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MARTIN BOUNDARY OF A UNIFORMLY JOHN DOMAIN

)1 5LB7 (HIROAKI AIKAWA)
K& KE (TOMOHIKO MIZUTANI)

ABSTRACT. A uniformly John domain is a domain intermediate between a John
domain and a uniform domain. We determine the Martin boundary of a uniformly
John domain D as an application of a boundary Harnack principle. Define the
internal metric between two points in D by the infimum of the diameter of arcs in
D connecting the points. The Martin boundary of D is the boundary with respect
to the internal metric. We assume no exterior condition for D.

1. INTRODUCTION

Balogh and Volberg [5, 6] introduced a uniformly John domain in connection
with conformal dynamics. The main aim of this paper is to determine the Martin
boundary of a uniformly John domain. Let D be a domain in R®, n > 2. We define
the internal metric Pp(z,y) by

Pp(z,y) = inf{diam(vy) : ~ is an arc joining z and y in D}

for z,y € D. Here diam(y) denotes the diameter of . Obviously |z —y| < Pp(z, ).
We say that D is a uniformly John domain if there exist positive constants 4; and
A, such that each pair of points z,y € D can be joined by an arc v C D for which

(1.1) diam(y) < A1Pp(z,y),
(1.2) min{|z — z|,|z — y|} < A20p(z) forall 2z € 7.

A uniformly John domain is a domain intermediate between a John domain and a

uniform domain. By definition
uniform G uniformly John & John.
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In the previous paper [1], the first author showed that the Martin compacti-
fication of a bounded uniform domain is homeomorphic to the Euclidean closure.
A Lipschitz domain and more generally an NTA domain are uniform domain, so
that [1] is a generalization of Hunt and Wheeden [11] and Jerison and Kenig [12].
The Martin compactification of a uniformly John domain is more complicated. We
shall show that it is homeomorphic to the completion D* with respect to the in-
ternal metric. That is, D* is the equivalence class of all #p-Cauchy sequences with
equivalence relation “~”, where we say {z,} ~ {y;} if {z;} U {y;} is a Pp-Cauchy
sequence. Let 0*D = D*\ D, the boundary with respect to Pp. Take £* € D*.
Suppose &* is represented by a Pp-Cauchy sequence {z;}. Since {z;} is also a usual
Cauchy sequence, it follows that z; converges to some point & € D. The point ¢
is independent of the representative {z,} and uniquely determined by £*. We say
that ¢* lies over £ € D. If £ € D, then £ and £ coincide. Define the projection
m:D* = Dby n(€*) = £ It is easy to see that 7 is a continuous contraction
mapping, i.e. |7(&) — 7(&)| < Pp(&5,&). The main result of this paper is the

following theorem.

Theorem 1. Let D be a bounded uniformly John domain. Then the Martin com-
pactification of D is homeomorphic to D* and each boundary point £* € 0*D s
mianimal. Moreover, for every boundary point £ € 0D, the number of Martin bound-

ary points over & is bounded by a constant depending only on D. |

The above theorem will be proved as a corollary to the boundary Harnack prin-
ciple for a uniformly John domain. Balogh and Volberg [6] proved the boundary
Harnack principle for a planar uniformly John domain with uniformly perfect bound-
ary, an additional assumption. They also demonstrated that the harmonic measure
satisfies the doubling condition with respect to the internal metric [6, Theorem 3.1].

The significant difference between [6] and the present paper is that we have no
assumption on the boundary or the complement of the domain. In the present
setting, the harmonic measure needs not satisfy the doubling condition, because of
the lack of exterior condition. The argument of [6] is not applicable. Moreover,
our domain may admit an irregular boundary point. Hence, we always consider a

generalized Dirichlet problem, i.e. boundary values have meaning outside a polar
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set. For simplicity, we shall say that a property holds q.e. (quasi everywhere) if it
holds outside a polar set.

We note that there are very precise results on the Martin boundary of Denjoy
type domains and some specific domains. See Ancona [3, 4], Benedicks [8], Chevallier
[9], Segawa [14] and references therein. Our Theorem 1 is not so precise but it is
applicable to various domains. Conditions (1.1) and (1.2) are simple.

The plan of the paper is as follows: in the next section we shall give several
geometrical notions and properties of a uniformly John domain. In Section 3 we
shall state the boundary Harnack principle and prove it along a line similar to [1].
Our proof is inspired by the probabilistic work of Bass and Burdzy [7]. Section 4
will be devoted to the proof of Theorem 1, and some further properties, such as the
Hélder continuity of the kernel function.

