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Ife,(z) =2"for |z| =landn =0,£1,£2,- .-, then the functions e,, constitute
an orthonormal basis for L? and the functions e,, n = 0,1,2, .- constitute an
orthonormal basis for H2. Let L™ be the set of all essentially bounded functions in
L? and let H® = H?NL™. For a function ¢ € L™, the Toeplitz operator T, on H? is
givenby T, f = P(pf) for f € H 2 where P is the orthogonal projection from L? onto
H? and the Hankel operator H, on H? is given by H,f = J(I — P)(¢f) for f € H?

where J is the unitary operator on L? defined by Je_, = €,_1.
Concerning these operators, the following results are known.

Proposition 1. If M is a non-zero closed invariant subspace of T}, then there

exists an inner function g uniquely,up to a unimodular constant, such that

M=T,H* and M' = Hz*H%

Proposition 2. If y is a non-constant function in L*, then o,(T,)No,(T,*) =

¢ where op(-) denotes the point spectrum.

Proposition 3. For any ¢ € H*®, H,Tyy = H,y and Ty*H, = Hyy+ =
H(pr,/)*.

Proposition 4. Hy*H, =Ty — 17T,

Proposition 5. The following assertions are equivalent.

(1) N, # {o}.

(2) [H HY™E # H*. |

(3) ¢ = gh for some inner function g and h € H* such that g and & have no

common non-constant inner factor.
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Now we shall consider the following' theorems.
Theorem 1. H,Hy = O if and only if H, = O or Hy = O.
Proof. By Proposition 4, we have

O =H,Hy =Ty, - T=Ty
= "€ H® or ¢ € H®
= H,=H,"=0 or Hy,=0.

Theorem 2. The product H,H, of two non-zero Hankel operators [, and
Hy is also a Hankel operator if and only if |

p=gh and ¢ =gk

where q(z) = (2 — A)(1 — A2)~! for some complex number ) such as |A\| < 1 and
h, k € H*® such that each h and k is non-zero and has no inner factor q. And, in

this case,
H(sz/, = aqHQhk

where a4 is the non-zero eigenvalue of Hz.

To prove Theorem 2, we need the following lemmas.

Let H,Hy = H, for non-zero Hankel operators H, and Hy. Then we have the

following.
Lemma 1. 0 € 0,(H,) Nop(Hy).

Proof. Since

H, ,Hy =T,*H,Hy, =T,"H, ‘
=H,T,=H,HyT, = H,T,"Hy,
H,(T,-T,*)Hy = 0. If 0 ¢ 0p(H,), then (T, —T,*)Hy = O and Hy = O because

0 ¢ op(T, — 1,*) by Proposition 2. This contradicts the assumption that Hy is

- non-zero. Therefore 0 € o,(H,).
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If 0 ¢ o,(Hy), then HyH? is dense in H? by Proposition 5 and H, (T, —T,*) =
O and hence H,, = O because (I, — T,*)H? is dense in H? by Proposition 2. And

this also contradicts the assumption and hence 0 € o, (Hy).

If 0 € 0,(H,), then, by Proposition 5, ¢ = gh for some inner function g and
h € H*® and H,, = Hp = O. And we have the following.

Lemma 2. For an inner function g, the following assertions are equivalent.

(1) Hyg =0, (2) Hyy=0 and (3) Hyy =O.

Proof. " Since, by Proposition 3
H,oHy=Ty*H,Hy =Ty.*H, = H,T,

= Hyg = HoHyTy = H,Hy,

and since H,, and Hy are non-zero by the assumption, the assertion follows from

Theorem 1.
Lemma 3. dim[H,*H?]~L = 1.
Proof. Since Ny, # {0} by Lemma 1,we have, by Proposition 1,
[H,*HA™Y = H7 H? and N, = T,H”
for some inner function ¢q. If dim[H,*H 2]"’L2 > 2, then
dim[T}, H?|* = dim([H,* H*™" > 2

and there exists a closed invariant subspace M of T, suchas T,H? C M C H 2, Since
M = Ty, H? for some non-constant inner function ¢; by Proposition 1, ¢ = qi1q2 for

