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1. Tt rodudfion |

A Theorem of Zaviski—van Kampen Tells us hocw
T compule The Lundamerilal qroup (P~ C,p)
, where P*=TE(C) is The complex prijechive plane,
C s a plane a{gebral'c curve and P°— C is the
compfe”ment. (P, is 2 rejferencé Foiﬂ"t.)

However, it is met easy in general To caryy oul
fhe compuTalion. This is because we can mot
caleh in genera’ the globaf behavior of The braid
/monodr"om)/.

TInthis mole, we give a simple meThod Lor the
comFmTa_hons of fundamerital groups fora SFQC?&[
J\}/fae ot curves C) that is 16 say, for rea |

curves with some Fm]berﬁes . Our method
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can be seen move or less in some ofher liTer-
aTwes. gee e.qg. Kaneko L51 and H\ronakaEéL].

9 . Nolalions

WQ use The vgo Iocoma /HOTaTIOﬂS
(1) Producl of permilalions :

) e R Y
(i) Produck of palhes:
M = o
(i) Braids:

A IXEX XS

T3027y

The A ’rAﬂn Em\d eramf Bd o.F d s"hdnjs can be

ox yressed AS

B4 = <g—‘)‘”/0\°1—ll Gl T = T3 0007,
(l=i=d—2)
G0 = aa; (limil=2) >

D
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(That s Ba s 8@:1@(51'&4 }7/ ar,

)
have The 8enerszn<a velalions @; 07, 07 = ot 07 O
efe. )

(V) Fundamerital group of C—{d Fom—tc'l(
Let -+ B be d poirls in C. Take =
relerence Foint P in C—1 7, -, Pul. Then

04 and

C—Ap, o rak o) = < e L v,

the %ree jrmtf ol rank o genem‘fécl- b/ Ty

where ¥ (1=j<d) are lassos (meridians)

¥,

as in Fiautre 1.

Piawei

The AYJ{\_H b\’Z\’\d éjrbu.P BA 2\5@ on The Free j‘Y‘DULF
Fa = <5/l) T, ¥g > as —[:o//ou)s:

Q(&L)z ,L—‘X,{ﬂ?rzi, , GG = X,g)(l—é{éfl’ﬂ)_
Gl )= %  (3F4,4+).

By acle %ﬁh%l]/ on 4 (see Birm&n[’lj).
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M I'F Pl; Tt ba ave FO\nTS n '[Ei
(the complex prijeciive line ), then

7r:\(1\z'~h>«)---)m) Po) = <er\)---)érd\bﬁ"'}ﬂ=|>,

3. STanemenJE o{- Laviski—yan kamf?en—”?eb@m
Let (Xo: X2 X2) be & homogeneous coordinale

S)/S—l—ém n P Put 2= %/Xo , w=X/Xo,
the 2\3}\\1@ coovdimale S//S—Tém, Then L= \J Xo=0 ﬂ
is The line aC fmc‘.n‘ff/'. Lt C be an alﬂebrz'ﬁc
curvé in IEZ. Tz\kiﬂé 2 suifable coordinale S/Jém)
we may assume That C is defined in C-1r-L.,
b/ The —Fo”owin(j efyua_rim:

|

C: few) = wit a@w v +aue=0, @)

where a4 () ave Fop/nomia/s of 2.
The discriminaat D (a@),--+, aa@) of the
e%mefﬁom (4) with vespect To w is a Po}//mom'aa] of

ot
2oL 130, e gl - (2)
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be the seT of zeros of The discriminanC. Let
20 be 2 reigerenw Po'\ﬂt n C‘*‘{ 2(,' T, En } .
Let %0, -+, &m be lassos as in Fiauve?:

<}

Fiaurez

Y,
Forapoint ze@-{%l)“')zn}) et

W@, - - wylz) Lo - (B)

be Thev solufions of The e;aa—fﬁm ). We J;-.x
Pe=wil%), - ) R=wals) RN

in This order. Take are{levenc.e Fo‘mJE Poe C—A f,
S Pat. Le:t ¥, -, ¥4 be The lassos as in
Figure 1 . | |
Now, when z moves along 2 foop o in C-1%i,
R § sTarT(na Trom 7, , The ]DoinE in () move
and j'\\/e a braid 8(5) of d S"i’rings.