We shall use the following notation. By the symbol 4 ‘we denote an absolute
positive constant whose value is unimportant and may change from line to line.
If necessary, we use Ao, Ay,..., to specify them. We shall say that two positive
functions f; and f, are comparable, written f; ~ f,, if and only if there exists a
constant A > 1 such that A~'f; < f;, < Af;. The constant A will be called the
constant of comparison. By B(z,r), C(z,r) and S(z,r) we denote the open ball,
the closed ball and the sphere with center at z and radius r, respectively.

2. GEOMETRIC PROPERTIES OF A UNIFORMLY JOHN DOMAIN

Balogh and Volberg [5] proved a very deep property of a planar uniformly John
domain; a geometric localization. In the course of the proof of Theorem 1 we shall
not use their result. Instead, we shall need some elementary properties of a uniformly
John domain. The purpose of this section is to show these properties with purely
geometrical proofs. No potential theory will be involved in this section.

Hereafter we let D be a bounded uniformly John domain. In view of the equiv-
alence between the distance, the diameter and the length cigar conditions ( [13,
Lemma 2.7] and [15, Theorem 2.18]), we observe that (1.1) and (1.2) can be re-
placed by the following stronger condition: there exist positive constants A; and A,
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such that
(2.1) £(y) < AsPp(z,y),
(2.2) min{4(y(z, 2)), £(v(z,y))} < Asdp(z) for all z € 7,

where £(7) and 7(z, z) denote the length of v and the subarc v(z, z) of v connecting
x and z, respectively.
Let us first show that the completion D* is a compact space. |

Proposition 1. Let D be a bounded uniformly John domain. Then D* is a compact
space and each boundary point £ € 8*D is accessible from D, i.e., there is an arc
v C D converging to £*. Moreover, for every boundary point £ € 0D, the number of
points in 0*D over & is bounded by a constant depending only on D.

Proof. Take a sequence {z},} in D*. We need to show that there exists a subsequence
of {z } converging to some point in D* with respect to £p. Suppose that each x7, is
represented by a Ap-Cauchy sequence {zJ.} C D. Since {z7,} is also a usual Cauchy
sequence, it must converge to T, = m(z¥,) € D with respect to the usual metric.
Taking a subsequence, if necessary, we may assume that {z,,} is a Cauchy sequence
converging to some & € D with respect to the usual metric. If £ € D, then it is easy
to show that z}, converges to ¢ with respect to fp. So, we may assume that £ € 0D.

Let r > 0. Then D N B(&,7) consists of countably many open connected com-
ponents B;(r). Obviously

(2.3) Pp(z,y) <2r for z,y € B;(r).

Let us count the number v(r) of components B;(r) having a point z,, with |z, —£&| <
r/2. We claim that

(2.4) v(r) < N,

where N is independent of r and £. Since D is connected, two distinct components
are connected by a curve in D. This curve must get out B(&,r). Hence each
component B;(r) has a limit point on S(£,7). On the other hand, our B;(r) has
a point z,, with |z, — &| < r/2, and hence diam(B;(r)) > r/2. It follows from
the definition of a uniformly John domain that the Lebesgue measure of B;(r) is
comparable to r®. Therefore, (2.4) holds.
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Now let 7, = 27 | 0. Then we infer from (2.4) that there exists a decreasing
sequence of components B;, (ry) each of which contains infinitely many z,,. We find
&* € 0*D such that

Bil(rl) D) B,;z'(’rz) Do —> f* - B*D,

and a subsequence of {z} } converges along {B;, (%)} to & with respect to #p by
(2.3). Obviously 7(£*) = £ This shows D* is compact and &* is accessible from
D. Moreover, since every £* € 0*D has a Pp-Cauchy sequence converging to £*, the
second assertion follows.

Finally let £ € 0D and suppose k points &f,... & € 8*D lie over £&. Then there
is € > 0 such that Pp(&f,€5) > 2¢ for @ # j. By V; we denote the component
of DN B(&,¢) from which & is accessible. Then V,...,V} are disjoint. In fact,
if VinV; # 0 for i # 7, then V; and V; would coincide and & and §; would be
accessible from the same component. That is, there would be an arc v in V; = V;
connecting & and &;. By definition, Ap(&;,&;) < diam(y) < 2¢; a contradiction
would arise. Thus V1,...,V, are disjoint. We may assume that zo € D \ B(&,¢).
Then each & can be connected to zy by a curve, say 7;, in D with (1.1) and (1.2).
Let z; € ;N V; N S(&,¢/2). Then B(z;, A2e/2) C V; by (1.2), so that the Lebesgue-
measure of V; is comparable to ™. Since Vi,...,V} are disjoirit subsets of B(¢,¢), it
follows that the number % is bounded by a constant depending only on A, and the

dimension. The proof is complete. O

Remark 1. In general, a minimal boundary point of the Martin boundary is acces-
sible from the domain (e.g. [10, Satz 13.3]). Hence, if we have shown Theorem
1, the above proposition follows automatically. The above argument proves the
accessibility without potential theoretic consideration.

