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Quantum Algebra D& FL, Quantum Double IZDWT,
wEX-H Rl S

Quantum Double &3 1 DOEBTHZ “HR3” ZELIKKXVHLVWETFHEED
HBFHEZEKRL, Drnfeld I2& 5. Lie B L Lie BOERLICHUTIHD
X ZOHB\ITITINS.

Compact quantum Lie group DERILICHUT 2B DTN DD LX)V TEEC
K<EFTETNS.
#) 2\ Hopf *-algebra D L NV Til~X% &, real coquasitriangular Hopf *-algebra
A IZx LT, # LW Hopf *-algebra

ADAA ( =A®A ascoalgebra, 3 5 deformed product ZHD )
PR TE, Hopf *-algebra A A% compact quantum Lie group IZXHIE9 2 H D
THhE AWVA BEOERLITHIEL TS, (cf. [DSWZ], [Po], [WW],
etc.)
% /= von Neumann algebra ( Woronowicz algebra) @ LX) T, Nakagami [Na] IZ
& % compact Woronowicz algebra D Double Group Construction 233 0, 2%,
compact quantum Lie group DERILIZHYE L TN 5.

—7%, Quantum Enveloping Algebra D#FR{LIZ DWW T, [DSWZ], [WW], [KN] %
THELNTVWEIHDD, BRLBMINTNS LIZTFVELVY. compact quantum Lie
group IZX%Hin9" % Hopf *-algebra A & dual pair %2729 Hopf *-algebra U T
quantum enveloping algebra 2EHTHDNH B L E, A OERLN AdA T
3151, U OEFRLE URU ELEVEIATHBA, URU K
3R ANA & dual pair £725 K578 deformed coproduct AYASTRLY.
( B4 OFRITHB T, Deformation parameter 12 B9 2 AN EFBIIH W
v, £z U 3—RIT quasitriangular TRV, ) U@ U ORHDIZ, A A
& dual pair #7279 Hopf *-algebra 28T HENHS. HUT TR, LUK
BREDTF T, Hopf *-algebra L X)VIZ BT S quantum double DR ZEFIAL T,
quantum enveloping algebra DERILIZ DN TIRRSZ Z &I 5. Majid DA[Maj]
D7TEOABERELEETHOTHKROD S H ISR N/,



1. Twisted Tensor Produéts, Quantum Doubles

UTIESTES 2P UHHL THL. HopfalgebraA=(4,m, d, ¢, x) Zid

THEFELT,
m AQA—> A . A O,
5 ;A— A®A . A ORHE,
¢ ;A—>C : A DRBALTT,
kK ;A— A : antipode,
ZHWS.

A, B: Hopf algebras IZ% L T, tensor product A® B {3

3= m= (maz®mg)(ta® oc®ig),

RE 0=(12®0® 1) (02® 63)
DO F T Hopf algebra &725. 727U, o idflipmap THS. ZZT, o O
HDIZHS lincarmapS: B A—> A® B ZHWTH LW m ;

m; =(ma@ma)(ta®S® g

2A® B ICEHEL ( REEILHETEOEEIILT) , #H LW Hopf algebra
ANX;B ZHBRTHIIELEZERS.

E3%. bilinear form s ;B x A — C ' Hopf algebras B, A4 XT3
skew pairing THH &I, b,b'EB,a,a’ €A ITHLT
sbb',a) =s(b®b’,d(a))
s(b,ad) =s(od(),a®a’)
ML THEEZND.
Hopf *-algebras B, A IZ%9 % skew pairing s %% antireal TH S L, s 2AF
SEFa)=s(x(b), a)=5 (b, x (@) |
BT EER VWD, F/=, Hopf *-algebras A & F3IHH D skew pairing s %
s(b*.a*) =s(a, b)

ZilmdEE, s idrea £V,
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. (cf. FIZIE Maj])
Hopf algebras B, A IZH9 5 skew pairing s &L T,
S(b®a)=Z 4, s(x5(by) ay)s(bg.a5)an®bg,
m, =(ma®mga)(ta®S®Ptg)
TS;BOAA——AQ@B, m;;(ARB)X(AR®RB)— AR B ZEHBTH &,
m X A® B IT associative ZFEEFDSH. I HIT,
0 =(1a®a®15)(8a®d3)
Kk,=5 o0°(ka® Kg)

EBL, (A®B,m,, b, x,) id Hopfalgebra &125. ( Zhz A4 B En
Z&iZT3.)