B T‘(d:\*{%t)“')gn%) Zo)"’“—é Bcl
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s Then a homomo{phism) called the braid monoJromy
7

represerilalion.

Ti’\e()r@m 1 ( Zaviski — van }(am?—en )

A= C p)= <1, G| 85T,
(1eigd, 2£j£n)>

—HweoremQ (Zz\ﬁsiz'\ — van Kamyen) I\C C does
met pass Throuﬁh The Foiﬂt 00 = (0: 0= i)) Then

Forthese Theorems, the reader ma Y refer Dimeal2]
TI'MS iF we know The braid /monocimwy 6[5;')) ﬁqen
The {mdaﬂmenTa! qroup can be caleulated . But it

i met eaS/"iB krow 1T in 8eneraf.
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a4, S‘tronﬂ ly real curves
Lét C be an algebram curve in P° given b)/
The a}M&Tm (4). Consider The L \ow!na condiTions:
(1) C i 2 veal curve  that s, ) every Fo/rwwn’\[

W%) (l<1<55 has rea\ coe .uevﬁqs.

(i) Ever/ Foin"t % (1£4=m) in (2) s 2 yeal
Pomt.

Ciit) Ever/ ram‘nﬁczmm poinT of o In every
‘7!3—1(%}) ({s;jgyw) s 2 real Fomt) wheve

n: (2, w)e(C —s ze

s The Proéec’ﬁow.

(V) Every Foint P (Il=1=<d) n &) is

a veal poinT. |
We call a curve C  with the condiTions (1) ~(V)

2 g'trmgy[\/ Y€2\I curve . For such a curve C we

will sHow how To cary out The c:omFMTaT/ons of The
»,glwndaMenTaf ﬁerFs .
We use the above molalions . We may aAssume That

< - <2 and P --- <Py
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ASS(AW\@, {‘OYQXZWY\MQ "hL'\a"t Mn= G and 22< ?o<23-
We Take The lasses 83' (1 éj < £) as im F‘-gw@g:

a gl .3, %o . 82 ?o
0 |
go "“ F\a\,\(eg

5 o de
2 ,@35 9 @ LT )

( The lassos ave on the veal line | except around 2
where They are on a circle or a hemicircle wifh
The cenfer 33 )

Usivxa These lassos, we can observe The 8[01721{
behayio™ of The braid /m,mw&mwy/ 6}(53) (légén>
and the aclims on Y. (l£isd),

For example, if the poinl 2 on 34 in Rgure3 moves
on the lower—hemicircle with The cerler o  Them W)
LWy @) amove so That ‘l’he/ defermine the half
of The local ”monoc{rmvy/ given by The circle around
13- Hence Y s C/hanae& 19)/ The aclion of The
halt /monodrowy) provided that every pomlt of
very T(5)  (g—e< g <Zste) s wal. TF
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 some roiﬂTS m 7Y(g) are moL veal , we amust be
ca\re}%\ and tyeal it case E/'case) as will be
showy b// »@Xamfles,

5. Examp\gs

\/\/e mow exp/z:\in our method using examp(es.

EXZ\MF\ai Let C ke the famous comciauram% of
6 lines as in F;gureét.