We shall define ‘balls’ with respect to the internal metric. For this purpose it is
convenient to modify the internal metric slightly. For x € D and v C D we let

r*(z,7) = sup |z — =
zEyY

be the the infimum of radii r for which ¥ C B(z,r). Observe that r*(z,7) <
diam(vy) < 2r*(z,~) for z € y. Let

Pp(z,y) = inf{r*(z,v) : 7 is an arc joining z and y in D}
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for ,y € D. The quantity £}, is not symmetric. It is related to the internal metric
Pp as follows:

Therefore the convergence with respect to Pp is equivalent to the convergence with
respect to Pp. We can also show the following inequalities

Pp(z,2) < Pp(z,y) + Pp(y, 2),
Pp(z,y) + 2Pp(2,Yy)

for ,y,z € D. We extend Pp(z,y) and Pp(z,y) for z,y € D* by Pp(z,y) =
lim Ap(z;,y;) and Pp(z,y) = lim Pp(z;, y;) if z and y are represented by Pp-Cauchy
sequences {z;} and {y;} in D. It is easy to see that the quantities Pp(z,y) and
Pp(z,y) are independent of the choice of the £p-Cauchy sequences {z;} and {y;}.
Let £&* € 0*D and put

B,(¢*r)={z e D: PB(f*,:L') <r}

Moreover, let S,(§*,7) = D N OB,(&*,r) and C,(&*,7) = D N B,(&*, 7). Here, ‘0’
and ¢’ mean the boundary and the closure in the Euclidean space, respectively.
These sets correspond to D N B(z,r), DN C(z,r) and DN S(z,r). The following

observation enables us to use many arguments in [1].

Lemma 1. The set B,(&*,r) is the open connected component of D N B(w(€*),r)

which can be connected to £* in itself, i.e. there is an arc y C B,(£*,r) converging
to &.

Proof. Tt is sufficient to show the following (i)—(iv).

() By(&",7) € DN B(r(¢"),r).

(ii) B,(&*,r) is open.

(iii) Every point z € B,(£*,r) is connected to £* by an arc in itself.

(iv) B,(&*, ) is the maximal set with the above properties (i)—(iii).
Let &* be represented by a Pp-Cauchy sequence {z;}. First, we prove (i), (ii) and
(ili). Suppose z € B,(¢*,7). Then ¢ = 7 — Pp(€*,z) > 0. Since Ap(¢*,z) =
lim;_,e0 p}(xj,x) < 1 — ¢, there exists a positive integer jo such that PE(:):]»,:L‘) <
r —¢e/2 for j > jo. By the definition of A we find an arc ;7 C D joining z; and z
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with
(2.5) |7 — x| < (2, T,8) <7 —€/2
for j > j,. Hence
|T(£*) — z| = jl_iglo lz; —z| <r—e/2 <.

Therefore, z € D N B(m(£*),r) and (i) follows. Now z lies in the open set D N
B(m(£*),r), whence we find o, 0 < ro < £/2, such that B(z,ro) C DN B(n(€*),r).
For (ii) it suffices to show that B(z,r) C B,(£*,r). In fact, every y € B(z,ro)
can be connected to x; by z;z UZy for j > jo, where Ty denotes the line segment
between z and y. Hence, (2.5) yields
Po(€",y) = lim Pp(z;,y) < limsupr*(z;, FUTG) <7 — = +7p <,
00 o0 2

so that B(z,ry) C B,(£*,r) and (ii) follows. In order to prove (iii) we may assume
that

(26) pp($j,$j+1) < 2_j€,

by taking a subsequence of {z;}. Then each pair of points z; and z;;; can be

connected by an arc ;2,41 C D with diam(z;z;11) < 277¢. Let

o0
v =z, U (U xjxj+1>.

J=Jo

Then, by (2.5) and (2.6), v is an arc in D connecting = and ¢* such that

o0 [o.o]
(€, ) < (w4, TT5,) + Z diam(7;7;41) <7 — % + Z 27 e,
J=Jo J=Jo
Without loss of generality, we may assume that jo > 2, so that r*(£*,9) < r.
Hence v C B,(£*,7) and (iii) follows. We remark that (iii) implies that B,(£*,r) is
connected.

