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Motives for Seleéting a Strategy in a Non-cooperative Game

B K TFEEH #h H-EE/A (Teruhisa Nakai)

ABSTRACT

There are many examples of non-cooperative games in which a player does not
necessarily select the Nash equilibrium strategy in practice. In order to understand
such a situation rationally, we propose a subjective game for each player which is
constituted by taking‘his motive for selecting his strategy into consideration. In
particular we give a rational model for explaining an actual behavior of each player in

the prisoner’s dilemma game.

1. INTRODUCTION

We consider the following two-person, non-cooperative, nonzero-sum, finite game:
I
ﬂ] o ﬂn .
) al (all7bll)' T (aln’bln)
G=[4,B]: 1 : : D

am (aml ’bnll ) o (amn 3 bnm )

where 4 =[a,] and B =[b,] are payoff matrixes for player I and Il respectively. That
is to say, player I (II) selects one of m(n) pure strategies a,,---,a,(B,---.5,)

without knowing the choice of the opponent. and he obtains the payoff a; (/),.j ) and the

m

‘game is over. Let x,=<xl,---,x ) be a mixed strategy for player I where x, is a



' probability that he selects the pure strategy «; :x, =20 (i=1---,m) and E le,- =1.
Similarly a mixed strategy for player I is denoted by y=<y,_,---,y”>:yj. =0

(j=L---n) and 2 :_1 Y, =1. When players I and I select mixed strategies x and

Y respectively, the expected payoff for I is given by

M (x,y) = xAy = 2:'1 2:_1 a;x,y; 2
and one for I is given by
M,(x,y) =xBy = 2,’: z:=1 bijxiyj . )

For a non-cooperative game some equilibrium solutions have been proposed to explain
the behaviors of players rationally. One is the Nash equilibrium point which is prposed
by J.F.Nash[3].

Definition 1. - The pair of mixed strategiés for both players (x",y") is the Nash
equilibrium point (NEP) if and only if it satisfies the following relations :
M, (x",y") =max M (x,y") @
M,y = rnax M,(x", ). ®)

The NEP is a point at which both players equilibrate each other by aiming at only
maximizing his own expected payoff.

Another is the twisted equilibrium point which is proposed by R.A.Aumann][1].

Definition 2. The pair of mixed strategies for both players(X,¥) is the twisted

equilibrium point (TEP) if and only if it satisfies the following relations :

M, (¥,y) = min M,(x,¥) ()
Ml(a?})=m)1!n Ml(zvy)- ) - ' (M

The TEP is a point at which both players equilibrate each other by aiming at only
minimizing the expected payoff of his opponent.
Moreover Aumann[1] defines an almost strictly competitive (a.s.c) game and shown that

In an a.s.c. game the optimal strategies for both players exist.
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By the way. can these equilibrium solution realy explain the actual behavior of each
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player rationally ? In connection with this, J.S.Minas et al.[2] reports the results of

some actual experiments by non-cooperative games.

Experiment 1. We consider the non-cooperative game

B, B,
6.1 l(4,4) (1,3)] : ®
a, [ (0,0) _

which is a thirty-trial game using fifteen pairs of female subjects. This game G, hasa
unique NEP (a,, ;) with payoff vector (4,4). and besides, this point brings both
players maximum payoff 4, that is , it satisfies the Pareto optimality. Then if each
player aims at only maximizing his own expected payoff, he is sure to have no hesitation
about selecting the pure strategy ¢«,. On the other hand, since a unique TEP of this
game is (a,,3,). player I is sure to select the pure strategy «, if he aims at only
minimizing the expected payoff of his opponent. However the result of this experiment
was that fifty-three per cent of the individual selections were «, and the remainders
were «,. Note that the game G, is not an a.s.c. game since the NEP is not equal to the
TEP.