We Take 2 coordindle S/sTEm (2, w) as in Fgure 5
so That C is s'{"mﬁ{/ real. We assume that 90 IS
 The or‘lgm. We observe Figure? (see The znextfmae),
~ The 3 lines pass through the yamificalion point
Rs . TThe ha{ monodromy of  6(83) = (cro*r)

is 630305. Thus
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: F‘\gw{ei%

Ri

7

%1 > =
Y, = (GGG )= ¥,
Y, = (GGGYR) = %N ane,

= (G00E6B)= % &,

Yo = (RGO = Yo,
Yo = (GG(E)= 55,
V= (G0 0:)Y¥)= ¥ . e (5D

On the sther hand , b/v Theoremd , ¥ = 6(83)V;

(1l<1<6). This x‘mplies That

4G0L= BREG = %l
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Hence the yvelallons (&) can be vewnillen as

‘b";: Yéf- )

XSI:: m:‘XéXl)
ien,

KLI‘—:’ XA, (4:])5)6)’

We wriTe these dala on the line segmeﬁt as in
Fiaure é : |

(G=0"%%)

i aure@
R¢

A S

Tn a similar way , we wrile these dafa on every

line se/ﬁmerﬂ: as in Figure 7+
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(What we wrile in Figure '/ are moThina but the
so called coﬁFg,mTy velalions. )

Observ\n% These clo'Ta in Fgure 7, we can wrile
down The ?uﬂdamem_léi Jroups:

T(C—C n)=< 5, %, 5,0 15,5 |
GHN= GO = 068
bﬁzm Mbﬁz) 2@5’4: X‘q.b@“)
GG = WG hda= &06
Vsl = G%G = Nk,
IARFRE AN AR
LY = LYl =65 >

By Theorem2, 7, (I2=C, %) is generaled by
Wi, =, ¥ withthe same velalins as in

T (C*—C, P ), plus orie more velalim

ﬁXSX4%ﬁm: /.1_

1f we Take coordimale sysTem (z,w) such Thal ome
of The 6 lines is Lo (the line at infinily), Then the
exfression o{: 7C,(]P2—-c\) becomes s;‘mp(m:
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7[_‘(IE2——-C){>O)= <6, Xz)d})@zbﬁg{

R = GHEG= 5/15?6/5)
b/52@=5/4~¥5, b/zrl:mz/z)
G Ol=00Y= L0 >

Remavk  The expression of 1 (B*~C, p.) is changed
1{» we chanae the Fos‘t 6 o—F The V‘e?ererme I;a‘m't ?a.

EXZ.YYIP‘Q 2 Le’t C Ee “ﬁm S—tmngl)/ rea{ cuYrye c(pngfs-r{-ng

of an irveducible conic and 3 lines which are ‘k‘anaent

To The conic as in Figure 9 :

Figure q

g N
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We Take 2o so that $:< §,< 3¢ and assume That
3o is The origin as in Fiaure [O:

AW
N

[

t
Ri ':

- -

2

%[ S N L
(W& wrile |7 olwecﬂ/ inslead of

35 26 %7

P; n FiﬁMTQIO).

We observe the braid «monocfro\rn/ 6(5+), 6(3s), 6()

ond O (5q).
The half monodromy of 8(5) = G432 s 6205 .
Hence |
Ny = (R, Gla=Yels
and ' = LN h’{')
= Nny,
¥4 = ¥e,

{
Xs":.."b/ét.
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(We wyile Y, and Y, on the curye segumer#é
Figure 10. )
In a similar way , we observe 6(Jy) and 35{: #ze

following relafions :
(%5)" = (G%)
W= GEYT
5= nTEn

J

(We wriTe. b’s' and b}/ on The curve SélgMénTS Ty
F‘uawem. )

We also observe B6(0¢) a Pollawin@ ra{a’ﬁm:

nd g€ et Th
= zr;) e, nht'=rny.

Bul we must be cavelu] aboul 8¢5;), $or wutz)
and Wslg) become imaainap/ mumbers .