Finally we prove (iv). Suppose that D; is a subset of D N B(n(£*),r) such
that every z € D; is connected to £* by an arc in itself. We have to show that
Pp (§*,z) < r for z € Dy. Suppose z € D;. Then there is an arc v C D; connecting
£ and z. By the compactness of v we see that v C B(n(£*),r —n) for some n > 0.
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By definition

PB(§*,$) = lim P}S(y,x) < limsupr*(y,v) < limsuply — m(&*)|+r—n=r—n <7
Y=gt y—E* y—€*
yey yeY yEY

Hence (iv) follows. O
As a corollary to Lemma 1 we have the following.

Lemma 2. Let V be a connected open subset of DN\B(w(£*),r). If VNB,(&£*,1) # 0,
then V. C B,(&*,r). In particular, if §§ € 0*D is accessible from B,(£*,r) and
i+ |w(€*) — (&) <7, then By(&F,m1) C Bo(£", 7).

For a moment let D be a general proper subdomain of R*. We define the quasi-
hyperbolic metric kp(z,y) by
.. [ ds(z)
kp(z,y) = int ,
D(x y) 1]:’71 N 5D(Z)

where the infimum is taken over all rectifiable arcs 7 joining z to y in D. Observe

that kp(z,y) is monotone decreasing with respect to D, i.e., if z,y € D; C D, then
kp,(z,y) > kp(z,y). The converse estimate will be needed in the sequel. Observe
that if 2z € D, then

(2.7)  kplz,y) < kp\y(z,y) < kp(z,y)+ A for z,y € D\ B(z, 2716 (2)).

This observation will be useful to estimate the Green function with pole at z.
Now let D be a bounded uniformly John domain. Then the following uniform

quasihyperbolic boundary condition holds.

Lemma 3. Let D be a bounded uniformly John domain. Then
pD (.’L’, y)

kol@,y) < Alog s ), )}

+ A

where A and A' depend only on D.

Proof. Ify € B(z,p(z)/2) or z € B(y,dp(y)/2), then the lemma is obvious. Hence,
suppose |z — y| > 2 max{dp(x),p(y)}. Let v be a curve joining z to y with (2.1)
and (2.2). Then |

/ds(z) - /513(76)/2 ds +/€(7)/2 Ayds +/2(7)—5D(y)/2 Ayuds +/5D(y)/2 ds
v 0p(2) = Jo op(2)/2  Jsp@y2 S oy)/2 $ 0 op(y)/2

A3pD (CE, y)
min{ép(z),dp(y)}

< 9+ 24,log
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Thus the lemma follows. O

Let zo € D be fixed. Then every point 2 € D can be connected to zo by
along which the distance to the boundary increases as in (1.2). Hence, there is As,
0 < As < 1 such that

AsR< sup dp(z) <R
z€5,(£*,R)

for sufficiently small R, say 0 < R < dp(zp)/2. Let us take ég € S,(€*,4R) with
4A5R < 0p(€g) < 4R. Then, we have the following.

Lemma 4. Let D be a bounded uniformly John domain. Then there exists a con-
stant Ag > 9 depending only on D such that
Pp(z,y)

min{dp(z),p(y)}
where £* € 0*D, R > 0 is sufficiently small and A depends only on D. In particular,
18R
op(z)
where A is independent of the choice of Er. In the sequel, estimates will be indepen-
dent of the choice of &g.

(2.8) kB, (e, 46r)(2,y) < Alog

for z,y € B,(€",9R).

(29) kBp(f*,AsR)(m7§R) S AlOg fO’/‘ S B,,({*,QR),

Proof. Let z,y € B,(¢*,9R). Suppose 7 is a curve joining z to y with (2.1) and
(2.2). Then

Pp(£%,2) < Pp(&%,7) + Pp(z,2) < 9R + diam(y) < AR for z € 4.

Let Ag be the twice of the above A. Then v C B,(£*, 34sR) and dp, (e agr)(2) =
dp(z) for z € 7. Hence the proof of the preceding lemma yields (2.8). Since
Pp(z,€r) < 18R and dp(Er) > 4AsR, we ha,vé'(2.9) from (2.8). O

3. BOUNDARY HARNACK PRINCIPLE

The main aim of this section is to show the following boundary Harnack principle.