Hopf *-élgebms A,B @ skew pairings A% antireal T3 5 & &, involution
¥=S5000(*;® *3p)

DFT AW, B I3 Hopf *-algebra &735.

B=A T, A EENBEHDM®D skew pairing s ireal TH B RHInB A2,

involution '

*= 0o (%@ *7)

DTFT A4, A 3 Hopf *-algebra &71.5.

Bl. s(b,a) =e()e(a) /25 skew pairings ZHNSE, AN, B=4A® B.

#l. U, A i invertible antipode % %D Hopf algebras TH VD, U, A L Hopf
algebra & UC pairing ZZ2LTN5HDETS. ZDEE, U, A ORI pairing
<, > UEAY, UrPE A FHENORD skew pairing # 5.2 3. /=72
L, A* [ 4 OFZHICLTHSNS Hopf algebra, U i3 U OREEY
WL THS5NS Hopf algebra THB. LOFEICKD, Hopf algebras |
UNA>r, U*PQ A4,

%%%. (paring {d canonical 7‘;%@1‘&36%}“9 pairing DL EIIEMET 5. )
IHIZU, A A Hopf *-algebras TH D,

<@,a*>=<kx(p)*,a > <@¥* a >=<g@, k(a)>",
PRI ERETS. TDEE, "U“’" & A ORM® skew pairing <, > 13 anti-real
THY, Hopf *-algebra UPPM A 23X 5.



U, A" DD skew pairing <, > DH T D F X Tid anti-real TIIRNWAS, AP

@ involution & U T *ox? % &4, skew pairing<,> I3 anti-real &720), Hopf
*-algebra U XA 22X 3.

B3 —DDEE/H & U T(real) coquasitriangular Hopf (*-)algebra iZB§ 9" 5 b DY
H5. :
FE#K. Hopfalgebra A A% coquasitrangular T 5 EILR DR, (1)HE- X
naLE.

(i) 3 skew pairing s ; Ax A—> C

(i) quasicommutative , i.e.,

Z axo) by S (@gy» b)) = Z (4,5 (@45 b)) G-
coquasitriangular Hopf *-algebra A IZ{}16fi9" 5 skew paring 28 real TH 5 & &,

A Hreal THHEND.

EODFELD, (real) coquasitriangular Hopf (*-)algebra A 2%t LTI, Hopf
(*-)algebra A x|, A ZR5.

2. Doubles for coquasitriangular Hopf algebra 4,

Z O+ Y ¥ a > TiE FRT formalism 12k D, YB-matrix R € M, (C)® M, (C) 75
L E 1% coquasitriangular Hopf algebra A, X9 % double 2% X 5.
A, EROFHEWHZTEERET S.

(i) A WX 4,(i,j=1,-,n ) ZERTICDSE, {1, HIBRR :
RT,T,=T,T,R in M(C)® M(C)®A, .
Y. HEL, T=())EMC)®A,, T,=I®T, T,=0,URT).

(i1) 0()= Z,®4, e(t;) = 9,
(IHh5EFIMN=TRT, ¢M=1LLELIEWILENS. )

(i)  s(T,,T,)=R inM(C)®M(C) %7 A, LZTHHEDHED skew
pairing s AVETE. ‘
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ZDEE s IEBMIC 4, 1T coquasitriangularity ZdH 72X 5. PR, THBEIR
(i) ¥ quasi commutativity IZfl178 5750,

Hopf algebra A, L linear functionals 1, (i, j=1,,n)2RTER;
<L®,T, --T,>= R?--R? in M(C® - ®M(C) (k+ltimes).

=L, :

LP=(")EMC®A,, ( L3 Lmaix EXENS. )

R®=R°=0Ro ,RO=R™"' ( THITHLERSIE, detR =1).

{,} KK DERINSD dual convolution algebra A, @ unital subalgebra & U,

TS, U, ITid A, & pairing 2729 K5I Hopf algebra DIEIEAAS.

4 ZBHOEER |
vy U, & A, O pairing i3 nondegenerate.

BiZ, R Mreal.,ie, R*=R° D& ZEII, .
*) T*=x(T), ie.,t,*=x(t;) /2% involution DT T A, I Hopf *-algebra.

4

THBEIEBRETS. TDEE, U T3 leftinvolution ,i.e.,
P =@(x()*)
%#5.Z, Hopf *-algebra &7 5.

