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A weighted extension of Carleman’s inequality
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1 Introduction

In 1923, T. Carleman [2] presented the following inequality: for a sequence of positive

real numbers {z,} with Y -, z, < +o0,

(e o} oo
Z(wle e wn)l/" <e Z Tn.
n=1 n=1

Recently, K.S. Kedlaya [4] proved the following weighted extension:
Theorem. (Kedlaya) Let {a,} be a sequence of positive real numbers satisfving

aq o« o
> > 2 >
aq a1 +oay T oap +az+ag

(+)

If a sequence of positive real numbers {z,} satisfies >, ap&y, < 400, then

o> >0
Z anx?l/(al+"'+a") cgln/lantetan) g Z Qpity.
n=1

n=1

In [4] he obtained the above extension as a consequence of some weighted mixed-
mean inequality. The condition (%) are necessary for proving the weighted mixed-mean
inequality.

Our purpose of this paper is to give the other weighted extension and the Kedlya

type extension without the condition ().

2 A weighted extension

In this section we consider the other weighted extension of Carlemans’s inequality.

The first result is a weighted extension of finite type.
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Theorem 2.1. Let {a,} and {z,} be sequences of positive real numbers. For any

N €N,
]\7

N
/\NNN Z $311/(a1+-..+an.) . .‘L',C:"‘/(al'i'““"a") < Z r,

n=1 n=1

is valid, where

AN = min{asg, -+ ,an+1},
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Proof. We shall apply H. Alzer’s technique observed in [1]. Consider the weighted

arithmetic mean and geometric mean inequality:

(e yany (et tan) < Qo a,
Lo T arttag

and replace y; = (ay + -+ - + ag)z/ag for each 1 < k < n. Moreover divide both sides

of the obtained inequality by oy + -+ + ap41 and sum form n =1 to n = N. Let Ly

and Ry denote the left side and right side of resulting inequality, respectively. Then
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removing the term (a1 + -+ ay41)7? ij:l(al + -4 ay )z, we can obtain ANRy <
Zivzl Zp. And put

ﬂ)a1/(a1+...+an) (ﬂj'ﬂ)az/(m%—...—{—an) o (M)an/(aﬁ.m_kan)

vy = min —* ay o
1<n<N ar+ 4 apg ,
then
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Hence we can obtain

N N
ANVN Z«r?l/(a1+"'+a”)---xﬁ"/(a1+"'+a”) < Z*’"’n,

n=1 : n=1
so it only remains to show uy = vy. But it will be sufficient to show that
ﬁlal/(a1+-~+an) .. ,ﬂan/(a1+-~+an)
n

(g_l_)al/(a1+~~~+an)(a +a2)a2/(a1+~--+an) o ('Q1+...+an)afn/(a1+---+u,,) :

— a Q2 On . (1)
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for each n. In fact,

g = (1) (L) ()
1 n oy o o,
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raising to the power 1/(a; + - + ay), (1)is hold. O

In the proof of Theorem 2.1 we remove the term (a; + -+ + ayyy) ™! 22;1(a1 +
)T Y @, = 400 and YO0 @, < 400, then this term are sufficiently

small, that is,
N

1
lim a1+ -+ ap)r, = 0.
N—*0°a1+--'+aN+1;(l )
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To see this, let ¢ be an arbitrary positive number. Since Y .-, #n < 400, there exists

a number Ny such that Zf=N0+1 z, < €. For any N > Ny,

N

D (a1 +--+an),

n=1

(max, z,) ZnNil (a1 + -+ an) il o+ ay
< + E
ap + -+ angl

1
ay+ -+ ant

(maxn xn) ZnNil (a; + -+ an)
ap + -+ any

By taking the upper limit with respect to N and letting € | 0, we obtain the desired

equality.
Next we shall consider the infinite case. By Theorem 2.1, put v = inf y Ay pn, then
we have
cO x>
~ Z xlal/(oz1+...+an) L. :Eg"/(a1+"'+a"') S Z T (2)
n=1 n=1

whenever > 27 z, < +oo. When inf, a,, = 0, v = 0 and the inequality (2) is trivial.

If im, — oo 0ty = +00, then

g/ (ertten) . ganfeattan) < ( 1 )‘“”“‘*"‘*‘”")._. ( 1 )an/<m+---+a->
n =

(€3] Qp
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which implies inf,, ﬂfl/(al+"'+an) . ﬂgn/(a1+...+an)

= 0, and so v = 0. Consequently,
when lim,_, oo o, = +00, the inequality (2) is also trivial. We shall consider the case

when {ay} is bounded.

