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Representations of Finte Groups and K-theory

RRATHRYE WEWH  (Hiroaki Kawai)

Abstract
The purpose of this report is to set down the basic relations between representations of finite
groups and K-theory (Atiyah's K-theory, equivariant K-theory and Quillen’s K-theory). In
particular, we give a elementary proof for Rector’s theorem which is the modular version of
Atiyah’s completion theorem. For the reason giving the proof, I think Rector’s proof contains
not a little abbreviations. As a recent topic, we write down Thévenaz’s results [16] in the form
of our purpose. ’

1. Atiyah-Hirzebruch’s spectral &% & Thévenaz’s remark

vector bundules {J vector spaces DYLIR L B HiLD. =& XiL vector spaces DEDRE D
functor T 1%, —# & RE, fibre ] OXHGH T & 722 vector bundules DE DD functor (ZI5AE
TX % 8, ch.5, 6.2]. %I TZR X £ complex vector bundules DAL direct sum & tensor
product (ZX ¥ semi-ring &7V, £® Grothendieck &% KO(X) & <. BRI LTE G DIE
%&bt G-%22f8] X _E£D G-complex vector bundules 2585 semi-ring ¢ Grothendieck B %
K2(X) &< (2], [15]. LAE G IZATRBEL 5.

X WER z) b0k &, Ir{VO(X) = Kernel(K%(X) — K% x)) &¢BL. Bk IA(IO(X) X
K9(X) ®ideal THY KO(X)=1Z @ﬁO(X) T®H%. X % compact connected Z2Z2fi & 45 &
(2, p45] IZBIT D L D1Z,

I?O(X) ~ lim{X E®D n KT complex vector bundules} ~ lim[X, BU(n)] ~ [X, BU]

ZI7C, lim I n A2V TDIFHRIFRLR, BU(n) 1X n RO unitary & U(n) OEZERM, BU =
lim BU(n) (U = lim U(n) O5¥EZEM), ~ X bijection (REIZOWTIL 3 Hiz B M),

[_’, ] I base poi;t free 7218 542D homotopy HOEREEKT. TNHOEEIILUE LR LE
RTHWS.

o I’\(‘O(X) DFEH L homotopy D Puppe DFERRFNZBVE ZHIEROERIIER THA 5.

EHE 1.1. compact ZZHDOXT Y ¢ X & n > 0IZxfL, I’(V“’”(X/Y) = %O(S“(X/Y)) LE
b, e K(X,Y) LET. SORBIEST K(X) = K-Y(X, ¢) T7bb KO(S*(X,)),
X 3RO EAOBN, LEHTS. (KO(X) @ KOX,) BV SZH>OTLEOER L F/E
Lawv., F72 X BEREZLOHE n > 1 Tk K(X) AVARY). £ ZAT Bott @
ABERLY K X,Y) 2 K" 2(X,Y) &5 DTHEBEDEE n 1236 L, n BMEEKD L X
K™X,Y)=K)X,Y), n BHFEHEDLE K*(X,Y) =K Y(X,Y) LRA—HLT

K*(X,Y)=K%X,Y)® K}X,Y) (ring &%) &B<.
equivariant K-theory IZBWTHE T2 LR URERMBKY DL (15], K&H(X,Y) = KY(X,Y) ®
KL(X,Y) LB<.
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LA & 72200 huE. X IXRR CW-8EK &7 2.

TEH 1.2(Atiyah - Hirzebruch [3]). K*(X) O filtration K;(X) = Kernel(K*(X) —
K*(XP71))0 < p < 0o, (XPTHEX D p-18I/) I LT,
Ey = H*(X,Z) = K*(X) &£72% spectral 25| E, ;1 < r < 00, WHFETD.

B 1.5 OFBADTDIZEERAZ DT 5. FEAD 5T filtered (co)chain complex A ™ spectral
FIIDNERE (7, ch.15, 7] 12X D. H(p,q) = K*(X971, XP~1),p < g, (cochain complex DiFH
® cohomology & H(FPA/F1A) \Z&7-%) &F &, cochain complex DIFE & F o7 < [FAERIZ
spectral 523 { Eri<rcco } BWEESND. TOK K-BOFEERINEY EL = K3 (X)/Ky, 1 (X)
LD, SHIZXBAMREVIBIREFHESRY IS lim EP = ET,.