When z moves To The riaht on The real axis with
35 <2 < 2(—&, Then the poinls in (8) move as im
» F'\Swe | 1:

‘-"‘9‘ — _ (——' — . > T‘R
Wi(®) Wa(2) Rg W3 (R) Wis(g )

Fiqure | |
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But when z moves on the lower hemicircle around
2¢, Then the romts n (3) move 2s in Fiaure |12
in which our eyes are al The veference FO'm't and
observe the movements of Foir\Ts in order To defer-

mine The braid :

N Faaurelz
. :\\wa(z) . -
Wy (2) \‘Re W2 ) "R
wz(Z)
N

>

®

When 2 further moves a\ma ocbn) ailh 7> te
, Then the Fost in (3) move as In Figure 132

TW‘B(Z) 4 W‘g@)

m‘gv(% )
>

- - (—-_ N
Wy() R‘Z We(2) \\Rq)
W}(m/
* Wo (R o
\L 2 ) F lg Wz(%)l:
wye
o K »®

Hence vFYDm The Foiﬂt 2é~£/ &cé,) ezuals T

g = G—‘GE~IT22 0307 )

The velalims  o=(x; )= 5 (4=1,2,3,5) and
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the velalion ¥'= 53 imF\/ That
(G = v (uT ).

S‘wm{ar c&ns‘\cle\fé\_ﬁ&ws WO\/\Q {OY 5(84) ) 9(5;) anJ 9(53),
Thus we have

T(P~C,p)=<¥, 5%, ¥, Y%, b”:\
(Lr’= (hR), 68 = ke, W=,
R = 5T ), (e n) = (6,
(W)= (H%)?, %=7rY,
N R)= (R R 8
W LGLa=4>,

o\

h , _ N
it NV= nnd ‘ ) 5= e J

=50, We s,
W= nei!, We R,

We can vewrile it in asiwx\alxz,r\corm: |
T(E=C %)= <%, % Fal| Can)’=(r&)’,

(GRY= (h5), &h=rr>
(e=%ra, Yw=munn).)
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Exawx\‘o\o_ 3 (Consider The 3 'mreoh&dHQ conics
/meeTing at Two foin"E A and B and 3 lines EXZI)
Q@' and RR’ /meihn& at 2 Fo‘m't S as in FiﬁMYQ 14

Th‘\s con%awzmtm express 3 sFecial cose of Euler's
Theorem %r cubic curves. Let C be the s"ﬁfm‘ﬁ{/ rea |
curve of This ao\«{%ﬁurfﬁﬂ. Thew we can caleuldle The
—Pumolam-eh'-t-ﬁ\-l qeup as m Examples 2. The vesult s

TR = C po) = <¥, %2, 05, U, & & |
Vil =54 (4,4=1,2,3),
N = %Y (=123, 4=4,5,4),
Vebsla = &80 = 2% 8%
B@XquCé’st?ﬁ)Z:i >

)
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In this way ) many exawxf\es of The {fwnciam@,rTrZJ
groups for sTmal/v real curves C can be arleulgled.
Inﬁres—ﬁn% cowflgmra—ﬁms like Puﬂws‘ 'I'Heor:evw)
DQSZXBOMS) Theorew Pasaal s Thes remt Brianchon's
Theorem , de. ; are Q)(F\resseal by S“tvvngl/ real curves,
Thus the ?uﬂdamerﬁak greups of The ccmp/emen"fSo-F
the conigia“utm_ﬁons can be calenlated .

6. Braid qroups as fundamerifal qroups of.

S'trzmg\/y real cuyves,

Ly C is 2 stmgbf real curve ot ciejregg and
of genus 0 with a slmple cusp as n Figure I5 then

T(C-C,hl= <%, % | ahin=rnr>
>~ By (3-rd brmid goup).

{2,
F\auve (5
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C: Ww*—23>=0

| IS puch 2 cuyve.

Next | if Cis 2 s'hrvnj{/ real curve of deqree 4
and of genus 0 with 2 simple cusps and 4 Tode
as in Fiaure |6, Then

7[:1((1:2‘_ C) Fo) = <“)K’—) \6’3\ B'3\3)’2%,: Xzb’gb/fa)

GYG=Y6T, % =0n >
>~ By (4t braid qroup ),

F‘\ awre |6

C: 2%+ 422— 62w —3W*+ 4w =0

is such a curve. ( This e_g,ma—ﬁcm is due To M.Oka.)