Theorem 2. Let D be a bounded uniformly John domain. Then there exists a
constant A; > 1 depending only on D with the following property: Let £* € 0*D
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and let R > 0 be sufficiently small. Suppose u and v are positive bounded harmonic
functions on B,(£*, A7R) vanishing g.e. on 8D N B,(£§*, A7R). Then

u(z) _ u(z)

v(z) (@)

where the constant of comparison depends on D.

uniformly for z,z' € B,(£*, R),

Theorem 2 can be proved in a way similar to that of [1, Theorem 1] with the aid
of Lemma 1. However, we must be careful about the fact that D* is the completion of
D with respect to the internal metric. It is, in general, different from the Euclidean
closure.

We say that z,y € D is connected by a Harnack chain {B(z;, 36p(z;))}5, if
z € B(z1,36p(41)), y € B(yk, 360(yx)), and B(z;, $6p(2;)) N B(zj41, 500 (j41)) #
0 for j = 1,...,k — 1. The number k is called the length of the Harnack chain.
We observe that the shortest length of the Harnack chain connecting z and y is
comparable to kp(z,y). Therefore, the Harnack inequality yields that there is a
positive constant A depending only on n such that

exp(—Akp(z,y)) < Z—Ey—i < exp(Akp(z,))

for every positive harmonic function s on D.

Our proof of Theorem 2 will be based on a certain estimate of harmonic measure.
By w(z, E,U) we denote the harmonic measure of E for an open set U evaluated
at z. Forr > 0let U(r) = {z € D : ép(z) < r}. Since every point z € U(r)
can be connected to zy; by an arc « along which the distance to the boundary
increases as in (1.2), it follows that if » > 0 is sufficiently small, then there is a point
z € DN S(xz, Agr) with p(z) > 2r, where Ag > 1 is a constant depending only on
D. Hence there is a ball B(z,7) C B(z, Asr) \ U(r). This implies that

w(z, U(r)N S(z, Agr), U(r) N B(z, Agr)) <1 —¢gy forz € U(r)

with 0 < g9 < 1 depending only on Ag and the dimension. ‘Let R > r and repeat
this argument with the maximum principle. Then there exist positive constants Ag
and Ao such that

(3.1) w(z,U(r) N S(z,R),U(r) N B(z, R)) < exp(Ay — AwR/r).

See (1, Lemma 1] for details.
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Let us compare the Green function and the harmonic measure. For simplicity
we let D = B,(£", (As + 7)R) and D = B,(£*, AgR) with Ag as in Lemma 4. By
Gr and G’ we denote the Green functions for Dy and DY, respectively.

Lemma 5. If R > 0 is sufficiently small, then
CU(', Sp(§*> 2R)7 Bp(f*a 2R)) ..<._ AR”~2G,R(') €R) S AR”~2GR(" gR) on BP(§*7 R)7
where A depends only on D.

Proof. It is sufficient to show the first inequality. We follow the .idea of [7] and
[1]. We find A;; > 0 depending only on D such that Ay R*2G%(-,€r) < 1/e on
B,(€*,2R). Then
(3.2) B,(€*,2R) = D; N B, (£, 2R),
20
where
Dj = {z € D:exp(=2"1") < A; 1 R" Gl (, £g) < exp(—27)}.

Let Uj = (Uk>; Dk)NB,(€*,2R) = {z € B,(£*,2R) : AR 2Gy(z,&r) < exp(—29)}.
First we observe
(3.3) UjC{r € D:ép(z) < ARexp(—27/A\)}
with some A > 0 depending only on D. For a moment fix z € S (&, %51) (€r)). Then
G'r(z,€r) =~ R*~™ and

k (z,2) <k (x§)+A<Alo—1§£—

Dp\{ér}\T5 2) = KD \Z,GR - g op(z)

for € B,(¢*,9R) \ B(&r,30p(€r)) by (2.7) and (2.9). We see from the Harnack
inequality that there is A > 0 such that

exp(—27) > A R"2G(x,€r) > ARV Gl (2, £R) exp(—Akpi\iep} (2, 2))

s ) - (42)

for x € U;. Thus (3.3) follows.

Let r; = ARexp(—27/A) with A in (3.3). We take a slowly decreasing sequence
{R;} converging to R such that
(3.4) Zexp (2j+1 _ Aw(By — Rj)) <00,

Tj

j=1
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where the value of the summation is independent of R. In fact, if we let Ry = 2R
and R; = (2 - % stj fg) R for j > 1, then (3.4) holds. For simplicity we let
wo = w(, 5,(€* 2R), B,(£*,2R)) and

sup 0 ($>

- if D; N B,(&*, R;) # 0,
o€ D;NB,(£*,R;) Rn=2G'y(z,€R) ’ g 2

dj:

0 . if D; N B,(&*, R;) =0.
In view of (3.2) it is sufficient to show that
(3.5) supd; < A < oo,
320
where A is independent of R.

