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Positive increasing solutions of systems of second
order singular differential equations

BN EE - R R
(Tomoyuki Tanigawa + Fukuoka University)

0. &

R LT, FRZIERIEEE b 2 2 BEMD HENR
@O *Y) = e(t)e™

{ @O =9ty *, t>a

EEHETH. ZIT, q, B, \, p WEEH, pt), q(t), ¢(t), $(t) HERXRH [a,00) LT
ERSNTZIEDEE & BEGEEE §5. 72 pt), ¢t) 3 &H

(A)

(0.1) /:o(p(t ~adt < o0, / (q(2) ~Fdt < oo

iz THDOEIRET 5.

(A) OfEEL, XM J Cla,00) TERBSNIZIEMERBEBOM (y,2) T, y, 2, ply|* W &
ql'|P~1 B BT J L THEBEMOTEEY»D J EOKHET (A) 272 Td0% 0. (A)
DIEfERE (y,2) 25X [a,00) ETHET S & &, % IEFEF (proper solution) & LY,
BKATEXESERTSH S L &, ¥R (singular solution) EIES. IEfER (y,2) DS
y, z DS E BITHEI (D) Th 5 L WK (BOH) LR,

KADOEHWE, (A) OIEMEEKBOGFELEELE BT THIETH LS. B p(t),
q(t) PEDFEBSEH

/oo(p(t) ~adt = oo, /aoo(q(t))“%dt:

a

AW THAT TR 3] TR STV A DT, KERTTIE p(t), o(t) H5RSIUR
M (0.1) W THAITEEELRETS. bIHIPLFELISZE, (01) OFT (A) OIE
KL t — oo DEXDFERME-TIDDY 5 AL, DHENT7F A
DEXIZBETABOFEHEZFRD.

(A) O IEERAEOFEAE L W T8 iﬂ?-ﬁm RICXoTEEINTWA. 2EIER
s AR RICET 2RED 5 HkE L T [1,4,5-7] BIFTHL.

(A) (X 2 IEMERTE, T2b b (A) OF (y,2) THREN

y(@) =0, (0(0)7Y (@) =y, 2(a) = =, (¢(a))?7(a) = z

AT RO HMEL, EED 3> 0,2 >0, >0, 2 > 0L T, X [a,00)
SRTHEETH—EREDDILENRENS. (A) OEBLDOIERBEDIEANETH S0
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I, IFMESE AR (v, 2) BT _CEEMRICE DI LIZERT A,

( 2) %KM [a,00) LTERSWALEHARETS. /(1) & 2/(H) PETHE0H
F‘aéﬁlp( W @)1y (1) & q(t)]Z@)]P12(t) 1 [a, 00) LIEMEHMMBAKT, t > 00 DEED
R RRIE
(0.2) tl_i)rgp(t)(y’(t))“ =const >0 LWV tgrgop(t)(y'(t))“ = 00,

(0.3) tlircr’lo q(t)(2'(t))’ =const >0 HAHVIE  lim @) (Z'(t))? = oo.

DN 5. p(t)(y'(t))* [q(t)(z’(t))f’] Dt—oooNDEED, RRMED S 51X, y(t)
[2(t)] & [a,00) LARTH B LICEETS. 2IHLT, (A) OEMEMKML ¢ — 00 D
L EDOWREHIE>TRDIDDY A TIZHEEINS.

