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ON THE RUMIN COMPLEX

Takao AKAHORI

Dept. of Math., Himeji Institute of Technology

As is well known, Rumin introduced his complex for contact manifolds. Ob-
viously, his method is applicable to the strongly pseudo convex boundary case(see
[Ru], and also [A-M1]). Namely, let (M,°T") be a strongly pseudo convex CR

manifold in a.complex manifold IV, then by Rumin we have a differential complex

on M,

E

D .
/\n—l(OTI)* 9 AAn-Z(OTI)* /\1 (OTII)* 9/\ /\n-—2 (OTI)* /\2 (OTII)*

3(-1) - S
b oA /\”_2(0T')* AP (OTH)* b oA /\n—2(0Tl)* AP+ (OT/l)t,

which recovers the Kohn-Rossi cohomology.

forp=1, Ker 8y /Im D ~ H® (M, N*=D(T")"),
for p>1, Ker 8 [Im 37 ™ ~ HP (M, A=D(T")%),

where D is a second order differential operator which is introduced by Rumin,
and °T' = 97" and @ means a contact form(this is a part of Rumin’s result but a
typical one. More precisely,see Sect.1 in this paper).

Howevef this differential complex has an essential weak point. Namely, _B—EP) has a
natural extension to an ambient space N, but it is not clear if the dbove second
order differential operator D has a natural extension to an operator on N or not.
By this reason, we propose a new complex, based on Rumin complex, which is
applicable to several complex variables(see Sect.2).

Sect.1. CR structures and Rumin complex
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Let (M,°T") be a CR structure. This means that: M is a real 2n-1 dimen-

sional C'* manifold and °T" is a complex subbundle of the complexfied tangent

bundle satisfying:
D°T"N°T' =0, dimc(C®TM/(°T" +°T')) =1
2) [[(MLT"), T(M? T")] cT(M,° '),
where 9T = 9777, In this paper we assume more. Namely, we assume that there
is a real global C'™ vector bundle ¢ satisfying:
3) & ¢° T, +90 T, for every point p of M,
For brevity, we use the following notation.
HT' =CREHL T
Now we set a real one form 6 by
0(¢) =1,
9 |0T11+0T/ = O

Let
Q = dé.

If this 2-form is positive or negative definite, then our CR-structure (M,°T") is
called strongly pseudo convex. From now on, we assume that our CR is strongly
pseudo convex. By using these notations, we can introduce a C'* vector bundle

decomposition:
5) AF(COTMY = Y promic1pgzod A APCT) A AT
Zr+s=k,r,szo AT (OT/)* /\/\S(OT”)*
We fix this decompostion. And we would like to consider a double complex (for
the precise definition, see [A4] ). For u € (M, AAPTL(OT)* AAIL(OT)*), we
set an element of T(M, A*(°T")* AAT(°T")*) by |

u — (dU)Ap(OTI)* /\/\q(OT")"‘

Proposition 1.1. This map is a bundle map.

(The proof is a direct computation, and more precisely, see Sect.3.)
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Proposition 1.2. If p + ¢ > n, then this map is surjective and especially, if
p+q =n, then by comparing dimensions, this is isomorphic. |
(For the proof, see lemma 3.3 in [A4])
We use the notation &? for this isomorphic map from AAP~L(OT")AAL-1(OT™")
to AP(°T'Y* A A1(°T")*, where ¢ = n —p. By using this x?, we set an élement P
of T( M, 8 A AP=1(OT")* A AT=1(0T")*) by

'(bu = (Ep)_l ((Bbu)/\p(OTl)*/\/\n-—p(OTII)-t)

where (EU)AP(OTI)*AAn—p(OTH)* means the projection of Ou to AP(OT")* AAT—P(OT11)*
according to (5). So by the definition of v,,, our v, includes the first derivatiove

of u.

Sect.2. New complex

Now we introduce a new complex. For a simplicity, we discuss only in the

case p = n — 2, which is quite related to deformation theory. We set
H®={u:ue T(M,A""(T")*),(8st)rnn-10 1) an(orry= = 0}

H'={u:ue D(M,0AAZCTY AACT")®), (T u)san-1(0my anzorys = 0}
H? = {u:ue D(M,0AA2OTY ANRCT")), (B3 w) ano -t ovye mmsorye = 0)
Then by defintion our (H?,8;) is a differentiai comple#

(1)
>, kL , H?