Experiment 2. We consider the prisoner’s dilemma gamé
I
B i

G,
2 a, |50 @D

®)

‘which is a fifty-trial ¢ame using thirty male subjects. This game has a unique NEP
(as,, B,) which is also equal to the TEP. Then the g;xme G, isan a.s.c. game . [f player
[ aims at maximizing his own expected payoff or minimizingvthe expected payoff of his
opponent, he is sure to have no hesitation about selecting the defection strategy o, .
But in this experiment thirty-six per cent of subjects select the cooperation strategy &,

and the remainders select the defection strategy a, .

From these experiments we can see the following facts:
(i) A player does not necessarily take the Nash equilibrium strategy (NES) only. Then

the NES can not necessarily explain the behavior of a player in a non-cooperative



game rationally .

(i) A player does not hecessarily select his strategy by only one motive. It seems that a
player moves under the mixture of various nidtives. Though the payoff matrixes
known to both players are A and B only, in the actual game a player seems to move
under judgement by his subjective payoff matrix constituted from A and B.

Then in the next section we propose a subjective game for each player in a non-

cooperative game.

2. SUBJECTIVE GAME

In the non-cooperative game G given by (1), we consider / motives m,m,,---m,
under which each player selects his strategy. When player I and I select pure strategies
@, and [, respectively, Ie.’cf,.;c (g,.f) be a subjective payoff for player I () with respect

to the motive m, . Then

fr=1] , g =lgf] (10)
are called by the subjective payoff matrixes for player I and I with respect to the motive
m, respectively (k = l,---,Z) . Nc.>te that f* and g* are constituted by the public

‘ payoff matrixes A and B.
- For example, the following motives can be considered :
(i) Motive m, : Maximizing my own expected payoff. In this case the subjective payoff

matrixes are given by

fi=ay . gy=b,  (=lewmij=len), (a1

4

- In the case that both players move by the motive m, only, the equilibrium point. is the
NEP.
(ii) Motive m, : Minimizing the expected payoff of the opponent.

_f,f=—b,.j o, | g =-a; ‘(i=1,---,m;_j=1,--'-,n) (12)

)

In the case that both players move by the motive 2, only. the equilibrium point. is the
TEP. '

(iii) Motive m, : Maximizing the difference in payoff between player [ and I,

‘f;‘?"=aij—b/j’ . & =b-aq, (=Ll--m;j=1L--,m)y. (13
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(iv) Motive m, : Maximizing my wining probability.

f; =sgnQ1,.]. -b,) , g, =sgn@,.j —a,) (=L m;j=1

where x* = max(x,0) and

1 if x>0
sgnx=J 0 if x=0
-1 if x<0.

(v) Motive m, : Maximizing a probability of not losing.

+ +
3 5
f,] =1-—sgn@,j -a, . &y =1—sgn€z,j—bfj

(vi) Motive m, : Minimizing my regret.

6 6
Jy - maxa, —ay ), gy = -("%X be-5,)
r.y ks

(i =1Leeym; =),
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e (14)

(15)

(16)

a7

(vii) Motive m, : Maximizing the total social payoff (The sum of payoffs of both players).

7 7 . o
fi =8; =a,+b; ((=1-m;j=1---n).

(18)

(vii) Motive m, : Maximizing the payoff of mutual prosperity. This motive can be

considered only when there is a pair (7,,j,) satisfying

inJo t+ b"oju indo ioJo

=m_a_x(a,.j+b,.j) and ]a.. -b
ij

In this case

j;]x _ g;z_ - {ai‘)jo + bioj{,' If (i, 1) = (ioa.jo) ‘

0 otherwise

= rrlujn laij -—.b,.j .

(19)

20)

Let 1,(6,) be a weight which player [ introduces for denoting a degree -with which

player I (II) regards the motive m, as most important. That is, player [ considers that

player [ (I) selects his strategy by the motive m, with weight A, (6,). Similarly let

& (77,) be a weight which player I introduces for denoting a degree with which player

[ (II) regards the motive m, as most important.

