg, ﬁ;)
in the proof of Theorem 2 below. '

Theorem 2 . Letw and ' be Abelian differentials of the second kind on closed‘Rz’emann
surfaces R and R' such that. PT(w) = PT(w'). Then the Rzemann polygons (R w) and
(R',u') are piecewise parallel zf and only if S(w) = S().

Before proving Theorem 2 we recall a result of Hadwrger-Glur about polygons in R2..

Let M be a finite set of polygons in R2, and let v be a unit vector in R?. (By our
convention, M is.a Riemann polygon.) Assume that the boundary of each polygon in
M is oriented counterclockwise; we consider each boundary segment as a vector, and call
them “boundary vectors”. We denote by A(M ) the sum of the area of polygons in M,
and define J,(M) to be the algebraic sum of the boundary vectors of M which are parallel
to v.

Hadwiger-Glur’s Theorem [Mo], [S] . Let M and M’ be finite sets of polygons in R?
such that A(M) = A(M'). M and M' are piecewise parallel zf and only if Jo(M) = J,(M')
for any unit vector v. ‘

Obviously, the invariant J,(M) can be extended as an invariant J,(R,w) of any Riemann
polygon (R,w) with respect to P-cuttings and P-pastings.

Proof of Theorem 2. It is obvious that J,(R,w) = J,(R',w') = 0 for any unit vector v
because both R and R’ are closed Riemann surfaces. -

Fix a one-to-one correspondence between the poles of w and the ones of w' such that the
orders of corresponding poles are equal, and fix for each pole p; a local blhOlOIIlOl‘phlSIIl
h; which maps a nelghborhood of p; onto a neighborhood of the corresponding pole jf
transformmg w into w’. Let C; be a small simple loop consisting of w-line-segments around

;. (We shall call such a loop simple polygonal loop.) Then h;(Cj;) is a polygonal loop
around p;. Cut off from R those components of R — U;C; (resp R — U;h; (C )) which
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contain the poles. We then obtain a Riemann polygon (Rg,w) (resp. (Rg,w')) with no
poles. Furthermore, fix a symplectic basis (a4, 1, ...,a4,0,) and 2g simple polygonal
loops (ay,by,...,aq,by) representing them such that their intersection is only one point
on R, and that they have no intersection with C;’s. Let (ﬁo, ) be a Riemann polygon
obtained from (Ry,w) by cutting along ay,by, - ., ag, by. We do the same with (Rf,w') and
denote by (R w') the resulting Riemann polygon It is sufficient for proving Theorem 2
to show that (Ro,w) and (R}, w') are piecewise parallel.

Now we can define a holomorphic function h on Ry such that dh = w because w has
no periods on Ry. Let g, be the metric on Ry induced by the 2-form %w A @. The map h
between (Ry, g.,) and (C, g) is a local isometry at any point except zeros of w, where g is
the standard metric on C. We deduce from Stokes formula

/’1w/\a=5(w)+/ Zha
1{02 Z_,-Cj2

where C;’s are orlented counterclockwise.

The left-hand side of the equation above is the area of Ro w1th respect to g, and the
second term of the right hand side depends only on the behavior of the differential around
its poles. So S(w) is independent of the choice of the symplectic basis. We can decompose
Ry into small pieces each of which can be mapped to some polygon in C isometrically.
Hence the conclusion follows from the theorem of Hadwiger-Glur. . a

Now we return to the case of once punctured Riemann surfaces with Lagranglan sub-
lattices. For the standard global coordinate ¢ of C, the differential d{ uniquely extends
to the complex projective line CP; as an Abelian differential, which has a pole of order 2
at co. We also denote it by d(.

Corollary 2 . Let (R,p) be a once punctured Riemann surface and A be a Lagrangian
sublattice of Hy(R;Z). For a nonzero element w € Z, the Riemann polygon (R,w) is
piecewise parallel to (CPy,d().

Proof. The assﬁmption w € Z, implies that S(w) =0 and PT(w) = PT(d(). O

Corollary 2 indicates that any once punctured Riemann surface can be obtained from C
by cutting along line segments and pasting by parallel transformations; the triple (R, p, A)
is represented by a set of line segments on the complex plane plus pasting-data.

Remark 1. When we consider Riemann surfaces together with Abelian differentials of
the first kind or holomorphic 1-forms, a result similar to Corollary 2 holds; any closed
Riemann surface can be obtained from a fixed elliptic curve by cutting along line segments
and pasting by parallel transformations. We first fix an elliptic curve and an Abelian
differential on it. For instance, let E be the quotient C/L where L is the lattice generated
by 1 and 7, and we consider the standard Abelian differential d{ of the first kind on F
where ( is the coordinate of C. We next choose an Abelian differential w of the first kind
on any closed Riemann surface R so that S(w) = S(d¢)(= 1). (It is easy to find such
Abelian differentials.) We can show in the same way that (R,w) and (E, d() are piecewise
parallel.

Remark 2. Igeta-construction leads us to consider the moduli space of once punctured Rie-
mann surfaces with Lagrangian sublattices. In [H-O1] and [H-O2], we considered the case
of genus 1, and described the moduli space using a natural extension of Igeta-construction,
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that is, we made a complete list of once puctured elliptic curves with Lagrangian sublat-
tices.
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