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. Some "TWO-Person Zero-Sum Dynamic Game
by

Yutaka Kimura ! and Kensuke Tanakaz

1 A Two-person Zero-Sum Dynamic Game with a Parameter

We give a two-person zero-sum dynamic game with a parameter (DPGy) by
a sequence of the following objects

(S, Ar, By tngt, Un, Un, 0;n € N) (1.1)
where

1. S, is the state space at time n € N and is assumed to be a Borel space,
that is, a nonempty Borel subset of a complete separable metric space. -

2. A, and B, are the action spaces at time n € N of players I and II,
respectively. It is assumed that A, and B, are Borel spaces.

3. {tns1} is the law of motion of the system; ¢,41 is a Borel measurable tran-
sition probability from H,A,B, to S,+1, n € N. Here, H; = 51, H, =
SlAiBl e th.lAn__an_lsn, Hoo = 51A13152A2B253 et Then, Hn 1s
the set of histories of the game for horizon n € N, while H, is the set of
all infinite histories of the game.

4. u,: H,ApB, — R, is a Borel measurable function and v, : H, A, B, —
R,, is a nonnegative bounded Borel measurable function, where R, =
(0,00). Of course, u, and v, may be recognized as functions on He.
Doing so, we assume that

lm u, =ueR, limv, =v € Ry.
n—oo n—oo

5. 6:5, — Ris a real valued function , which is called a parameter function
of the game.

6. 17 = uy, — Ov, : H A, B, — R, is a loss function of player I at stage
n € N and —T7, is a loss function of player II.

Let F,(G,) be the set of all universally measurable transition probabilities
from H,(H,) to A.(B,). A universally measurable strategy of player I(II) is
a sequence [ = {f,}(¢g = {g.}) such that f, € F,.(9, € G,) for each n € N.
Denote by F(G) the set of all strategies for player I(II).

Let Ey,, E,,, Ey,., denote the conditional expectation operator with respect
to fn € Fo,9, € Gp,tas1, respectively. Then, each pair of strategies f =
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{fu}(g = {gn}), together with the law of motion {t,41}, defines uniquely a uni-
versally measurable transition probability Ps,(+|-) from S to A;B1.S;A2B555 - - -
such that, for two bounded Borel measurable functions u,,, v, defined on H, A, B,
(n € N), we have for s; € 5y and b € H,

Bltn, £,9)(s1) = [ un(k)Pro(dh]s)
= EflE!Jl Et2 T Efn—l Egn——lEtnEangnun(Sl)

and

E(ve, £,9)(1) = [ va(b)Pr,(dhls1)

= Efl Egl EtZ o Efn—l Eg EtnEangnvn(Sl)

n—1

where u,, and v, are also regarded as functions on H,.
Under our assumptions, we infer that, for each 53 € Sy, f={fo} € F, g =
{g.} € G, from the dominated convergence theorem and Fubini’s theorem

U(f,9)(s1) = lim E(ug, f,9)(s1)

= 711,1_1?010 BBy By, - By, By, B, Ef, Eq,un(s1)
= hm Egl Efl Et2 T Mgna Efn——l EtnEgnEfn un(sl)

n—odo

and

V(f?Q)(sl) = T}EIQOE(UTHIL».Q)(Sl) ‘
= hln Efl EQ] EtZ U Efn.—l E.gn—lEtnEangn(Un(Sl)

- nlﬁﬁlo E91Ef1 Etz T E.gn—lEfn—l EtnEgnEfnvn(Sl)'

For the loss function with the parameter function ;
Tr = u, — Ov,,
we have for each s; € S;, f={fu} € F, g={9.} € G,
To(f,9)(s1) = lim EzT3(f,9)(s1)
= U(f,9)(s1) = 0(s1)V ([, 9)(s1).
We define for initial state s; € Sy,
To(s1) = }rel;zlelgTe(f,g)(ﬁ% Ty(s1) = sup inf Ty(f, ) (s1).

geG

Then, To(s1)(Lg(s1)) is called the upper (the lower) value function of the
parametric game. In general, it holds that Ty(s;) > Ty(s;) for all s; € Sy.
Further, we call the duality gap the interval [Ty(s1), T4(s1)] for all s; € S;.

Definition 1.1 We shall say that the two-person zero-sum game (DPGy) has
a saddle value function ( in short, a value function ), if

Ty(s1) = Ty(s1) = T4 (s1) o

and this common function is called the value function of the game and is denoted

by T(;(Sl)



Definition 1.2 A strategy f € F is said to be a mini-sup of the game (DPGy)

if , _ ‘
sup Ty(f, 9)(s1) = Ls(s1)

g€G
and a strategy § € G is said to be a max-inf of the game (DPGy) if

DETo(£,9)(s1) = Tolsr).