Theorem 2.2. Let {a,} be a sequence of positive real numbers satisfying 0 < m <
an <M < 400 (n =1,2,--+). If a sequence of positive real numbers {z,} satisfies

Zzozl Tn < 400 then

m s1\M/m o ayf(ar+-+an) an [l 4-Fay) S
—M—(—) le T, n < Zmn' ‘ (3)

€
n=1 n=1
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Proof. Put ty = (a1 4+ --- + ag)/akt1, then for any k € N

1

/3 . ( a1++ak >(a1+~~-+a’};)/“k
k—ak oy + -+ agg '

S 1 1 apqate/ay
= M(l + 1/tk)

S 1 (1)M/m
M\e '
Since Ay = infa<p<ny1 an > m and

a1 /(a4 +an) an/(a1+...'+an)‘ L(_l;)(l\f/ni,
1<1:3£N/8 /8'” > M e N

pN =
this completes the proof. O
The inequality (3) reduces to Carleman’s inequality in case of m = M.
3 A weighted extension of Hardy’s inequality

In the book [3], Carleman’s inequality can be obtained from Hardy’s inequality. We

shall consider the weighted extension of Hardy’s inequality.

Lemma 3.1. If {«,} and {2,} are sequences of positive real numbers, then for any
p>1land N € N

alxl + +an' IL)P ( p )p » ‘
ap, <{t—) apzt. 4
ngl ( han S AP 2 ¥

Proof. Let ¢ be the positive real number with 1/p+ 1/¢ = 1. Consider

‘ Q121+ apty,
Sp = Q1+ -+ Qp, A, = ] 5

Sn

then for any n > 2
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By Young’s inequality we have

n—l?
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and so
p 1, Psn )
4 - Lo arle, < A {1 } + p— 4 AP
"op-1 an(p—1) a,,(p ){( 1}
1 Sn—1 p
= ——— AP fan(p—1) —psp +sp_1(p—1 .
Ozn(p—]_) { ( 1( )} ”(Z)"].) 1
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Hence
anA? — L _ar=1y 0 < (sn1 4l = suAL),
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N p N
p_ 2 p—1 .
Z a, AP b1 Z AP oy,
n=1 n=1
p 1 &
<()[1A11)———*“‘—A11)_1041’11—{—FZ(:',L_lA,; 1 nA )
n=2
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According to Holder’s inequality
N p N
Z ClnAIT)l < E Z A],)L_lanln
n=1 n=1
p N
— 1/q gp—1 , ,1/p
- 2% An Q" Tn
=
N N
P » 1/q » 1/p
S E(; Otnfln) (; «, :l’n) . (5)
Dividing both sides by (}: AP) and raising the result to the p-th power, we

obtain the inequality (4). O

Theorem 3.2. Let {a,} be a sequence of positive real numbers and p > 1. If a

sequence of positive real numbers {z,} satisfies Y~ | apal < 400, then

> o1 oo, T, \ P P
S on (M (L2 S
ay +--Fap p—1 ne=1

n=1
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Proof. Make N — oo in Lemma 3.1, we can obtain
= a1T1 + -+ pTp\P P
Pa(nmtteny (2 PSo
n=1 ap - Fan p_l n=1

So it will be sufficient to show that the equality does not occur. Make N — >0 in (5),

we have
o) p = ‘ ‘ p = 1/q > i/p
> andh < Lo S ay/artalfre, < Lo (Y anar) (X anr)
n=1‘ b— 1 n=1 p— 1 n=1 n=1 b

Assume that the equality occurs in (6), then the second term is equal to the third one.
According to the equality condition for Hoélder’s inequality, {an, A2} and {anal} are
proportional, i.e. there exists a constant ¢ such that a, Al = c- apal (n =1,2,).

Hence 1 = 29 = 23 = ---, and so 1 = {p/(p — 1)}*. This is a contradiction. U

Using Lemma 3.1 we can obtain the Kedlya type extension of Carleman’s inequality

without the condition (*).

Theorem 3.3. Let {a,} be a sequence of positive real numbers. If a sequence of

positive real numbers {z,} satisfies Y .| anty < +00, then

oo o0
Z an$?1/(a1+...+an) . :L,gn/(a'1+...+an) <e Z CpTr.-
n=1

n=1

Pro‘of, Let p > 1 and replace z,, by :L’%/ P in the inequality (4), we can obtain
N N
O e (o oLe g
— " a1+ -+ ap p—1 — ‘
n=1 n=1
Since
C et b pana/™\e L fanzh 4 anah\ Ut
lim ( ) = lim ( )
P00 a4+ o t—+0 ap 4+ o

= :E;Vl/(a1+-..+ozn) . $zn,/(a1+..,+an)

and lim, o {p/(p — 1)}? = e, making p — oo in (7),

N N
Z anxﬁl/(aﬁ'qua") L gQn/leatten) < Z Qn T

n=1 ) n=1
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Hence, making N — oo, this completes the proof. [
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