Of course H(resp. H?)is nothing but our F*~2:1(resp. F*72:2) (see [A-M1],[A4]).
And we note that our H® doesn’t come from C sections of any C'* vector bundle
on M. This is purely a vector space of some A"~ 1(°T")*-valued C™ sections. We
put an L? norm on these spaces and discuss the Kodaira Hodge type decomposition
theorem on H!. For this, we have to show an a priori estimate. And a difficult

problem is to compute the adjoint operator of 8s. By the definition of H®, H® is

a subspace of
D(M,A™H(TY*) = T(M, A" (°T")*) + T(M, 6 A A™ 20 T'")*).

And in this canonical decomposition of T'(M, A™ (T )*),‘ our H? can be regarded
as a graph of the following map.

For u € T(M,A™1(°T')"),
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we set
 Yu € T(M,0AA2(°T)),
where 1, is introduec in Sect.l in this paper. So
H={v:v=u+1,, ue (M, AT (OT )} € T(M, AT ).

For this correspondence, we call the graph map i. On I'(M,A"(T')*), and
L(M,0 AAN20T' ) AAP(OT")*),p = 1,2, .., we put L? norm and consider the
Kodaira Hodge decomposition theorem on (H?,8;). The problem is to show an a
priori estimate. In proving an a priori estimate, we have to compute, explicitly ”
the adjoint operator ” on H? spaces (namely we have to write down the term of ”
the adjoint operator ”, otherwise, it is impossible to obtain an a apriori estimate.
We discuss this in the next section.

Sect.3. The adjoint operators on HP spaces ,

We consider the projection of T'y( M, A»~1(T")*) to H®, where Co( M, A 1(T")*)
means the L, - completion of (M, A" 1(T")*), and H® means the L, closure of
HO in Ty (M,A™"1(T")*). We recall the graph map :.

graph map i

(M, A" 10T H°
We use the notation A for the composition map of this graph map : and the
inclusion map of H' to T'(M,A""}(T")*) . So A is a map from [(M, A"~1(°T")*)
to D(M,A""Y(T')*). By the way, if we put a L norm on T'(M, A" 1(°T")*) by :
for v € T(M, A" 1(°T")"),

0112 ag,pm—1 o7y = 1012 + 602 ( @ graph norm ),
our ¢ is a norm preserving map (almost tautology). Therefore
(%40, W) p(ag,an-1 @ rry*) = (0, iw)
=(v, w) + (Yo, Yw)
=(v, W)r(M,An-1(0Tr1)")
Namely
*1 = identity on T(M, F)
Especially,
(v + 1) = v, for v eT(M,A™OT")%).
Here ¢* means the adjoint operator of i with respect to this graph norm ( on
D(M,A™~1(°T")*), we use the graph norm defined by 7, and on T'(M, A*~1(T")*),

the standard L, is used ). Then, our main theorem is
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Main Theoem. The projection map = i-A* on I(M,T").
Proof. For this, it suffices to show that:

(1) for w = w1 + wa, which is orthogonal to H®, we havei - A*w =0,

(2’) foru € T(M,86 A /\n_2(-0T')*), we have 1+ A*(u+ ,) = u + 9,.

where

w € T(M, A" "1 (T")*),
wy € T(M, A" 1(°T")"),
wy € T'(M,0 A AP2(0T'")%).

For the proof of (1), by the defmition of w = w; + wy,
(wy,v) + (wg,%,) =0 forv € T(M,A""1(°T")"),
But this means
(w,Av) =0 forv € D(M,A*1(°T')).

So
(A*w,v) =0 forv € T(M, A" }°T")*).

So we have (1).
For the proof of (2),

(7‘ A*(u + ¢u) - (u+ 'll)u)fv + d’v) :((u + wu)a AZ* ' (‘U + ¢v)) - (u‘ + ¢u7u+ ¢u)>
=(’LL + ¢u7Av) T (U + ¢u'au + ¢u)
for u,v € T(M, AP~1(OT")*). This becomes

(A*(u + "/)u) - U,'U) =(u + ty,v + ¢v) - (u + Yy, v + 'lbv)
=0.

Sect.4. Kodaira — Hodge type decomposition theorem
In order to establish a Kodaira-Hodge type decomoposition theorem on H?!,
we have to show the following two conditions.

1) H' N Dom S is dense in H1.
2) The following type a priori estimate.

1561l + 11857 Il + li#ll = Clldlly
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for ¢ € H'NDom S, where S means the adjoint operator of d; in (H?, 0y) complex,
and C is a positive constant. While, by the result in Sect.2, we have

S = the composition of Dy and "the projection operator of To( M, A"~ Y(T")*) to HO”,

where Bz'means the adjoint operator 0; in the standard complexr. Because our
complex is a subcomplex, this result follows from functional analysis. Namely, S
is nothing but the adjoint operator of D, which Rumin finds. So, by his estimate(

(1) is now obvious ), we have a Kodaira-Hodge type decomposition theorem over
H.
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