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1 Statement of result.

Let ¢{(s) be the Riemann zeta-function, and define the remainder term
Ry(s) in the approximate functional equation for {(s) by

Ris) = (0= Y =-x() Y -
n<ly/ o ns\/—%{
where
x(s) = 2*7*~Lsin (%ws) T - s). 1)

The aim of this note is to derive the 2k-th power moments of the function
|R1(s)] in the critical strip 0 < o < 1. We can prove the following

Theorem [1]. For any positive integers k, we have

T
/ |Ry(s)|?* dt
1
@m)* C, 1 ko . .
1—ko <g<_—
1 _kkg T + Y0 (T) if0<o< o @)

= (21{‘) ”Ck 1—ko ) 1 1

Tk T A Dhe+Yeo(D)  if 5 ostedory @

27TCk logT + Dk,.}: + Yk‘i’ (T) 'if o= E (4)

with
Yi,o(T) = O(T# %) (5)

~ where the constant Dy, , depends on k and o, and

- [ (=i,

cos (2my)




Remark. This theorem includes the fact that

Rys) = Q%) fo<o<l,
e Q(t‘%(logt)%) ifo=1.

2 Proof of the formula(2).

To prove our theorem, we start with the weak form of the “Riemann-Siegel
formula” for {(s): For 0 <o <1, we have

- = (ol F =L (297 o ()

where § = /& — [‘/ Et;r_l with [z] being the integer part of = (see [2]). We

assume that Ty < Ty < 2T . From the above, we have, for 0 <o < 2_115’

Ee1

Ty 2k . )
/ |Ry(s)* dt = I (T4, T3) + O (Z I (T, To)| ™% | (Tx,Tz)I#) :

i=1
(6)
where
. Ty "% 2 _ 5 1 2k
_ kft cos (27 (62 — 6 — 15))
I]. (T].)TZ) - ,/f[‘l IX(S)! (27{') ( cos (27"6) dt
and \
T, .
L(T,To)= | t2 |x(s)|" dt.
. n
By using the asymptotic formula of (1), we have
k t k(%"”)
Kot = (5)  +Ge® >0 @
where
Gho =0 (tk(%—“)—l) . (8)
It is easily seen that
L (T, Tz) = O (T}*7%). ©)

From (7) and (8), we get

I (Ty, Ty) = Iy (T4, T3) + O (T7 1,1 (T, To) ) (10)
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where

T2/ + \7* [ cos (27r (62 —-6— % ) 2
_ xr 6
L1 (Ty,Te) = /’1‘1 (21r> ( cos (275) dt.

Let N; be the smallest integer such that \/ g—}r < Nj and N; the largest
integer such that Ny < \/—21;% . We obtain, for 0 < o < 5,

Iy (T, T3)

e[ (cos ert—v- %6)))2" ”z;v a0 (1)

o [ () (B o)
+O (T% "’“")

= (27r) Ck (13 —1i~*) +0 (7). ‘ (11)

Substituting (9), (10) and (11) into (6), we obtain the formula (2).

3 Proof of the formulas (3) and (4).

- From Lemma 1 in [1], we have, for any positive integers k£ and

ﬁ <0<,

T

., j |Ry(s)™ dt = J1(1,T) + Jo(L,T), (12)
1
where
1 —k 1 2k
J1(T1,T2) = / Ix ( + ’I,t) Ry (ﬂ; + it) dt

and

k ~(k—3) 1 2(k—3) ,

— i

Jz(Tl,Tg) = J;l (J) / ( +1,t) R, (2’6 +'Lt) Fk(t) dit
with
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Applying (2),(7),(8) and integration by parts, we have, for k # 2,
7 1. 1.
lel X(’z-IE‘F'Lt) R, ('27;4"'&15)

4 t 1-3 t 1%
= ———2 — ka (5—7;) + (%) Ykr# (t)

-k 2k

dt

T2

Ty

+ sz Hi(t) [Ry (% +it> * dt + ’f—‘zi (2m) T : =5y, o (Dt
and for k = 2,
T> 1 —2 1 4
/:1"‘1 X(Z+it) R1<-4—+it) dt

T Tz 4
= 2C; logt + «/2m—%yz,%(t)sz + [ H) dt
1

T

Ry (% + it)
™ T2 _3
+ \/;/Tl t 2Y2’%(t)dt.

From (5),(7) and (8), we have

/T L)l R (A 4t
. *\ 2k 1\ ™

4r T\ %
_Am . \
= A + Bi(T) + z_ka<21r) if k>1and k #

2nCs logT ifk=2

-k 2k

dt

with

1—-k

Bi(T) =0 (T‘E—),

where the constant Ay depends on k. Hence, integrating by parts, we obtain,

for & <o <lando # ¢,
A (T1,Tp) = O (TF*)

and A

’ ko
nit,) = G

with a certain constant L . Similarly in case o = %, we have
Ji(Th, T2) = 0(1)

and

Ji(1,T) = 2nCy logT + Ly, 3 +O (T-%) . (14)

Ck 1—ko %-——Iw
= + Lo +0 (T3 (13)
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By using Holder’s inequality and the above, we have, for 51,—“ <o<1,
(1, T) = Ja(1,00) + O (T3+). (15)

Substituting (13), (14) and (15) into (12), we obtain the formulas (3) and
@.

References

[1] I Kiuchi and N. Yanagisawa, On the mean value formulas for the ap-
proximate functional equation of the Riemann zeta-function, preprint.

[2] C.L.Siegel, Uber Riemanns Nachlass zur analytischen Zahlentheorie,
Quellen und Studien zur Geschichte der Math. Astr. und Physik, Abt.
B, Studien 2(1932), 45-80.

255



