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Introduction to Resolution of Singularities

Pierre Milman (University of Toronto)

We will present an elementary proof of a canonical resolution of singularities in char-
acteristic zero (at least in the hypersurface case) including detailed examples illustrating
some (elementary, but important) applications and the constructive features of the “local
to global” argument. The proof is by introduction of a discrete local invariant whose
maximum locus determines a smooth centre of blowing up, leading to desingularization.

Lecture 1
Blow ups, Desingularization Theorems and examples.

Lecture 2

Proof of Weak Desingularization (in all details). From local to global: local properties
of an invariant that imply a global desingularization.

Lecture 3

Constructive definition of the invariant for desingularization and an example illustrat-
ing the construction.



TABLE OF Con7ELT

PA-(rfC
PAP 1. BR ]EF H1sTORY DFDEQ,UGI/AA/Q/EA 7‘/0,0 AMD THE

ML FEATU /QES @C MYy kak Lé/)'/’// 5/_'5%57‘0@5). D:S

PaeT2  BLowiwe vp | ExAmrEs.  6-12

PART D  EFFECT 0F EQU/IMULTIPLE Blow uvps

A 138
PARTY WEak DESIMGL LARTEATION TirEoR Epy

(Proog ju Ace pE7ALS.) ',"_f_‘fZééz,,z




,ﬁﬁl Bricr H/sToRy oF DESIN GULARIATTOA

AMD THE 174/0 FEATPES

History. ( OF MY Work wiry ﬁ/?ﬁﬁ‘oﬂ}

7/

The problem of resolution of singularities ap-
peared in the middle of the nineteenth cen-
tury, altough in the 1-dimensional case it ex-
isted earlier in the guise of finding good parame-
trization of curves. At first, the problem was
only considered for R and C.

dim X = 1. Puiseux, Kronecker, Halphen,
XIX century, 1. Newton XVII century
RIEMANN, XIX century.

dim X = 2, char £k = 0. Beppo Levi 1897,
Chisini 1921, Albanese 1924, R.J. Walker —
Jung 1935, Zariski 1939, 1942.

Local Uniformization Theorem, any dimen-
sion, char k = 0: Zariski, 1940. ’

dim X = 3, char k= 0: Zariski, 1944.
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FROM AMS FEATVRED REVIEW By T. L pman:

Hironaka'’s theorem on the existence of resolutions of
singularities for any algebraic or analytic variety V
over a field of characteristic zero is an outstanding
achievement of twentieth-century mathematics, by virtue
of the depth both of its proof and of its applications.

...The history of the problem of existence of resolutions

goes back more than a century ... . And the history is
ongoing ... novel approaches to global desingularization
have just been developed by A. J. de Jong et al ..., leading

to a new generation of short, but non-constructive, proofs.
Hironaka’s proof is lengthy, difficult, and non¥constructive.
Influential as the‘proof has been, few people can have checked
it through entirely, even after some subsequent enhancements
of the machinery ... . Simplified, more algorithmic proofs are
important not only for imparting better understanding of what
is really involved in this great theorem, but also for their
potential value in unearthing basic features of singularities
and their classificatidn. The challenge of finding more
straightforward algorithmic approaches was taken up by Zariski,
Abhyvankar, and others, and successfully met only in the past

decade by Bierstone, Milman, and Villamayor.
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Exampled
Let z,y be coordinates on k2. Algebraically,

M’ is glued together from two coordinate charts,
with coordinates (a:?%) and (y,%’-), respectively.

Example. Resolution of singularities of the

curve C defined by y2 — z2 — 23 = 0.

2 3 2
y2—a: —r —(a:’y/)z-a:’ —p!® = 12

=z (y' -1-2').
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Example?. Resolution of singularities of the
curve C defined by y2 —z3=0.

3
y 3 = (:c/y')z——:c’ — m/2(y/2 )
g =
a E / 2
Ts ‘3 " e, : x :Jl
C ’
> OR IN (X,4,Y’) -space

X:ﬁg’z 3:5/3

NOT NORMAL CROSS/N &
(ver ...)
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