Definition 1.3 A pair strategies (f,§) € F x G is said to be a saddle point
of the game (DPGy) if

}2£T9(f7§)(51) =T5(f,9)(s1) = sup To(f,9)(s1).

2 A Two-Person Zero-Sum Dynamic Fractional Game

We define a two-person zero-sum dynamic fractional game (DFG) as follows :
(Sus Any Bay tus1, Uny Vs, 0,05 € N) (2.1)

where S, is the state space and A, and B, are the action spaces at time n € N
of players I and II, respectively. {¢,41} is the law of motion of the system. These
terms are defined like as the game (DPGy). Further, u, : H,A, B, — R, is a
bounded Borel measurable function and v, : H,A, B, — R,, is a nonnegative
bounded Borel measurable function, Ry = (0,00). We assume that

lim u, = u € R, T}LrglovnzveR+.

n—oo

Under our assumptions, we infer that, for each s; € Sy, f={f.} € F, g =

{g9.} € G, ,
U(fvg)<51) - nlg’l(}o E(una fvg)(‘sl)7 Vv(.ﬂg)(sl) = 7}21(;10 E(vn: f?g)(sl) >YO-
Using the notations U(f,¢)(s1) and V(f,g)(s1), we give

W(f,g)(s1) = %E_;

and we define for an initial state s; € Sy,

8(s1) = inf sup W(f,9)(s1), 8(s1) = sup inf W(f.g)(s1).
Then, 0(s1)(8(s1)) is called the upper (rthe lower) value function of the game
(DFG). In general, it holds that 0(s1) > f(s;) for all s; € 57 and the interval
[0(s1),0(s1)] 1s called the duality gap of the game (DFG).

Definition 2.1 The game (DFG) is said to have a value function if the
duality gap is equal to zero. We shall call the value function of the game (DFQ)
the common value function

0(s1) = 0(s1) = 0%(s1).



Further, g* € G is said to be a max-inf of the game (DFG) if
B(s1) = }ggigg W(f:9)(s1) = mEW(f,g7)(s1)- (2.2)

Similarly. f* € F is said to be a mini-sup of the game (DFG) if
0(s1) = sup inf W(f,g)(s1) = sup W(f",g)(s1). (2.3)
geG fer geG

Lemma 2.1 Ty(s;) has the following properties.

(1) If two parameter functions 04(s;) and 05(s1) satisfy that 01(s1) > 05(s1) > 0,
it follows that _
T, (.
(2) IfTe(s1) <0, it holds that 0(s;) > (s,
(3) If Ty(sy) > 0, it holds that 0(s;) < 0(s;
1)
1) 2

/-\
A
r—l

~—

s1) <

(4) If 0(s1) > 0(s1), it holds that T(s
(5) If0(s1) < O(sy), it holds that Ty(s

Proof. (1) If0;(s1) > 03(s1), then, we get 61(s1)U(f, 9)(s1) > O2(s1)U(f, 9)(s1),
because U(f,g)(s1) is positive for all (f,g) € F' x G. Then, it follows that for all
(f,9) € F <G,

To, (f,9)(s1) < Ts,(f,9)(s1)-
Therefore, we get that

To,(s1) = inf sup To, (f, 9)(s1)
g

< inf T ‘
< }EFigg 6, (f,9)(s1)

= 792 (31)’

Thus, the proof of (1) in the lemma is complete. B
(2) Since Ty(s1) < 0, from the definition of T'g(s;), there exists f € F* such
that sup,eq To(f,g)(s1) <0, that is, for all g € G,

Tﬁ(fug)(sl) =U(f,9)(s1) = 8(s))V(F,9)(s1) < 0. (2.4)
From (2.4), this shows that for all g € G,

W(T, g)(s1) = %%% < b(sy) (2.5)
that 1s, B
sup W(f,9)(s1) <0(s1). (2.6)

From the definition of O(s1) and (2.6), it follows that #(s;) > 0(s;).
(3) Since T4(sy) > 0, that is, for all f € F, sup e To(f,9)(s1) > 0, there
exists g € GG, which depends on f, such that

To(f,95)(s1) = U(f,95)(s1) = 0(s1)V (£, 97)(s1) > 0. (2.7)



From (2.7), it follows that for all f € F, W(f,9¢)(s1) = U(f,97)(51)/V(f, 95)(s1) >
f(s1). This shows that 6(s,) > 6(sy).
(4) Since 6(s;) > 8(s1), from the definition of 8(s;), there exists f € F' such
that for all ¢ € G,
(s1) > sup W(F, 9)(s2).