EELY EY = H(p,p + 1) = K*(XP,XP71), & AT XP/XP1 T p-cells D wedge sum
WL 'Fﬁ#’j K-Bf K* 1% wedge sum (2 B3 L CHNERY ([8, ch.9, 3.2]) THDnb EY =
2X0 p- cellsK*(Sp) Lie%. I, o

K*SP) =0 fori# p (mod2), K'(SP)=1Z fori=p (mod2)
THEIND EY =Y xp pcets - DI dy: Ef — P+1 L coboundary operator 25—E L T\
52 & LY EY = HP(X,Z).

HIREE G OOMRZEM BG 11ERE CW-EETH L BARE RS2, £ 2T BG = lim BG™,
BG™ iZn¥lfy, £ AT BG O K-#% K*(BG) = im K*(BG") LEDD. ZD L EHE 2 OB
D ([1, 5.2]) &b,

EH 1.3(Atiyah [1]). IC*(BG) ? filtration K3(BG) = lim K (BG™)(= kernel(lC*(BG)

K:*(BG pil)):O <p < oon ;(_TL/—(
E, = H*(G,Z) = K*(BG) £72% spectral % E, ;1 < v < 00, PEETD.

EH 1.2 @ spectral R¥N { E, } I L { E,®Q } 1L E2®@ Q Tstop 5. IHIZEH 1.2
DFEA & ERRAREmMIC LY H(X,Q) 2 K9(X)® Q, HU(X,Q) 2 K{(X)®Q &/k5 |3,
24]. T7bbH

X O Euler 3 x(X) = dim (K%(X)® Q) - dim (K(X)® Q).
ZZTRDEBIIERTHAS ).

EHE 1.4. compact G-ZZ[#] X D equivariant Euler 23 X¢(X) = dim (K(X)® Q) - dim
(KA(X)®Q) LEDD.

RO Segal DFERIL—AXD compact Z2HTHE Y SLODF R G- BIAEGER (6] TO G-BIEE KD
ERIMEFDOEMFEZNND) OHBEITER 1.2 OFERZESEIEL TRIND.

EHE 1.5(Segal [15] - Thévenaz (16]). A ZHIR G-HEEEL T2, K5(|A]), |A]E A D%
{TEEIESL |, O filtration K¢ ,(JA]) = Kernel(KG(|A]) = K&(AP™),0<pco0, ICHLT,
Ey, = H*(|A]/G,R) = K&(|A|) &£72% spectral BRI Eri < v < 00, BFET .
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ZIZ T, RIX A _E® G-equivariant local coefficient system [6, 7.1] 2>5H4§ 5415 orbits set A/G
(NEFFEEARREAR & LT hW [16]) LD cefficient system.

A, EHE 1.2 &0 KARICLT B, 2 KE (1A /Kg 51 (1A]), lim EE = EF, &5IC
EP = K5(|AP, |AP-Y) = K5(AR/|AP-Y). G, REME o DEERABEL TS (E L Vong
FEACBBICIERT ). $720,% p BEOLMK, Ap/G % G-orbits DRER LTS L,

Ap/ap-t= \/ (\/ g-S)= \/ Indg (s?).

0EA,/G g€G/Gy o€ /G
Y 25T Kg(IndS, (SP)) = K (SP) (16, Lemma 1.1]), & BICHADERE 2.2 LY

~N ~
B 2 @,ca, /0K, (57) & @pca,/cK* (S7) ® R(Go) = @pen, /aR(Gs).

FZTCHK o EDfEE LT R(G,) % & B coefficient system R %% 23U, E; Id coboundary
maps ©iA®T cochain complex C*(A/G,R) &—&T 5.

FEH 1.6(Baum - Connes [5])
KY(AD® C = @BV (|A%]/Cg(g); C)
KL(A) ®C & @yep H(A9]/Calg); O)
ZITA G OHBEEORERITDOES, AIIX g-fixed points 2>5 72 B HELRE.
it > T F#E 1.4 O_L TR~z non-equivariant T collapse Theorem £V,
K5(A) ©C & @, K (1A%/Calg)), = 0,1).