PAEDRED T IHERZITD.
s 7% skew pairing THBZ ELD, KD 2 DD map
i ;a€EA,—>s(a - )ER,.
Jj ;a€ER,——s(x(),a)ER
1% A,— U 725 Hopf algebra homomorphism TH 5. ZNH5ZHANVWTRERE
5.

EH. (c.f. [Maj] Ch.7) Hopf algebra A, P4, A, WXL T,

(i) mp m : a®bER, DA, —>abE4A,,

< Hopf algebra homomorphism.

(i) map myo(®i):a®bE AN, B, —j(a)i(b)E U ™.

{3 Hopf algebra homomorphism.

(iii) map f={m@@@myo(j®i))}od AN, A — A, U ".
i3 unital algebra homomorphism . '

5T, s Mrea 25iE, ED 3 DD map i3 TN H*-invariant .



EH. (c.f. [Maj]Ch. 7)

Hopf algebra U, D4 A, °? X LTI,

@ map ((foxa)®@(oxa)) da; B U@ Uy,

{3 Hopf algebra homomorphism. '

(i) map g =My guoT;o(0u®((i ok A® (j ok 2))o0a) ; Ug W A T — Up ® Uy
{3 unital algebra homomorphism.

X512, s Mreal DEE, U, I leftinvolution, A, I involution *ox 4* %
E235&, (UDAA,°" 13 Hopf *-algebra &720, ) ED2 DD map iZIhs

*_invariant .

E® 2 OFBIZHIT S homomorphismsf, g KL T, RO#KRZES.

EH.
x®YyE A, Ay, @® a€ UM AP WX LT, KAHBRAL.
<f(x®@y), p®a>=<x®y,g(¢®@a)>
TOfEE <<x®y, p®a>> EEL &, AW, A x U A ® LD bilinear
form <<,>> {3 Hopf (*-)algebra & L T pairing 25X 5.

3. Nondegeneracy of the pairing <<,>>, factorization

(real) coquasitriangular Hopf (*-Jalgebra R {5 LT,
k=(soo)*s E@A® A,)
T X N3 bilinear form k 13 quantum Killing form & KidN%. ZZT, s i 4,
IZATHET B skew pairing, ALDEIL (A® A ) BT % convolution product T
H5.
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RINBL DEERHRTHS.

EH. RO 5 DOOEMIIFASE.

(-1) a€E A,—>k (a - )EA,' 7 injective.

(i-2bER,—>k (- ,b)ER,’ 7' injective.

(ii-1) (*-)algebra homomorphism  f; A, <], A, — A, ® U*" A% injective.
(ii-2) (*-)algebra homomorphism g ; U DA AR, P — U, ® U, A¥injective.

(i) B4, By & U DA A°° @ pairing <<,>> {d nondegenerate.

#%  real coquasitriangular Hopf *-algebra 4, #Y compact quantum Lie group Z
HIET 5O THIUE, TOBRILIL Hopf *-algebra A dd, A, THO. LD
FHOKENRIIT S, A, TS quantum enveloping algebra U, D
FALIZ Hopf *-algebra U bt A, °? IR L TN S, |

¥/~ [DSWZ], [WW], [KN] THICEZ5NTwS U, DHEHR{LIL Hopf *-
algebra U, D4, WKFEFLEBDTH 5.

REFERENCS

[DSWZ] Complex quantum groups and their quantum enveloping algebras, Comm.
Math. Phys. 147(1992), 625-633.

[KN] H. Kurose, Y. Nakagami, Compact Hopf *-algebras, quantum enveloping
algebras and dual Woronowicz algebras f or quantum Lorentz groups , to appear
in International J. Math..

[Maj]  S. Majid, Foundation s of Quantum Group Theory, Cambridge U. P., 1995.

[Na] Nakagami, Y., Double group construction for compact Woronowicz algebras ,
International J. Math. 7 (1996), 521-540. ‘

[Po] Podles, P., Complex quantum groups and their real representations, Publ. RIMS
28(1992), 709-745.

[PW] P. Podles and S.L. Woronowicz, Quantum deformation of Lorentz group,
Comm. Math. Phys., 130(1990), 381-431.

[WW] - Carow-Watamura, U., Watamura, S., Complex quantum groups , dual algebras
and bicovariant differential calculus, Comm. Math. Phys. 151 (1993), 487-514.



