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Irregularities on hyperlanes of holonomic
D-module (especially defined by confluent
hypergeometric partial differential equations)

BEOKKFREBEBRERN HE FT

(Hideyuki Majima, Ochanomizu University)

1 Intoduction

In this expository paper, I will explain the irregularity at a singular point of differential
equation. At first, I will give you a review of study on ordinary linear differential equa- ‘
tions. Secondly, I will talk about holonomic D-modules, especially, Humbert confluent
hypergeometric differential modules in m variables.

2 Irregularity of holonomic D-module defined by an
ordinary differential operator.

Consider a linear ordinary differential operator with coefficients in holomorphic func-
tions at the origin in the Riemann Sphere:

Pu = (i a;(z)(d/dz))u.

=0

where a,, is supposed not to be identically zero. Let O and ® be the ring of convergent
power-series and the ring of formal power-series in z, respectively. Then, we see the
following isomorphism of linear spaces due to Deligne (cf. [23], etc.) :

HY(S', Ker(P : Ag)) ~ Ker(P; H/0),

for, from the existence theorem of asymptotic solutions due to Hukuhara ( cf. [26]) (and
other many contributers), we have the short exact sequence

0—)/Ce7"(P:.A0)—->A0—£)A0——>O,

from which, we get the exact sequence,

0 — HY(S',Ker(P : A)) = HY(S", Ao)(= O/0) L5 HY(S', Ag) (= O/0O) — 0.
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The dimension is finite and is equal to

iw(P) = sup{i—v(a;):i=0,..,m}—(m—v(anm))

= (v(am) —m) —inf{v(a;) —i:i=0,...,m},

which is called the irregularity by Malgrange [17], [18], the invariant of Fuchs by Gérard-
Levelt [3], [4] or the irregular index by Komatsu (in a private communication), where,

v(a) = sup{p : z7Pa(x) is holomorphic at the origin.}.

Remark 0: Let K, K and € be the ring of the ring of convergent Laurent series with
finite negative order terms, the ring of formal, the ring of formal Laurent series with finite
negative order terms and the ring of convergent Laurent series, respectively. Denote by F
one of O, @, K, K and €. We consider P as an operator from F to itself. Then, Ker(P; F)
and Coker(P; F) are finite dimensional, and has a index x(P; F) = dim¢ Ker(P; F) —
dim¢ Coker(P; F) , which can be calculated as follows:

x(P;0) = m—uv(an),

x(P;0) = sup{i—v(a):i=1,..,m},

X(P;K) = m—v(an) —sup{i —v(a;) : 1 =1,...,m},
X(P;K) = 0,

x(P;&) = 0.

The quantity ig(P) is also equal to the followings [17], [18] :

X(P;0) = x(P;0),
X(P;K) — x(K),

—x(P; K),

X(P;K/K),

X(P; &) = x(P; K),
x(P;E/K),

x(P;€/0) = x(P;K/0),
dim¢ Ker(P; @/(’)),
dim¢ Ker(P; K/K),
dim¢ Ker(P; £/K),

dimc Ket(P; (€£/0)/(K/0)).
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Remark 1: If we consider a linear ordinary differential operator with coefficients in holo-
morphic functions at the infinity in the Riemann Sphere and we do not use the variable
t =1, the quantity is equal to

i(P) = sup{v(a;) —i:i=0,..,m}— (V(an) —m)

(m —v'(ap)) —inf{i —v'(a;) : ¢ =0,...,m},

where
v'(a) =sup{p: z7Pa(z) 1is holomorphic at the infinity.}.
Remark 2: We have also another important quantity associated with the linear ordinary

differential operator P = (1, a;(z)(d/dz)!). At the origin, we set

b = supfo, (20em) = m) = (v(a) —)

1i=0,...,m—1},

and at the infinity, we set

— I — y — ’ .
k = sup{0, (m — v(am)) ,(Z V(@) :4=0,..,m—1},

m—1 ,
which is called the invariant of Katz by Gérard-Levelt [3], [4] or the order by Sibuya
[28], and k + 1 is called the irregularity by Komatsu [9], [10]. In order to understand the
importance of this quantity, see the above references and also Ramis [24], [25], Komatsu
[11]. Malgrange [21]. In adding a word,

io(P)

Let Dy be the stalk of germs of linear ordinary differential operators with holomorphic
coefficients, and put Mgy = Dy/DyP . Then, M, has a projective resolution