ZDFEE LY Thevenaz X Alperin F48 , TEFEIZIE Knbrr - Robinson FA8 , DEVHEX &
ZhoTWb. bbb EOEHRLY,

Xc(A) = Tger X(891/Ca(9)) (= Tgen Toeasican (-1 ™).
—75, Brown & A {Z8 T Kndrr - Robinson T8 :

kK(G) = 2(G) = Loeasa(-D*k(Go) ( = Toen/c(-1*" Yoce, mrtzm):
Z T k(G) IXEM CG MBEDMEEL, 2,(G) 1 defect 0 @ blocks DIEEL

#58 1.7(Thévenaz). LD 2 2OXOHTIE S DANEZIZ LY —FT 5.
2. Atiyah’s K-theory & ordinary %R — Quillen’s K-theory & modular R}

FG-NEE, FI3fE, @ Grothendieck Z#% Rp(G), F = C O L ZIXHIZ R(G) &8, I(G) =
Kernel(Rp(G) — Z ; FG-DEE M +— dimM) {ZB§9 % I(G)-adic completion lim Rp(G)/1(G)"
% R;:(G) EFT  (ZHUE I(G)-adic topology (ZBI L TOBEE DEK TOEMETHD [4, ch.
10)). 1 #ITHA~2 & 512, K9(BG) = lim K°(BG™) ~ lim[BG™, Z x BU]. & bIZ Milnor D54

#FIEY KYBG) ~ [BG,Z x BU| = Z x [BG, BU| (6,2.5]). ¥£72 BU(n) = BGL,(C) [8, ch.
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7,74] £Y BU = BGL(C), GL(C) = im GLx(C), L725%.

EH 2.1 (Completion).
(i) (Atiyah) E(G) = K°(BG) = Z x [BG, BGL(C)] as rings. & 5iZ K1(BG) = 0.

(ii) (Rector) Rp,(G) = Z x [BG, BGL(F,)"] as rings (2 Z°C Fy 1344 p OABRET p||G,
( )*i& Quillen’s plus constraction).

Eo () (i) ORBEGIKROFIETE X DN TV D.
(2.2) (p: G — GLy(C)) — (n,BG —P” BGL,(C) — BGL(C)).
(2.3) (5:G — GLn(Fy) ) = (n, BG —PB? BGLn(F,) — BGL(Fy) — BGL(F,)" ).

Rector DFERIEF ¥y THLUVERTZAS, FERIZE LW (18, Introduction]. % Z THYET Fi8
Quillen DFEHE 3.2 DRM%2HT-FIHE I semi-rings & U TR & EARR IR FIETE X THT-.

EXE 2.2 (K-theory and equivariant K-theory).

(i)(Atiyah - Segal) R(G)® K°(X) = K%(X) as rings
Z T X 1% G OYERD trivial 72 compact Z2fH] .

(ii)(Quillen) Rr (G)® KZQ(moqu) o KiQ(moquG), t> 1, as groups
T IC Fy ik G OREE. K2 (modA) X exact category & LT modA (BBRAER A-NEED 73
3 [) @ Quillen K-group. & 52 LD BGL(F,)" 2% & K2 (modF,) = m(BG(F,)*) L%
5.

FERR (1) 1% [15, 2.2], (ii) i% devissage Theorem & exact category @ K-theory MOEAMEEIZ &
% ([13], [9, ch.2, §1] ZFR).

T 2.8 (spectra & DBIR). THE 2.1 OAUDZEM Z x BGL(C) = Z x BU, Z x BGL(Fy)*
ITZDRNBEEEATVDERS. n > 0IZBWT KU(n) = Z x BU for n = 0 (mod2), =
QBU for n = 1(mod2) & E¥H % & original 72 Bott AHIFEEE [6, 2.5.4] £V, KU(n) IX Q-spectrum
LB, FTEEOR AIZx LT Ka(n) = Ko(S"A) x BGL(S"A)* (n > 0) L EDD &R01TY
IR T 2/ R KD Qspectrum & 7225 (FERA, ;B [9, ch.3, 4.16) BHR). X 52 J. P.
May @ spectra & DBFIEIZ- DV TIX May OEESEEIEE [10] 2B,

EE 2.4 (RHLD Chern $H). complex vector bundle @ Chern $8 i3%H&9 5 classifying map
EFRCTERTDI L HTED (6, 2.6) FARICZER 2.1 OXEZ AV TRID Chern AN ERE
Ihd.