9€G
This shows that for all g € G, T4(f,¢)(s1) < 0. Hence, we get that

0 > sup T4(f, 9)(s1)
ge@

> inf sup To(f,9)(s1)

= Ty(s1).

(5) Since O(s1) > 8(s1), from the definition of 0(sy), it follows that for all
feF, |
sup W(f,9)(s1) > 0(s1).

g€G

Thus, there exists g; € G, which depends on f, such that W(f, gs)(s1) > 9(51)'
that is, for all f € F|

sup Ty(f, 9)(s1) = To(f, 95)(s1)

geG
> 0.

Hence, we get that

Ty(s1) = inf sup Ty(f,9)(s1) 2 0.

9geG

Lemma 2.2 T4(s;,) has the following properties.

(1) If two parameter functions 01(s1) and 83(s1) satisfy that 01(s1) > O9(s1) > 0,
it follows that

s1)
(2) If Ty(s1) <0, it holds that 0(s1) > 0(s1
(3). If Ty(s1) > 0, it holds that 6(s1) < 0(s;
(4) ]f 0(s1) > 0(s1), it holds that Ty(sq) <
(5) If 6(s1) < 8(s1), it holds that Ty(s1) >
Proof. Using T4(s1) and (s;) instead of T(s,) and 8(s1), respectively. we
can prove this lemma by similar arguments to the previous one. a

We have the following relations between the game (DFG) and (DPGy).

Theorem 2.1 Suppose that ¢* € G is a maz-inf of the game (DFG). Then, it
holds that

(1) B(s1) = 8(s1) = 0(s1).



(2) IfTo(s1) <0, g* is a maz-inf of the game (DPGy).

_ Proof. (1) From the definition of 0(sy) and f(s;), in general it holds that
B(s1) > B(s1).

On the other hand, since ¢* € G is a max-inf of the game (DFG), it follows
that

A1) = inf W(f,97)(s1)

< sup mf W(f,9)(s1)
geG f

= Q(31)-

Thus, the game (DFG) has a value function, that is, § = § on 5.
(2) Since g* € G is a max-inf of the game (DFG), it holds that for all f € F,

07(s1) = nf W(f,97)(s1) < W(f,9")(s1)
that is, for all f € F,

0 < Toe(f,9%)(s1) < sup Toe(f,9)(51)- | (2.8)

9€G
Thus, from (2.8) and (2) of the theorem, we get the following :
0 < inf To(f,97)(s1)
< inf sup T (f,9)(51)

fer geG

- T@*(Sl) S 0.
This shows that

inf To-(£,97)(s1) = inf sup Tp-(f, g)(s1).

gEG

That is, ¢* is a max-inf of the game (D PGy+). O

Corollary 2.1 Suppose that (f*,g*) € F x G is a saddle point of the game
(DFQ). Then, it holds that

(1) To-(f",9")(s1) = 0.

(2) (f*,¢%) is a saddle point of the game (DPGy»).

The proof of the corollary is easily given by Theorem 2.1.

Theorem 2.2 Under 0(s;) = 0(s1) = 0*(s1), suppose that g* € G is a maz-inf

of the game (DPGg+) and
inf To-(£,97)(s1) = Tor(s1) 2 0.

Then, g* is a maz-inf of the game (DFG).

10



Proof. Since T@*(sl) > 0 and ¢* is a max-inf of the game (DPGy+), it follows
that '

< 1 * 3
'Oﬁ_ }Iellfff,lelg Ty (.f7g)(51)’ ,

= inf To-(f,07)(s1)
< T (f,97)(s1) for allf € F,
which implies that for all f € F,

0(s1) < W(f,97)(s1) < sup W(f, 9)(s1)-
9€G
Therefore, we get that
() < inf W(F 7))
< inf sup W(f,g)(s1)
fe g€eG

- 9*(31).

This shows that g* is a max-inf of the game (DF'G). a

Corollary 2.2 Under 6(s;) = 0(s;) = 6*(sy), suppose that (f*,9%) € FxG isa
saddle point of the game (DPGg«) and Ty« (f*,9%)(s1) = 0 holds. Then, (f*,g%)
is a saddle point of the game (DFG).

The proof of the corollary is easily given by Theorem 2.2.
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