Of—MQ(—'D()(LDQ(—O,

from which, by operating the functor Homp, (-, Fo), we have the solution complex with
values in F at the origin,

Sol(Mo, Fo) : Fo =5 Fo = 0.
We have the isomorphism:
ExtO(Mo,]:o) ~ Ker(Fyp; P), Extl(Mo,fo) ~ Coker(Fy; P).
Therefore, the index as D-module at the origin,

X(M; .7:)0 = dim¢ Ext® (Mo, .7:0) — dim¢ Ext! (M, fo),
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is equal to the index x(P; F), and the irregularity as D-module at the origin,
(M) = x(Mg; O) — x(Mo; 0),

(
is equal to the irregularity Irr(P)o and

A

Irr(M)o = x(Mo; K) — x(Mo; K),
II‘I‘(M)() = X(Mo;g) - X(MO;’C)v
Irr(M)o = x(Mg; £/O) — x(Mo; K/O).

3 Indices of holonomic D-modules and their irregu-
larities
Let D be the sheaf of germs of linear partial differential operetors with coefficients

of holomorphic functions on a manifold M and let M be a holonomic D-module. The
module M has a projective resolution

P P P Py,
04 M D™ = D™ D™ ... 2rol pmen ()

from which, by operating the functor Homp(-,F) , we have the solution complex with

I)Zt 1
n—

Sol(M, F) : Fro Loy g Ay Ty ey g
For a point p, the index of holonomic D-module Mwith values in F is defined by
2n
X(M;F)p = Zdimc(—l)ié'xti(M,f)p.
i=0

For the point p, the irregularity of holonomic D-module M is defined by

Irr(M), = x(M; OM]H))IJ — X(M; Oua)ps
where O is the sheaf of germs of holomorphic functions on M , H is the set of singular

points of M, Op is the zero-extension of the restriction of O on H and O MiH is the
Zariski completion of O along H.

4 Holonomic D-module defined by Humbert conflu-
ent hypergeometric partial differential equations
dp

In the sequel, we consider the solution complexes of holonomic D-module defined
by Humbert confluent hypergeometric partial differential equations ®p (derived from
Lauricella Fp) and give the calculation of the cohomology groups.
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We put M = (P})™ and H = Uj~, Hy, where Hy = P§ x -++ x {00} x -+« X Pj.
For a domain U included in Hj, we define

7=>0 el

O}\?ﬁz,sA {Z Ji(ye) (i) ~3:3C > 0,Vn, s.t. sup [ Falyr)| < C'A"{(n — 1)1}t }

Where Y = (.’L‘l,. L1y Th41y* ’.’L'm), @k = (ml,-.. y L1y OO0, Thply* *° a‘mm)- FOI' a pOint
p € H\Upy(H, N Hy) , if p € Hy then we put '

(O= )p Indhm(’)A (U).

M|H,s,A’P ™ peUcH, M|H,s,A
We define as follow:
(C’)Wl,s)p = Indhm((’)MleA)
(OMlH’(s))p = Pr(/)f; hm(OM'H A)
(OMIH,S,A~)P = 'Indhm((’)M,H B)p,
(OM|H,(s,A+))P = P‘"(,;Lhm M{H,s B)P :

The system of Humbert confluent hypergeometric partial differential equations ®p [1]
is as follows:

Ju
dp + (c—axr)=— —byu =0 (denoted by Lyu =0fork=1,---,m) .
pi o z S (o= ) ( y )
where bp(k = 1,---,m) and c are not non-negative integers. Note that L;'s commute

with each other. We consider the D-module M p defined by ®p, namely we put
Mp = D/(DLl + - +DLm).

We have a projective resolution like Koszul complex

Vi

vm v
0— Mp D" & DM L ... D"u—-—— -<———-D""‘+——O

and we have the solution complex Sol(Mp, F) with values in F

vm
Fro T8 pm TE T g Ty TR ey,

! . .
where n, = q'(:r?—.—q)' and Vi*’s are defined by the following recursive manner:

Ly
V(l)':Ll""avan‘z ' )
L
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m—1
V% — ((-—1)2*11/2,[/1), e ,V;n _ ( ( Vl 0 )

-, I, VP!

. vyt 0
Vo= (1) L] ey VPT )
qi{m—~1-g)!