Let 7 > 0. Let us apply the maximum principle over U; N B,(£*, R;_1). Observe
that D N 9(U; N B,(¢*, R;_1)) is included in the union of U; N S,(£*, R;—;) and
{z € B,(&*,Rj-1) : AutR"2G%(z,&r) = exp(—27)}. By definition the last set is
included in D;_; N B,(£*, Rj-1), on which wy < d;_1 R"?>G'%(, ég) holds. Hence the

maximum principle yields that
(36)  wo(z) < w(z,UjNSp(E% Rj=1), Us N By(€7, Rj-1)) + dj1 R *Gr(, &r).-

for z € U; N B,(&*, Rj-1)-

Now let z € U;NB,(£*, R;). We apply the maximum principle over the connected
component V, of U; N B(z,R;—1 — Rj) containing z. In view of Lemma 1 we have
|z — 7(£*)| < Rj, so that V, C B(n(§*), Rj—1). Hence Lemma 2 yields that V; C
B,(¢*, R;—1). Moreover, we have

(3.7) DNoV, C (DNV,NS(xz, Rj—y — R;)) U (B,(&, Rj—1) N AU;).

In fact, suppose y € DN IV, and |y — z| < Rj—y — R;. Then there is ¢ > 0
such that B(y,e) C D N B(n(¢*), Rj-1). By definition V; N B(y,¢) # 0, and hence
y € B(y,e) C B,(&*, Rj—1) by Lemma 2. It is easy to see that y € 0Uj, so that (3.7)
follows.

Since w(-, U;NS,(£*, Rj-1), U;NB,(£*, Rj-1)) vanishes g.e. on 0DU(B,(£*, R;j-1)N
dUj;), it is less than or equal to

w(x,V;ﬂ S(I,Rj_l - Rj), Vm) < w(a:,(—];ﬂ S(:L‘, Rj._l - Rj), Uj N B(.’E, Rj._l — RJ))
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by the maximum principle and (3.7). The last harmonic measure is less than or
equal to exp(Ag — Ayo(Rj—1 — R;)/r;) by (3.1) and (3.3). Since A RV2G (3, €R) >
exp(—2/*t1) for « € D; by definition, (3.6) now becomes
Aro(Ri s — Rs .
10( Jr'l 7)) + dj—l} R"™2G(z, €R)
J

for z € D; N By(¢*, R;). Dividing both sides by R"2G'y(x, &) and taking the
supremum over € D; N B,(£*; R;), we obtain

wo(z) < {Au exp (2j+1 + Ag —

dj S Al]_ exp (2j+1 + Ag - AIO(R{;‘I — RJ)) + dj,_l.
J

Hence (3.5) follows from (3.4). O

Lemma 6. If R > 0 is sufficiently small, then
GR(‘T,y) ~ GR(xayl>
Gr(z',y)  Gr(z,Y)

with constant comparison depending only on D.

for z,2" € B,(¢", R) and y,y' € S,(£*,6R)

Proof. Let us take zr € S,(€*, R) and yr € S,(£*,6R) such that A;R < 6p(zr) < R
and 6As5R < dp(yr) < 6R. It is sufficient to show

~ GR(CL'R,y)
(3.8) Gr(z,y) = Cnlon o)
for z € B,(§*, R) and y € S,(&*,6R). For simplicity we fix y € S,(¢*,6R) and let
u(z) (resp. v(z)) be the left (resp. right) hand side of (3.8). |

First we show that u > Av on B,(£*, R) with A independent of y. Observe that

GR (.’L', yR)

(i) wis a positive harmonic function on Dg \ {y} with vanishing q.e. on Dg;
(ii) v is a positive harmonic function on Dg \ {yg} with vanishing q.e. on 8Dp.