(i) H®*"(BGL(C),Z) = Zlc1, ¢z, cu] CHB. Bp: BG — BGLn(C) 2EH p: G —
GLn(C) oBoN DB ZEEROMD map £95. ZDEXE ci(p) = (Bp) (), 1<i<n, %
KB p @ Chern HEFEETD ([6, 2.6], [17, ch.6, Flat bundles]).

(i) He*™(BGLn(Fp),Z/1) = Z/lci, &, -, &) T I TENIEH p ONREMBEET 11
p ERRDFH (HY(BGLA(Fp),Z/p) = 0,0 < k,&725). Bp : BG — BGL,(F,) #&KH
p:G — GLp(Fp) 220F b2 map &35, ZD&EE ¢i(p) = (Bp)*(G), 1<i<n, 2KHp
@ chern HEFFET D ([17, ch.9)). '



3. Rector OFEHEDEEA

E#E 3.1. MR RIZBWVWT, Adams /EFE ¢* . R —» R ZIRORIZEET .
Pr(z) = Ne(\(z), N (), - - -, A(2)),
Z ZC Npld kth Newton ZIER, 7205 of + 2k + ..+ 2F = Ni(eq, e, -+, ), e TR
I (ZOEBEOHFIZOWTIL[S, ch.12, Remark 2.4]).

R(G) & K9(X), XIdcompact 22, INTTHB. SbIC, YFEI(X)) © KO(X)([8, ch.12)).
L 22T RIY(X) = [X,BU] (22 CIIEEIIE X RVOT = k%<) TH 505, Yoneda D
FRE X Y natural transformation ¥* : [X, BU] — [X, BU] iX map ok . BU - BU IZk»<C
ﬁfﬁéi’bé (BUVL compact T2V 78 BU®D CW-5fgw W TEREND [6, 2.5)). é bl
KO(BG) = lim[BG", BU] = [BG, BU| &Y ICO(BG) EEFEIND Adams (EAED o oto
TERHEEND. RO Quillen DFEFR (11), [12] BFEADEAR LD,

T 3.2 (Quillen). q % p MT, |G| =p"h (pfh) DELE P'lg 3D hlg—1 &F2 (£o7T,
X € R(G) IZx L x(29) = x((z @ p - reg.part)?) = x(z © p —reg.part), & DIZHRFDOEMHLD
F it G OFYEIE).

(i) Rr,(G) = R(G)¥" asrings, R(G)¥" IZEETLH SR DHIER.

(ii) [BG,Foi] ~ [BG,BU’", ZZT Fo? = {(z,D) € BU x (BU® path space) | z &
od(z) 25 path.p TREENB }, [, |77 IXEERE.

(iii) BGL(Fy)" & Fo%3 homotopy [FME.

T ENDRA % 5 25 map i (i) 1 Brauer lifting, (ii) i projection (z,p) — z, (iii) {22\
TIIE CTHEA. LI q 13EH 3.2 DR EHT-T LT D,

RG)Y — KYBG)¥ = (2@ K°(BG))¥" ~ Z x [BG, BU)"
(3.3) I | R
Rr,(G)— —— — [BG,Z x BGL(F,)*| = Z x [BG, BGL(F)*] .

=T, EDORD arrow 1X flat bundle homomorphism « : R(G) — K°(BG), CG —
B M — EG xg M ([6, 2.3.3]) OHIR, o 25 NRERF TH D55 well defined THD. &
51z Z¥ = K9 (basepoint z¢)¥"! = K%(z¢) = Z, MEORENIER 3.2 IZX 5.

