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On the uniqueness theorem for nonlinear
singular partial differential equations

FHE 75 (Hidetoshi TAHARA)
(Dept. of Math., Sophia University, Tokyo)

In this note, I will discuss the uniqueness of the solution of nonlinear
singular partial differential equations

(t0/6t)™u = F(t,z, {(td/81)’ (0/0x)*u}j4|a|<m,j<m)-

Notations. t € C, z = (z1,...,2,) € C", N = {0,1-,2,...}, N* =
{1,2,..}y me N*, je N;a=(a1,...,0,) € N |a]| =a; + - - + o,

(2= ()" ()™

and N = #{(j,a) € N x N"j+ |a] < mand j < m}. We denote by
R(C \ {0}) the universal cov:ring space of C \ {0}.

§1. Equations and assumptions.

Let

teC, z= (ZL‘l, ce ,LL‘n) S Cn, Z = {Zj,a}j+ja[§m,j<m € CN,

and let F(t,z,Z) be a function in (¢,z, 7). In this note I will discuss the
uniqueness of the solution of the following equation

0\m O\js O\
(E) (tb?) u:F<t’x’{(t5¥) (55) u}j+]a|§m,j<m>

with an unknown function u = u(t, x).
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The main assumptions are as follows:

(A)) F(t,z,Z) is holomorphic in a neighborhood of

(t,3,Z) = (0,0,0);

(A;)  F(0,z,0) = 0 near z = 0;
OF

(As) ==—(0,2,0) =0 near z =0, if |a| > 0.
074

We denote by Ai(z), ..., Anm(z) the roots of the equation in A:

OF
AT —
Jg BZ]-,O

(0,z,00M =0

and call them the characteristic exponents of (E).

Examples. The followings are typical examples of our equation:

(1) t%% = A\u+ u(g—Z),
02 0%u
(3) (t%)Qu + (t%)u = (Qu+z+ 1)(2—2)2

'§2. Some results by Gérard-Tahara (1993).

Gérard-Tahara [2] proved the following result on the existence of holo-
morphic solutions.

Theorem 1 (holomorphic solutions). Assume (A;), (Az) and (As).
If )(0) ¢ {1,2,3,---} fori=1,---,m, the equation (E) has a unique holo-
~morphic solution u(t, ) near the origin of C x C" satisfying u(0,z) = 0.

Moreover, about the uniqueness of the solution of (E), Gérard-Tahara [2]
has proved Theorem 2 below.
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Definition 1. We denote by Sy the set of functions u(t, z) satisfying the
following: u(t, z) is a holomorphic function on {(¢,z) € R(C\{0})xC"; 0 <
t| <e,|arg t| < 6 and |z| <} for some € > 0,0 >0, § > 0 and satisfies

max lu(t, )| = O(|t|*) (as t — 0)

for some a > 0.

Theorem 2 (Uniqueness of the solution). Assume (A1), (Az) and
(As): If ‘
ReM(0) <0 (i=1,...,m)

holds, the uniqueness of the solution of (E) is valid in Sy.

Since in this case the equation (E) has a unique holomorphic solution,
the above uniqueness theorem yields .

Corollary. Assume (A1),(A2),(As) and
ReX;(0) <0 (i=1,...,m).
Then, if u(t,z) is a solution of (E) belongmg to 8+, u(t, z) is holomorphic

in a neighborhood of the origin.

Thus, from the uniqueness theorem we can get the result on removable
singularities of the solution of (E).

§3. New uniqueness theorem.

3.1. Class of solutions.

A function pu(t) on (0,T) is called a weight function if it satisfies the
following conditions ;) ~ pg):

m)  u(t) € C°((0,T)),

) wu(t) >0on (0,T) and p(t) is increasing in ¢,
113) /OT ﬁg‘)‘dS < o0,
)

[y p(t + ct) = O(u(t)) (as t —> +0) for some ¢ > 0.
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By () and u3) the condition u(t) — 0 (as t —> +0) is clear. The following
functions are typ1ca1 examples:

1 1
(—logt)®’ (—logt)(log(—logt))°

u(t) =17,
witha>0,6>1,¢c> 1.

Definition 2. For a > 0, we denote by S,(u(t)) the set of functions
u(¢, z) satisfying the following: u(¢, ) is a holomorphic function on {(¢,z) €
R(C\{0}) xC™; 0 < |t| < g,]argt| < 6 and |z| < 4} for some e > 0,

g >0,6>0and satlsﬁes

max [u(t, )| = O(u(lt)*) (as ¢ — ).

Remark 1.
Sy = U Sa(/«‘(t)

a>0
Note that u(t) =t is a weight function.

I

3.2. A conjecture.

- About the uniqueness of the solution of (E) in S,(u(t)), I have one con-
Jecture:

Conjecture. Assume (A1), (As) and (Az). Let u(t) be a weight func-
tion. If
ReX(0) <0 (i=1,...,m)

holds the uniqueness of the solution of (E) is vahd in S, (u(t)).

In the case m = 1 this is already proved (see [1]). But in the case m > 2
this is still open. In the next section I will report a weaker result.

 3.3. A weaker résult.

Theorem A ([5]). Assume (A)), (As) and (As). Let p(t) be a weight
function. If :
ReXi(z) <0 (i=1,...,m)
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holds in a neighborhood of x = 0, the uniqueness of the solution of (E) is
valid in S, (u(t)). |

Example 1. Let us consider

d\2 o*u
where (t,z) € C?. The characteristic exponents are A\; = 0 and A\, = 0. In
this case we have: 4

1) u(t,z) = 0 is the unique holomorphic solution of (e;) under the condi-
tion u(0,z) = 0.

2) By Theorem A we see that the uniqueness of the solution of (e;) is
valid in Sy (u(t)) for any weight function u(t).

3) Since S,(u(t)) C Sa(u(t)) holds for a > 2, the uniqueness of the -
solution of (ey) is valid in S,(u(t)) for any a > 2 and any weight function
u(?)-

4) Note that (e;) has a family of non-trivial solutions

ult, 7) = > +azx+
T (C ~ logt)?

(o, 8,C € C).

This implies that if 0 < a < 2 the uniqueness is not valid in S,(u(t)) for
wu(t) =1/(—logt)¢ with 1 < ¢ < 2/a.
3.4. Another uniqueness theorem.

In case S,(p(t)) with a < m, what happen ? About this we have:

Theorem B ([4],[5]). If for some p with 0 < p < m — 1 the charac-
teristic exponents of (E) satisfy

ReXi(z) <0 for 1=1,...,p,
ReX(0) <0 for i=p+1,...,m

i a neighborhood of x = 0 and if a > p, then the uniqueness of the solution
of (E) is valid in S,(u(t)).
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Example 2. Let us consider

2

(e2) (DY ur ()= uta (5]
where (t,z) € C?. The characteristic exponents are Ay = 0 and Ay = —1. In
this case we have:

1) u(t;z) = 0 is the unique holomorphic solution of (e;) under the condi-
tion u(0,z) = 0.

2) By Theorem B we see that if a > 1 the uniqueness of the solution of
(e2) is valid in S,(u(t)) for any weight function p(t).

3) Note that (ez) has a family of non-trivial solutions

z+1

U0 = 6 Togh)

This implies that if 0 < @ < 1 the uniqueness is not valid in S,(p (t)) for
p(t) =1/(—logt)® with 1 < ¢ < 1/a.
4) In the case a = 1 it is still unknown whether the uniqueness of the
solution of (ey) is valid in &;(p(t)) for any weight function or not.

(C e ).
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