Since u is superharmonic on Dg and B,(£*, R) C Dg\ B(yg, AsR), it is sufficient to
show that u > Av on S(yg, AsR) by the maxirum principle. Take z € S (yr, AsR).
Then kp,\yr} (2, 2r) < A by (2.7), and hence

(3.9) v(z) = %GR(xR,yR) = Ggr(zr,y) < AR*™,

If y € B(yg,245R), then u(z) = Gg(z,y) > AR?™, so that w(z) > Av(z). If
y € D\ B(yg,2A45R), then (2.7) and Lemma 4 yield '

Epp\iy} (2, Tr) < kpp(z,2r) + A < A,
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whence v(z) ~ Gr(zr,y) ~ Gr(z,y) = u(z) by (3.9). Hence we have u > Av on
S(yr, AsR) in any case. A

In order to show that u(z) < Av(z), we make use of Lemma 5. It is clear that
Gr(z,2z) < AR*™ ~ Gg(zr,yr) for z € C,(€*,2R) and z € B,(£*,9R) \ B(§,3R),
where £ = 7(€*). Since S,(£*,2R) C C,(£*,2R), it follows from the maximum
principle that

GR('; Z) _<.. AGR(:ER: yR)w(') Sp(€*> 2R)> Bp(g*’ QR)) on Bp(f*) ZR)

Since Gr(zr,yr) ~ R*™™ and Gg(z,{r) = Gr(z,yr), it follows from Lemma 5 and
the Harnack inequality that

(3.10) Gr(z,2) < AGr(zr, yr)R"*Gr(z,¢r) < AGR(Z,yr)

for z € B,(¢*, R) and z € B,(£*,9R) \ B({,3R).

Now fix z € B,(£*, R) and y € S,(£*,6R). If 6p(y) > 271 AsR, then kp, (y,yr) <
A by Lemma 4, so that Gg(z,y) =~ Gr(z,yr) and Gr(zg,y) = Gr(zr,yr) by the
Harnack inequality. Hence (3.8) follows. Therefore, we may assume that dp(y) <
2-14sR. Then there is & € 0D such that |y — &| = 6p(y) < 27'AsR. In view -
of Lemma 1, we find & € 8*D such that (&) = & and y € B,(&,2 " AsR) since
B(y,6p(y)) C D. Since 5R < 6R —27'A;R < | — &| < 6R+27"AsR < TR, it
follows from Lemmas 1 and 2 that B,(¢},2R) C B,(£*,9R) \ B(&,3R), and hence
from (3.10) that Gg(z,2) < AGgr(z,yr) for z € B,(&f,2R). Hence the maximum
principle yields that

(3.11) Gr(z,y) < AGr(z,yr)w(y, S,(&1,2R), B,(&,2R)).
Using Lemma 5 with replacing £* by &], we obtain
(«U('y, Sp(ff: 2R)7 BP(&T: QR))S ARn—QGBP(Q,AeR) (y) 5;2)

with &, € S,(&],4R) such that 445 R < 6p(€R) < 4R. Since |§ — & | < TR, it follows
from Lemma 2 that B,(£}, A¢R) C B,(£*, (As + 7)R) = Dg, so that

w(ya Sp(ﬁ;a 2R)7 Bp(f;" 2R)) S ARH“QGR(y7 f}z) - ARn__zGR(ﬁ;{’ y)
Hence (3.11) becomes

Gr(z,y) < AGr(z,yr)R" *Gr(£R, y) < AGr(z,yr)R" *Gr(zg, y)



25

by the Harnack inequality. Since Gr(zr,yr) &~ R?>™, we have u(z) < Av(z). Thus
(3.8) is proved. The proof is complete. | O

Proof of Theorem 2. We prove the theorem with A; = Ag + 7. Since u is a pos-
itive harmonic function on Dpg, we can consider the regularized reduced function
Ry &SRB o 4, 10 S,(€*,6R) with respect to Dg. This regularized reduced function
is a superharmonic function on D such that Ror€ 0% — 4 q.e. on S,(£*,6R) and
harmonic on Dy \ S,(¢*,6R). Moreover, BP0 g.e. on 0Dg by assumption.
Since u is bounded on Dy, it follows from the maximum principle that u = Ry (€7.6R)
on B,(£*,6R). It is easy to see that R %® is a Green potential of a measure p

supported on S,(£*,6R), i.e.
u(z) = / Gr(z,y)du(y) for € B,(§*,6R).
SP(g*’GR)
Let z,2' € B,(¢*, R) and y,y' € S,(£*,6R). Then
GR(x>yl) !
Gr(z,y) 8 ——"LGgr(2,
o)~ GRS G )

by Lemma 6. Hence

Gr(z,y) , Gr(z,y) .,
o) GE B [ Gale ) = ),
Therefore,
Z((;E/)) ~ g;:((;:,” 5 uniformly for y’ € S,(¢*,6R).

Similarly,

o(z)  Grlz,v)

v(e')  Gr(z,y)
Hence the theorem follows. O

Remark 2. In view of the above proof, the assertion of Theorem 2 holds for an
unbounded uniformly John domain if £€* lies over a finite boundary point & of D.