4

Jlim y(t) = const > 0, tli}r&(p(t)ﬁy’(t) = const >0
(D) \
| jim 2(t) = const > 0, tgrgo(q(t))%z'(t) = const > 0,
( . _ . —olf ! — |
- < Jim y(t) = const > 0, Jim (p(t))=y'(t) = const > 0
: 1 ‘
| Jim z(¢) = const >0, lim (q(£))2 2 (t) = o0,
. 1
lim y(t) = const >0, Him (p(£))=y/(t) = oo
(111) g )
| Jim z(t) = const > 0, tl_iglo(q(t))ﬁz'(t) = const > 0,
4 . 1
Jim 3(t) = const > 0, Jlim (p(t))=y/() = oo
(IV) < )
| jim z(t) = const > 0, tllglo( q(t))82'(t) =
[ i = ' ay'(t) =
- ! tll)rgo y(t) = const > 0, Jlim (p(t))=y'(t) = const > 0
: : AL
| jim =) = oo, im (@)} (0) = o0
( 1
Jim y(t) = oo, Jim (p(£))=y/(¢) = oo
(VI) . .
| Jim z(t) = const > 0, | tl_i_)rgo(q(t))'ﬁz'(t) = const > 0,
( _ .‘ 1y _ v
Jim y(t) = const > 0, Jim (p(t))=y'(t) = o0
(VII) i .
| Jim 2(¢) = oo, Jim (q(2))22'(t) = oo,
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[ Jim y(t) = oo, Jim (p(£)) 7y (¢) = 00

(VIII) 4 X
\‘tli)rglo z(t) = const > 0, t&rgo(q(t))ﬁz'(t) = 00,
| Jim y(t) = oo, Jlim (p(6))y/(t) = o0

(IX) \ 1
Jlim z(t) = oo, Jim (q(£))? 2'(t) = oo.

747 (1), (II), (1II), (IV) DfE% weakly increasing solution, ¥ 47 (V), (VI), (VII),
(VIII) Df#% | semi-strongly increasing solution, ¥ 47 (IX) OfE% strongly increrasing
solution LIERZ ED3H 5.

1. Weakly increasing solutions

ZDETIE, (A) OFERES 47 (1), (1), (IV) a:ouxf%ZL INHDBIZHLT
imf@%ﬁﬁh‘fﬁf ECH LI LERRT. (D) 1 (II) L AREMIZFRAILTH 5.
(y,2) % [a,00) £D (A) OFFHKRBLET L. (A) % 213%:*:53‘“9“1&

1) ) =v(o0) — [ (e (v + [ ote *dr)]%ds,

(1.2) 2(£) = 2(00) — t [ (zl + / D) (y(r) "dr)] “ds, t>a
HHEND. gy =y/(a), 2 = (a), y(oo) = Jim y(¢), 2(00) = lim 2(t) T 5.

TR 1.1, (0.1) 2 HET 5. (A) BEYARS 47 (1) & b2 OLE+HFEMEE,
(1.3) / ” o(t)dt < oo, / p(t)dt < oo
BRI DOZ ETH5D.

B (LEM) (y,2) 25 (A) DF AT (1) DTS 51X, H2EERE, K, 1, I i<
XL T, AR
k<y(t) <K, 1<z()<U, t>a

PHEALD. The (1.1), (1.2) oo 5 B4R

[ emGm)dt <o, [T uBye) "t < oo
X MAEDbEL L (1.3) PEZHITEINS.
(+51) (1.3) IKET 5.
ofr(a) <dde,  Wipla)<ec
BEIDEIZEH c>08d>0 28R, 12721,
o= [Tod, vi= [T, w@) = [ @) Fd, o) = [ @)
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Thb. X7 VB (v,2) DEE Y LEfg F:Y — Cla,00) x Cla,00) %
Y ={(y, 2) € Cla,00) x Cla,00) : ¢<y(t) <2, d<z(t)<2d, t2a},
Fly, z)(t) = (G2(), Hy(t)), (y,2) €V
ko TEHETSH. 22T, G & HITHESERARE

:() =20 [~ [ (70 = [~ ettetr) )] as,

>

Hy(t) = 2d — /t ” [(q(s))—1 (c"“l’l— / ooz/)(r)(y(r))‘“dr>] ds, t>a
rEDLT. BHIZ,

() F)CYThaIk,
(i) FIEHETHLIL,
(iii) F(Y) i& Cla,00) X Cla,00) ICBVTOMMI X7 P THBI L,

AR EN B D5, Schauder-Tychonoff DAREIEEIUC L o T, Y DHIZ F OAREIA (y, 2)
PEET 5:

Ny, 2) €YV (y,2) =F(y,2)
ZOREHE (y,2) BB HERR

S
o

(1.4) v =2e= [ (o) (0 - [0 olr) (=(r)) r )| ds
t°° [(Q(S))"l (c‘#\lll - /OO ¢(T)(y(r))_”dr>]% ds, t>a

8§

2(t) = 2d —

AT, (14) 2 2EMAT5ILICE 2T, (y,2) #° (A) PIEERTH L Z L3575,
EQAL Y A '
tllf&) y(t) = 2¢ > 0, Jlim 2(t) =2d >0

DAL D. T (y,2) DX [a,00) ETCERSNITHRBES A7 (I) OBTHAHZ
LERLTWA,  (GEEBR) .
& A7 (1), (IV) DFFHE KM DOV TIERD EHEHBALD.

FIHE 1.2. (0.1) ZIKETH. (A) VHHKES 47 (1) & b 220 DLETTEEE,
(1.3) &

R-NE

dt < 00

(L5) [t =co, [ @) [ wis)ds]

BRI ETHA.
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I 13, (01) ZATES 5. (A) FTHKBES 17 (IV) & b D70 DLE 54
(1.5) &

Q-

e ] o] t
(16) 7 ettt = oo, / [(p(t))"l / go(s)ds] dt < oo
BRIOZETHS.
2. Strongly and semi-strongly increasing solutions

RIZE AT (V), (VII), IX) O (A) ODEKBOHFEELT LET 5.
(y,2) EXM [a,00) LD (A) DMABET 5. (A) & a 25 t TTLEAMST 2 &

(2.1) ~yo+/ [ s))~ l(yl —I—/ "dr)}ld s,

22) ) =20+ [ o)™ (£+ [ sw<r)<y<r))~“dr)] ds, t>a

PHELNS.
(y,2) €5 47 (IX) DFFET 5. (2.1) & (2.2) ITBWVWT t = 00 & THIL,

3) [ o) [ o)) a = [* a0 [ vouera)’ @

WHRILZD., D (2.3) EARERX yt) >k, 2(t) > 1, t > a (k, | FEEHR) 2 s E5hE
5E,

ey [T o) [ e " = [ Jtawn™ [ vis)as] =

BEOEND. IHH S AT (IX) DROEED 2O DUELEETH 5.
RIZ(A) B8 4T (V) DR (y,2) % b D720 DUELM

(2-5) /a " [(Q(t))"1 /a t w(S)dS] : dt = oo

(2.6) /b C o)(T(t) Nt <o, b>a
BRILDOZETHEHIERFT. 2T, B U: [a,00) = R I

wj~

(2.7) v0) = [ o) [[veiar] s, 20
TEHRIND. EE, AERN yt) >k, t > a (kK IZEEH) & (22) 2HlAELEL L,

1

(2.8)  2(t) < 20+ / t [(q(s))—1 (zf + ko / sw(r)dr)} ® ds

|_.___|
‘ml~
V
IS}

<+ )} [ Bds+ @k} [ o)™ [(u0

a
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FIELND. t— 0o DL E 2(t) = 00 THAND, [P(g(t)) Fdt < oo I(FEETLE, L
DARERXD B (2.5) BELN L. KIZAREK (2.8) 25, 2(t) KL T
(2.9) \ 2(t) <m¥(t), t>b

L BER m > 0BT AT LINEET A, ThE, WO IR O
|7 o) dt < 00

IARAT B L, ~
mAA o) (T()dt <00, b>a

BROND. ‘ |
FIREDRET, (A) 7 A7 (VII) Off% b 27D DLEFMAL (2.5), [7° ¢(t)dt = oo,

L
a

[¢’s} t
(2.10) A[mmﬂﬁmmmm*w dt<oco, b>a
BRI DT L ThDE L RTHT LI ENTES,
& A7 (V), (VII), (IX) DBOFEED 72O D+T55EHE TLOERTHA N .

T 2.1. (0.1) 2 IKETS. (1.3) & (2.5) PEIL2%R HIE, (A) 135 47 (V) DKM
b0, Ld, 20k X (A) OEEEABETTE AT (V) ORIZE 5.