We define four weight vectors as follows :

. . !
,1=(,11,---,4,> . A, =20 for anyk | 21k=1

©2y



l9=<91,---,671> ; 6,20 foramyk Zé’k=l (22)

g

!
<§1,"'751> ; & 20 for amyk Z§k=1 (23)

i

1
n={m,-.m) ; n, =20 for anyk |, Zm=1 - (24)

‘Definition 3. When / motives m,,---,m, are considered in a non-cooperative
game G = [A,B], a subjective game G’ = [;4[,81 ]for player [ is defined by

! 7 !
AI={Z A fy | and B'= Z@kg:; : (25)
Similarly a subjective game G" =|4", B" ]for player I is defined by
; : - :
AHZ[Z@ff and B'= Zrykgif. ) (26)

Moreover we call the Nash equilibrium strategy for player I (II) in the game

G'(G™) by the subjective equilibrium strategy (SES) for player I ( ).

Each player dose not know the subject game for the opponent since he cannot know
weight vectors for both players which the opponent guesses. Namely each player faces
his own subjective game individually, and it is optimal for him to select a strategy.
which is most desirable for his own subjective game. If we consider that the public
payoff matrixes 4 and B are the final results after deliberating various motives, it
seems that it is not necessary to propose a subjective game. But it is not so since it is
impossible to know completely the final payoff mafrix considering all motives of the
opponent. Even if the public payoff matrixes A and B are final, in the actual game,
except guessing there is no meth{)‘d of knowing the motive of the opponent for selecting a
strategy. Really the results of many experiments dose not necé.ssarily show that a player
aims at only ‘maximizing his own expected payoff and selects the Nash equilibrium
strategy (NES). Then it is necessary to consider a subjective game, and if so. it is
possible to explain behaviors of a player rationally. 4

When player 1 faces his subjective game G', he considers as f'oll.owing-é - All

speculations of both players are incorporated in the game G[ and therefore each player
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‘will move by motive m, only (namely, maximizing of his own subjective expected payoft)..

Then it is most desirable for each player to take his subjective equilibrium strategy
(SES).
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In the game G', when player I and O select mixed strategies x and y

respectively, the expected payoff of each player is given by

er(x’y)=ii(zlk ;)"iyj | (27

I= Jj= =

M;(x,y) = EE(Z%&? )xiyf : (28)
I= ]= =

Then the NEP (x', y") for G is given by
M, y') = max M (x, ") | (29)
M (x', y") = max M, (x", y). | (30)
b4 .

and

The strategy x' is the SES for player I .

Similarly the expected payoff of each player in the subjective game G" for player I is

M (x,y) = 2‘2(2@]}" )x,.yj | (31)
Taf J= -
M3 (x,‘y) - }m‘( 2(2 .85 )x,«yj- (32) |
‘ S44\ 4"

Then the NEP (x",y") for G" is given by
Myt = mz_lleu(x,yn) _ 33)
M y") = max M (<" ). (34)

given by

and

The strategy »" is the SES for player 0.

When player I and I select the SESs x' and x® respectively, the expected payoffs
which both players expect to receive are M ll(xl, y') and M Zn(xn, ¥1), but the expected

‘payoffs which both players can receive really are M, (x', y") and M,(x", y").
. Xy ALY

Remark 1..(1i) Since each playér plays his own subjective game individually. there is

no direct relation among the SESs x' and y" of both players.

(ii) If both players move by the motive m, (m,) only and know it. the SES for cach

‘ player is equal to the NES (TES) for the original game (5. Specially if both players



move by the motives m, and m, onlyin a zero-sum game, the SES is equal to the

optimal strategy for the original game G.

3. NUMERICAL EXAMPLES
In this sectidn we consider two numerical examples.
Example 1. We consider a non-cooperative game as follows :

I
B, B,

G, I {(10,2) (1,9)}

} a, (0,10) @1)|

(35)

This game G, has a unique NEP((9/16,7/16),(7/17,10/17)) and a unique TEP

((8/ 17,9/ 17>, <1/ 2,1/ 2>) Then this game is not an a.s.c. game. We consider the following

two. motives only:
m, : maximization of my own expected payoff

m, : minimization of the expected payoff of the opponent.