some non-constant inner function ¢;. Since, by Proposition 3,

O = H,Ty = H14,Tg, = TQ1**HuTq2
= qu**HcpHﬂﬁqu = Hsthn H¢qu = Hyq, H¢427

H,4, = O or Hyy, = O by Theorem 1 and, by Lemma 2, Hyg, = O or Hyg, = O.
If H,y, = O, then, by Proposition 3, Ty, H?* C Ny, = T,H?* = T,,T,,H* and
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H? C T@ H? because T}, is an isometry and this contradicts that g, is a non-constant
inner function. Hence H, 4, # O. By the same reason, H,q, # O. These contradict
the above result that Hyy, = O or Hy,, = O. Therefore dim[H,*H 2]"‘[' <1. By
Theorem 1, H,, # O because H, and Hy, are non-zero by the assumption and N, #
H? and hence dim[H,*H2~Y = dim[Mg,]+ > 1. Therefore dim[H,,* H~L* = 1.

Proof of Theorem 2. (—) ; By Lemma 3 and its proof, we have
dim N, - = dim[Hu*]{?]NL2 =1

and N7, is an eigenspace of T,* and hence, for some A € C such as || < 1,
q(z) = (z = A\)(1 — X\z)~L. Since Ny, = T,H?, H,, = H,T, = O by Proposition 3
and, by Lemma 2, H,q, = O and Hyq = O and hence g = h and ¢ = k for some
h, k € H*®. Therefore ¢ = gh and ¢ = gk because g is inner. Since H, # O and
Hy # O by the assumption, each h and £ is non-zero and has no inner factor q.
(<) ; Conversely, if ¢ = gh and ¢ = Gk where h, k € H® and ¢(z) = (z —
X)(l_——x,z)‘1 for some A € C such as |A\| < 1, then Hy is a partial isometry by

Proposition 4 and
HzH? = HzH7*H? = (I — T T *)H? = N+

Since N, = {C(1 - Az)71} because ¢*(2) = (z — A\)(1 = A2)~ L, Hg(1—Az)~t =
ag(1 — Az)~! for some o, € C. Hence, for any f € H?, we have, by Proposition 3,

= Tp*Hz{p(1 — X\2)~'} for some p € C
(because H7T, f € HzH? = {C(1 - X2)"'})

= Th*{pag(l — XZ)_l} = oI+ * Hg Tk f

= aqHﬁhk‘f

and H,Hy = agHgne = Hoghk. Therefore H,Hy is a Hankel operator and oy # 0
by Theorem 1.

Corollary. Every non-zero idempotent Hankel operator is of the form El—Hg
—_ q
where ¢(z) = (z—A)(1—Az)~! for some A € C such as [A| < 1 and a, is the non-zero

eigenvalue of Hz.
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Proof. If H,?> = H,, then, by Theorem 2, ¢ = gh where h € H* and
q(z) = (z = A)(1 — Az)~! for some complex number X such as [A| <1 and

2
H;ih = H(p = HGP = aqszh2 = Haqﬁhz

where oy is the non-zero eigenvalue of Hg and hence Han(1—azh) = Hﬁh_Hath2 =0.
Therefore, by using Theorem 2 again, we have

Han Hg(1-aqh) = qHgn(1-a.n) = O

and Hz — agHgn = Hg1-a,n) = O by Theorem 1 because Hgp = H, # O by
2 ,
the assumption and hence H, = Hg, = aqu;l—. Conversely <51;H5) = anHE by

Theorem 2.

Remark. The concrete value of dq in Theorem 2 is given, by the direct calcula-
tion, as follows : Since Hg(1—Xz)~! = ay(1—Xz)~! because HgH? = {C(1—-Az)™'}

and since
(z-)) (1 - _XE)_l(l —Az)"1

_ Z Z —m+n_m+1zn _ Z Z )\-—m—l—n_mzn

m=0n=0 m=0n=0
(o R otk 00 o0 otk
—2n+k_ —2n+k__
S ) DR ) IR
n=0k=0 n=0k=1

+ (analytic part),

Ha(l—Xz)_l
=JI-P)z-)) Q-2 11—zt
_ Z Z X2n+kzk . Z Z /\X2n+kzk_1
n=0k=0 n=0k=1

=(1-PAHA-X)T1-X)7