V1= (= 1)m‘le,Vm_i)
and we have the following

Theorem 1 . Let M = (PA)™, H = Ui, Hi, p € H\ Uy (Hi N H;) be as above. The

dimensions of chohomology groups of the solutzon complezxes for the D-module deﬁned by
®p are as folow: :

(1) If1 <s <2, '
for 7= Oz oy Ottt o, a— Ottt (s,a4y O e
. ; 0 (7=0,2,---,m)
dimg Ext?((Mp),, Fp) = { ’ : . ’
¢ Ext((Mp)p, Fp) = { | (G=1)
2) Ifs > 2,
for F=0— .,0—~ O

MiH(s)’ ¥ M|H,s,A—" 1\7|71,(5,A+)’OA7|71,3-'

dim¢ Ext/(Mp),, Fp) =0, (j=0,1,2,---,m).

(3) In the case of s = 2,
(i) f A>1,
for F=0— O

MIH2,A- "~ MIH,(2,A+)’

dime Ext! ((Mp),, Fp) =0, (j=0,1,2,---,m).

(i) f 0< A<,
for F = O 0 acr Ot o,y
. : 0, (j=0,2,---,m)
dim¢ Ext/((Mp),, F,) = { .

(iii) if A = 1,

0, (1=0,2,---,m)

dime Ext?((Mp),, (OATITH,QJ—)P) = { 1 =1



dmmmmewmmhﬁ@ng=m (j=0,1,2,---

(iv) dime Ext? ((Mp),, (01\71[7,,(2))11) = { 1 j=1)

deEMmMmmmﬁng=m (j=0,1,2,---,m).

(4) dime Ext/(Mp)p, (Ojzz)p) =0, (1 =0,1,2,---,m).

Corollary 1 . The indexes of D-module defined by ®5 are as follow:

(1) If1<s<2,

for = O o Ottt o,a- Ot (s.44)

,O

M|H,s’

X((MD)pv}—p) =—L

(2) If s > 2,

for F=0-— ,,0

MIH,(s)’ = M|H,s,A~" o

@

]m,s’

X((MD)pv]:p) = 0.

MIH (s,A+)"

(3) In the case of s =2
(i) if A> 1,

for F = OJ\7|71,2,A—’ Oﬁl\H,(z,Aﬂ’

X((MD)pvfp) = 0.

(i) f0< A <1,
for F = O 0.4 O 2,44y

X(Mp)p Fy) = -1

(ii) if A =1,

X((MD)P’ (Olﬂilﬂ,l—)p) =—-L
X((MD>Pa (OW,@.IH)I’) =0.

(iv) X((Mb)p, Oz )p) = =1
X((Mbp)p: (O3 5)p) = 0-
(4) X((MD)p’-(OW)p) =0.

Corollary 2 . The irregularity Irr((Mp),) = 1.

0, (=0,2,---,m)

106
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The essential parts for k = lare as follow:
1. We have a formal solution

_w@=Dic—n)---(c—2)
o (n=b)--(1=by)
of the non-homogeneous system of partial differential equations

-1 . .
@'3 (bg,'”,bm,c—1,$2,"',$m)

@g‘l(bQ’ SR bnl; C — rn; 3;2’ PR ’mm) (ml)—n

Lya(z) = - , Lia(x)=0(1=2,---,m),
1
where 77! (bg, -+, b c—1; 29, + -, 2,,) is the Humbert confluent hypergeoetric function
in (m — 1) variables with the parameter (bs,- - ,by,;c— 1),
- 2 () (22)7 -+ (T )""
P by, - by e — 1339, 1 L
B (b ]22—:0 ,,;0 ( €)jottim2! Jm!
where (b)s = (b+1):--(b+s—1).
2. If, for '
=0 le(yl)xl—]

70 P]m(yl)afj
Vv =0, we have V§* (352, fi(y1)27?) = v, then

(l—bl) (’I’b+1—b1)f
mlc—n—1)---(c—2)""""

n

g (1—by)- (—1( Zmzaz (1=0by)-- (5 —by) i

(7 = Dle~—j) =2 83313 1@ —Dle—3)-(c—2)
Put Fn+1-——£n1,—(cb_‘zl_(1————’iﬂc—_%fn+1,then forl=2,---,m,

0 _ 1 0 d
—_— = —\T— I, b n ! — 1
5o, Frt1 = T T @i FaH WFat Put @i Py,

and a(v) = lim, . F, is well-defined as constant for v € (O (U))™, where U C H,y

quH,s,A
and, 0 < s <2or (s=2and0 < A< 1).
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