Then
10 1 . 2 9
- , P
4 {o 8} . {10 1]
L [-2 -9 10 -1
4 ’[-10 -1} £ "[o —8]‘
We put '
A=A, A =1-4 . 6-0, 6,-1-8
Gi=¢. &G=1-¢ : m=1m. n=1-7.
Then the subjective game G' = I}II,B“]ﬁ)r player I isgiven by
o [124-2 1049 . [126-10 106 -
A = , B =
104-10 94-1 | 10 90-8

The game G' has a unique NEP

8+8 9-20\/8~-1 8+24\\
\17-6"17-6/\16+1"16+1/)

and then the SES for player [ is

(38)
] . (39)

(10
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(1)

x1=<8+9 g:gg>
17-0°17-6
On the other hand. the subjective game G" = E‘lu,B r ]for player I is given by
lI={125—2 105—9] , BK=[1217—10 10!7—1} 42)
10 -10 9& -1 107 97 -8
which can be given by replacing A and @ with & and 7 respectively in G'.
Then the SES for player I is
'yu <8 £ 8+2§>
16 +&E°16+&

The characteristics of the SES for each player are as follows:

(43)
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(i)The SES for each player depends on not only the weight of his own motive but also

one of the opponent’s motive.

(ii)If the opponent attaches greater importance to the motive m, (m,). then each player

must select a similar strategy to the NES (TES) for the original game (7;.

he must also attach greater importance to the same motive.

Example
selecting strategies. we consider the following two motives:
m, : maximization of my own expected payoff

m,: maximization of a probability of not losing.

Then
401 L[4 3
7<) o) o @
. 10 . 11 -
/ =L 1] d z[o J “
We put
A=A, A, =1-1 6, =6, 6,=1-6 _
(46)
g =¢. &=1-¢ m=1. ns=1-7.
The subjective game G' [4‘ B! ]for player 1 isgiven by
A= [314—1 A } B - [39 +1 26 +1} . 4"
24+1 1—=4 7] 1-8

The NEP of the game G'
(a,.8). (a,, B,) and

G- [(1220 6\ 124 4
- —o 1-0/\1-4"1-4/)

Otherwise the NEP is (a,, B)). Therefore the SES x' for player 1 isas ﬁ)llows:

- (48)

namely.

2. We consider the game G, in Experiment 1 in Section 1. As motives of

is as follows: If A <1/2 and @ <1/2. then the NEPs are
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a,a,,% i .
[__{ oA if 1<1/2, 6<1/2 (49)

a otherwise.

Since the game G, is symmetric, the SES y" for player I can be obtained by
replacing A, @ with & and 7 respectively in one of player 1. Then y" is given as
follows:

[a.a, ) if £<1/2, n<1/2
124 ‘ otherwise.

where y = <(1 =26 /(1-&),E/1(0 - f))

If player I selects the mixed strategy X in the case that 4 <1/2 and 8 <1/2. his
SES x' has the following characteristics: '

(i) Ifplayer I attaches greater importance to the motive m, (A >1/2), then he must
select the pure strategy ¢, (the NES for the original game G,) beyond a doubt.
(i)If the opponent (II) attaches greater importance to the motive m, (6 >1/2). then

p‘Iayer I must also select ¢, since the opponent is very likely to select ;.
(iii)If the opponexit is noncommittal (@ <1/2 and @ is near to 1/2), then player I
must select @, (which is not the NES) with a higher probability. ‘

We suppose that player 1 considers that the distribution of the weights A and & are
given by &(A1) and u(8) respectively. Then the probability that the SES x' selects the

strategy «, is given by

1 o/
P{x' selects a,} =J:A S(A)A[ : I—Qg,u(é?)dﬁ. (GI)
. () ) —
If we assume-
; 7.46x _ O0<x=<05
O(x) = u(x)=155.33-103.6x 035<x=<0.536 . . (h2)

0 0536=x=<l

then

v/ l_/'v
P{x! selects o) = f/ 1460 [ ° ——x 1466405 0473
(4] ) A D

7
-0

which is nearly equal to the result. (0.47) of the experiment by Minas et.al. Then we can

consider that if a person faces the game (. he seems to consider that the distributions



. the behaviors of players rationally.