4. PROOF OF THEOREM 1

Let . be the family of all positive harmonic functions A on D vanishing q.e.
on 8D, bounded on D \ B,(&*,r) for each r > 0 and taking value h(zg) = 1. A
function h in J%-. is called a kernel function at £ normalized at z,.
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Lemma 7. There is a constant A > 1 depending only on D such that

AT < % <A foru,v€ .

Proof. Let u,v € 54 and let 7 > 0. Then u and v be bounded on B,(£7, 271r) for

& € 8D N S,(&*,r). Hence Theorem 2 yields
u(z) _ ulz)

vz " (@)

where A; is as in Theorem 2. This, together with the Harnack inequality, shows
that

for x, 7 S BP(EL 2~1T/A7)7

u(z) (@)

v(z)  v(z')

for z,2' € S,(¢",r),

where the constant of comparison is independent of r. Then the same comparison
holds for z, 2’ € D\ B,(£*,r) by the maximum principle. Since u(zo) = v(zg) = 1,
it follows that |
%—g—) ~1 forze D\B,¢&,r).
Since 7 > 0 is arbitrary small and the constant of comparison is independent of r,
the lemma follows. O

Proof of Theorem 1. Lemma 7 actually shows that % is a singleton and that the
function u € % is minimal. This is proved by Ancona [2, Lemma 6.2]. For the

reader’s convenience we give a short proof below. Let
c= sup M
uwestes V(T)
€D
Then 1 < ¢ < oo by Lemma 7. It is sufficient to show that ¢ = 1. Suppose to the
contrary ¢ > 1. Take arbitrary u, v € S%.. Then v; = (cv — u)/(c — 1) € H-, s0
that u < cv; = ¢(cv — u)/(c — 1), whence (2¢ — 1)u < ¢®v on D. This would imply

c= sup u(z) < ¢ <c
u’veji%* U(.'L') - 2C - 1 ’
z€D

a contradiction. Thus ¢ = 1 and J%- is a singleton. Moreover, the function u €
HG is minimal. For if h is a positive harmonic function not greater than u, then
h/h(zo) € H4-, so that h = h(zo)u. Let G(z,y) be the Green function for D. Put
K(z,y) = G(z,y)/G(z0,y) for z € D and y € D\ {zo}. The Martin kernel is given
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as the limit of K(z,y) when y tends to a ideal boundary point. If y — &* € §*D,
then some subsequence of {K(-,y)} converges to a positive harmonic function in
F-. However, since S is a singleton, it follows that all sequences {K (-, %)} must
converge to the same positive harmonic function, the Martin kernel K (-, £*) at £*.
Therefore K(z,-) extends continuously to D \ {zy}. The kernel function K(-,&*)
should be minimal. It is easy to see that distinct ideal boundary points on 8*D have
different kernel functions. Hence the Martin compactification of D is homeomorphic
to D*. The last assertion now follows from Proposition 1. The theorem is vproved. O

Using Theorem 2, we can show the following theorems in the same way as in [1,
Section 4]. We omit the details.

Theorem 3. Let D be a uniformly John domain and let V be an open.set and K
a compact subset of V' intersecting 0D. Then there are A > 0 and € > 0 depending
on D,V and K such that

M_ z,y)° forx
u(y)/v(y) IISAPD(,y) forz,ye DNK,

whenever u and v are positive harmonic functions on D, bounded on D NV and
vanishing g.e. on 0D N'V. Moreover, the ratio u/v estends to D* N7 Y(K) as a

Holder continuous function with respect to Pp.
This theorem is deduced from the following local version.

Theorem 4. Let D be a uniformly John domain. Then there exist positive constants
A and ¢ depending only on D with the following property: Let €* € 8*D and R > 0
be sufficiently small. Suppose u and v are positive bounded harmonic functions on
B,(€*, A7R) vanishing q.e. on 8D N B,(¢*, A7R). Then

U [ T\E U
0SC ~§A(—~) osc — for0<r<R.
Bp(¢*,r) ¥ R/ B¢ Ry v

Similarly, the Martin kernel K(z,£*) for D is Holder continuous function with
respect to Pp.

Theorem 5. Let D be a bounded uniformly John domain. If &6 € 0*D and

R > 4Pp(£1,&5), then
| Pp(€1,65)\°

K (- &*
0SC ( 751)
D\B,(¢*,R) (') 6;)
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Moreover, if x € D\ B,(£}, R), then

(Sl

| K(z,&})

K&

oo(€5 6D\
SA<—“R—_2_) -
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