T 2.2. (0.1) 2RET 5. (2.5),

(2.11) /aoo [(p(t))‘1 fatw(S)dS]gj dt < o0,

(2.12) Aw¢@XW@»”ﬁzum, b>a

DD 5IE, (A) ZF A7 (VII) O#KFE DD, Lhd, T0L S (A) DEMEHEK
BT RTH A7 (VII) ORFIZRS.

T 2.3. (0.1) 2IKET 5. &M (24) I2MZ,

Qi

(2.13) 7 [ [ ets)ws)ds] " at = oo,

(2.14) AW&MD*AW@xmng4Eﬁ=aL b>a

DRI B, (A) 37 47 (IX) D#EAFEE LD, Lad, 20L& (A) DEMEHEKHE
BTRTIAT (IX) DRI H B, 22T, B @ [a,00) > R F

(2.15) yw=LT@@»*£bwmﬂaw t>a
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TEHRINS.

AR (A) DY AT (IX) OWKRIF (y,2) Dt =00 DEEDWRERFTRD. 2 B
LU TARER (2.9) T ENZREERAVDLILICE T,y BOITHLTH

(2.16) y(t) <nd(t), t>b
L BIEEH n BSTET 52 LD 5. (2.1), (2.2) 2 HELN B RER

02 [ [e) " [ otretr) ] s

0 2 [ [ae) " [vewe) el ds t>a
12 (29) & (2.16) XA TIUL

/ [ / (\If(r))_)‘dr] %ds,

w8 [ )™ [Tom@e)rar]ds o2
2155, TN (y,2) DEREOTY»L OFHEL 52 5.

i
Q>

IV

3. Example
5l 3.1.
(eXly'[*y) = ke'z™
(3.1) { (ePt|2'|P-12") =lefty=*, >0

2EZDL. ZIZT,a, B, A\ p, ky, LIZIEELL, v, 6 \TEEE T 5. p(t) = e, q(t) =
By R 6T (0 1) ZEiZzd. 72, o(t) = ke™, ¢(t) = le® IZX L TUTD (3.2)-(3.9)
BRI DZ EDRENS.

(3.2) /Oo p(t)dt <oco <= v<0;
0

(3.3) /Ooo Y(t)dt <oo = 0<0;

1
o

(3.4) Ooo o(t)dt = oo, /Ooo [(p(t))‘1 /Ot (,o(s)ds] dt<oo <<= 0<vy<aq

Q-

65 [T eyt = oo, L ” [(q(t))—l /0 tw(s)ds} dt<oco = 0<6<p.
¢ s : e (v #0)

ot)= [ 660 [[emiar]"ds, e ~{
tie™t  (y=0)
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(3.6) /boocp(t)(\ll(t))_"dt<oo — q<

(3.7) /bww(t)(é(t))““dt<oo, — §< :

CON (O /,fso(s><w<s)>*ds]zl"dt=oo = 72a+/\(6ﬁ_ b,

=

dt =00 <= (52ﬂ+”—(7—a~—a—), b > 0.

89 ["[e)r [ @) v

i) v<0,6<0%6iX,(31)F A7 (1) Dz D,

) 4 <0,0<5< BRI, (31) 1547 (1) DEE LD,

i) 0<y<a,0<8<B R, (31X A7 (IV) DFEZE LD,
iv) v<0,6>0%5613F,(B81)1RF¥AT (V) DEEE LD,

) ’\“%-@‘57 co 8> B R0, (31) dF AT (VII) DR b,

(vi) 72a+’\(55m,62ﬁ+ﬂ7—§—@ 2o, (3.1) 13517 (IX) D% b D,

BRI (A) ST 28 E5 S, FHERES HERR

{ div(|Du|™"2Du) = |z|fv=>

(.10 |
div(|Dv|*"2Dv) = |z|'u™#, =z€E,

DHERFEIRIC B1T 2 FREAFRRD |7] = 00 D & E DOWHEBEIZ DV T OHR L FEHI
bRNAZEIZEETA. '
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