4. THE PRISONER’S DILEMMA GAME

" In this section we consider the general prisoner’s dilemma game as follows:.

G,

it
C

: I
i D

C [(b,b) d.a

(a,d) (c,c

104

(63)

where a>b>c>d and 2b>a+d. The symbols ' and D denote a cooperation
strategy and a defection strategy respectively. Since the game (, has a unique NEP

(D, D) which is a unique TEP also, this game is an a.s.c. game and both players have

the same optimal strategy D (defection). But it has been reported that in the real game

each player has not necessarily take the optimal strategy D . We shall propose a model

explaining such a move of a player rationally.

We consider the following two motives:

Then

We put

m, :maximization of my own expected payoff.

m, :maximization of the payoff of mutual prosperity.

; b d . [6 al
f={a c] : g=[d c]v

g ]P0
778 o of

A=Ad =1-A: 0,=0.6=1-0
51 =§’5s =1-¢: ’71=’77773=1"”7-

B4

(55)
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~ The subjective game G'=[4" | B']for player I isgivenby

. [Q-A)b Ad . [2-60) 6Ga
A =] , B = : 56
Aa e o b 66)
The SES x' for player I is as follows:
a,a,, <J?(t9) , 1- J?(Q)) if A< 25 and 6 <. 26
I a+b . a+b
X = hD
a, otherwise
where
(@) =(c-d)8/{2b-(a+b-c+d)b}. (58)

By the 'symmetry of this game the SES yII for player I can be obtained by repla(:ing
A .6 with & and 7 respectively, that is,

n o 2b 2b
an“m()’(f) ) 1‘}’(5» if &< and 7 <
I a+ a+b
Yy o= : (GR))
a, otherwise
where o |
W) =(e-d)§/2b-(a+b-c+d)}. (60)

When player [ selects the mixed strategy <i¢(9) ,; 1——3?(6’)) in the case that
A <2b/(a+b) and @ <2b/(a+b), in Figure 1 we show the probability p(€) that the
 SESx! selects @, (which is not the NES for the original game G,).(Fig.2)

#9) it 0<os-2
' : a+b
p(0) = - | ©1)
0 if <A =<l

a+b
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p(6)
N
1 -
I . P
0 2h 1

a+b

Fig.1 The probability p(6) that SES for player I

selects the cooperation strategy ;.

The SES x' for player I has the following characteristics:

(i) If the opponent(Il) is egoistic (@ > 2b/(a + b)) , then player I must select the
defection strategy a, since player I also seems to take the defection strategy f3,.

(i) If the opponent has a larger intention to mutual prosperity (8 < 2b/(a + b)). then
the larger the degree of the intention becomes, the higher the probability for
player I of selecting the defection strategy «, becomes, and as a result he can
take the expected payoff by outwitting. _

(iii) If the opponent is noncommittal (8 <2b/(a+b) and 8 is near to 2b/(a + b))
then player I must select the cooperation strategy a, with a higher probability to

show his sincerity.

We consider the prisoner’s dilemma game in Experiment 2 in Section 1 which is the-
case that a=5b=3,c=1 and d =0 in (53). [n this case the probability that the

SES x! fm' player I selects the cooperation strategy @, is given by



g if 0595%
6-7
p6) = 7 (62)
0 if -%-5951.
4

We divide the interval [0,1] into the following three subintervals:

) 2 3 3

For any #€I,, p(d)=<1/2 and then the subinterval /, is called by the relative
defection region in which the probability of defection is higher than the probability of
cooperation. For any 6€&/,, p(@)=1/2 and then [/, is called by the relative
cooperation region in which the probability of cooperation is higher. For any
ge€l;, p(d)=0 and then I, is called by the perfect defection region in which player
I selects the defection strategy with probability one.