Lo 2 similar way, it C are sTrzmgl/v vea| curves
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o AQSVQQ 5 and &, *resFecTive{y) and  of gonuo 0
wiTh onl/ siwxjoie cusps  and modes as in Fawew)
then ™ (C*=C, %) are isomorfvhic"fé Bs and B¢
, v@s\?erj\vel/ (But we do mét kstow the eiztmTcmS

for puch euyrves.)

Figure 1
W€ can cm«mue this fzrbc;ess and dyaw 2 stmﬁég

real cuyve whose cOm’oLement in (Ez has‘fhe
wﬁundamenfai qgroup isomorfhic T the ArTin braid group
of d str‘\nas.

7. Finmle branched covering of P*
One of the aim of Zariski[ 61 To ST:A&/ Wcumiame%
al qoups was To apply T 1o the sTuc{)/ of alaelvratc
| -Fuchons of 2 VZW:Z\HQS that s, of %nJ‘e,
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branched coverings of P
Here 2 fimTe branched covering

f: X—T°

of T° s lv)/ cfe-?iﬂmon) A '?'iﬂ'l-l-e proper ho{ovhoqohic
mapping of an irreducible morma Prv&ecﬁve surface.
X onfe B> £ is delermined by ifs permulalion

fvnonocirom)/ reFresenTaTim
@{: : (- C b)) =S4,

where d is the c[e/jr@ﬂ_ of T Sy is The d-h

syvnme'rric, qroup and C is the branch curve of {.

The "\maae 0{— @§ s 2 transinve sukjrpu‘) of ,S'a .
Conversely, givert a hemomorphism

d: m(E~C, ) — S,

whose imaae IS Jtrmsﬂfve) There exist 2 uriigue
(U\FTB isovnorfhisw)s D) -S:inITe branched couerina

f: X— P

such That (1) the branch curve is conlained in
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C and (iD @\c= B .

This Lollows from a Theorem of Grauert—Kemmert
C 317,

Since we know abovft Fundamenjél ﬁmuFS
7T (B°=C,P) Lor many s"trzmgi/ real curves C |
we can constvudt many examples of such homo-
movphisms $.

We give here onl/ one example. Let C be the
wn%gura—ﬁon of 6 lines as in Examp:lei. We use the

same molalions as in Exaw\p[e 1. Pt

Q)= &)= (145236),
S )= W)= (135246),
®(n)= (146235),
S (%)= (136245),

Then it is easy'i’o check That

B (R —C,p)— Sy

ls 2 homomothism) whose imqoave is 2 transilive

subﬁmuF of S¢ of order 24,



86

Re ?e (erices

(11 7.5.Birman: Braids, Links and Mapffna Class
Grroup, Ann. Math, Stadies, §2, Princej"m) (1974,

27} A Dimca: §\n3u|ar’fﬁes and ToFo/oa/&F H/fer—
sur{aces ) §1>rin@ev—— \/erfag J (1942).

L33 H.Gra_ue\ft, R. Remmert : Komplexe Réﬁume) Math.
Ann., [36(1958) | 2463,

47 E.Hironaka: Abelian coverings of the complex
méec_ﬂ‘ve plane branched alomg aamt;auvé?[t'ms of
Yea\ lines, Memoirs of AMS, 502 (1993) .

51 3. Kaneko: Monodmm)/ qroup 0-FAPF€“/S S’/sTem

(F4), Tokyo J. Math., 4-(1181), 35-5¢.

[61 O.Zavski, Co [|ected papers, Vol.TL , 1979,

Malols NAMLZ\) Defarﬁmen—t of Mcﬂ[ﬁemﬁcs}
Osaka Liniversily , Teyonaka , Japan.

/namba@ malh. wani. 0saka—U. ac, JP