We think that for many players the egoistic tendency, if anything, is slightly larger than
~ the tendency to mutual prosperity and that there is no person with perfect egoism. Then

we suppose that the probability density function (&) of the weight- & is given by

3 3 3
4 if Z<f<=
Z@o-3 i g=fsg
3 7 B 64)

4(0) =14(7-36) if Zs@s-g«

0 ~ otherwise .

In addition, we assume that the weight A distributes only the interval [0.:3/4].
In this case the probability that the SES x' selects the cooperation stfat.egy o, is
e 4

I ol e 6 4 _q‘ = _
P{x" select a‘}—j;/s =T 3(867 3)do = 0350

~(65)

which is nearly equal to the result (36 per cent) of Minas et al. (2]. Then we can consider
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that if a person faces this game. he thinks the weight of egoistic tendency of the

opponent is a random variable with the above probability density function(G4). Thus we
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can explain a behavior of a player in the priscner’s‘ dilemma game rationally by
introducing a subjective game for each player. (It cannot be explained by the NES or the
TES only.)

Next we try another approach to the prisoner’'s dilemma game G, given by (9). We
consider the following two motions:
m, maximization of my own expected payoff.

m, maximization of the total social payoff.

Then
I3 0 3 5
f1=A={5 1] | gl=B=[o 1] 60
6 5 : 67
T _ o7 _ ‘ ,
fi=z [5 2}
We put
/11 =/1,ﬂ.7 =1-1; 9] =9,6’7 =1-0 (68)

§ =58 =1-¢ o n =nn=1-0
The subjective game G'=[4" , B']forplayer I isgiven by

6-34 5-54 6-36 S5 1 '
Al = , B' = - : (69)
5 2-2 5-50 2-0 >
The SESx' for player I is as follows: For three region regions R,R, and R, in
Figure 2 | |
"Cx}1 . lf (lv 9) ER!
Cx=la, if  (LOER, (70)

a,a, and (%, 1-%)  if (L,O)ER,

where X is the probability that player I selects the ‘cooperatﬁiovn strategy a, and is ‘
given by ¥ = (3-46)/(2-6). (Fig.2). '
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34 bemeeeee-

13 femmemmmee

0 13 | 314 .

Fig.2 The decision regions of the SES for player I

By the symmetry of this game the SESx" for player I can be taken by replacing 1,6
with £ and 7 respectively.
Namely

(@, | if  (&mMER,

=da, it EmER, (71)

a,a, and (3, 1-y) . if :(f,f?)ERs
‘where 7 =(3-4E)/(2-&). |

The characteristics of the SES are as follows:
(1) Ifplayer I attaches greater importance to the motives m, (m,) then he must select.
) the defection strategy «, (the cooperation strategy «;). |
(iiy When player 1 attaches the nearly equal weight to the motives m, and m,
(1/3 <A <3/4). if the opponent attaches greater importance to the motive 1,
(m,). then player [ selects the strategy «, (a,) and is beaten on purpose(beats his |

opponent).
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(iii) If both players attach the nearly equal weight to the motives m, and #m,. then

player I ‘must select one of three strategies a,.a, and (f,» 1- f) )

In this model, since one of motives is to maximize the total social payoff. a player
becomes happy even if the payoff of the opponent increases, and therefore the SES may
indicate to be beaten on purpose. But it is unusual to assume such a motive in the

prisoner’s dilemma game.

5. DISCUSSION

In this paper we have introduced a subjective game for each player in a non-
cooperative game and tried to explain behaviors of players rationally. That is to say. by
taking various motives into account we have constructed a subjective payoff matrix and
let the NES of the subjective game for each player be a rational selection for him.
Moreover we have proposed some models to explain. the results of experiments

rationally.

We can extend our results to the case of 7 persons.
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