#f 3.4. Rp, 7(G) = KO(BG)¥*

M. AAEHR R(G) @ KYBG) it 6 : RG)/I(G)" — K*(BG)/K3,(BG) DHEH
BRRIZE > TEHEZLBNTWD [1). 2T wq(I(G)) c I(G) > ¥1(K3,(BG)) C K5n(BG)
LV Bl OMBIRIZ Adams {ERSRENEFETE T, a & compatible THD2H (R(G))‘/’q =
(lim R(G)/I1(G)")¥" = (lm K°(BG)/K3,(BG))*" = (im K°(BG)/ K} (BG)Y" = K/(BG)¥" &
7%, E6IZ, RGWY = = YI(R(G)) THY 41 i 1dempotent ThdHI L (_{%?5& 1, 3. 11]
FVFELRI 0- ((1- 1/)’1) (G)) — R(G) (R(G) ) - -0 % %Bﬁ’bé ((R( ¥ ix R(G)¥*
® subspace topology (ZB L T® completion). &oT (R(G)wq) (R ( DY 72 14, 35] &
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0 (R(G)*") 2 Rm(G). Lie#ioT Rpy(G) = KOBG)Y L7275

(2.2), (2.3) DXL E, ZOFHFHELTRTHNCNW OLDOEBEEZLR D, EF5EHIT 0D
R(G), Rp,(G) b D well defined 7825 T & 278 SRITIUTIL BV (2.2) IZBAL AT
BB (2.3) IOV TH Quillen DFERLVIELWVE S THD [18, Introduction] (FERTE 220
D) IHIZ2 >OEELERTD. T 2 TZ2EM X Id compact ZZfH.

33E 3.5 GL(A), AI3ER, @ direct sum i checkerboard construction &FEEIVD HIETERE X
5 (9, ch.2, 82]. LAL, ZD direct sum & classical direct sum (i.e. a € GL,(A), B € GLn(A)
a 0

WXL, a®f = 0 5 )i GL(A) T#H&E LD, #ZT[9, ch.2,2.19] L VXET5 2 D
DYERIE f, f' + GLp(A) x GLin(A) — GL(A) 5% 5415 maps Bf, Bf' : B(GL,(A) x

GLp(A)) — BGL(A) X homotopic (X 5IZ BGL(A) — BGL(A)T Z-272\WZ & EX base-
point preserving homotopic &£72%). & ZAT BfinbB o2 map BGLn(A) x BGLm(A) ~
B(GLyp(A) X GLm(A)) =B BGL(A) 1% vector bundles ¢ Whitney sum #&E L TW5DT
bijection Ir(NO(X) ~ [X, BGL(C)] i% sum & compatible &723.

FE 3.6 II(VO(X) DAEEDIE €—nIZkH LT, n@®n' 73 trivial bundle & 725 vector bundle n/ 3
GETS. ¢ #FBT 5 map & £: X — BGL,(C), o #FH+ 5 map % Z’ : X = BGLy(C)
¥ B Ex KO(X) ~ [X, BGL(C)| IZBWT @7 in|X, BGL(C)] (& 3.5) 2 ¢ — ) #EH
LT3 ([8] BHR).

(2.2) 13K (3.3) @ LOADOKIEEE X TV D

(FEFA) o : R(G) — Z x I'CVO(BG) IEn kIt CG-MEE M IZx L, M — (n,a(M) — 0"), ™%
n RO trivial bundle, &73EEND. L TAT alM) = EG xg M X Bp: BG — BGL,(C),
pIEMDOFKRER, IZLoTERHAINDMNG ([6, 2.6]), FE 3.6 i@ (2.2) OXEBFELND. (FEE
3.6 TiX X IX compact THHD a(M) = lima(M)n, a(M)q id (M) PHEFHFE IS compact
Z8f#f] BG™ L vector bundle, £->T 3.6 S EATE ).

(2.3) 13X (3.3) O FTORDOFIREE X T\ 5

(FEBA) 2 3.2 @ (i), (il) £V Rp,(G) 25 [BG, Fol) ~DEBBEZTE BM G = GLo(F,)
DEFEIZEA LT canonical REL I @ GLn(F)) = GLn(Fy) (7205 identity), DB ¢, :
BGLn(Fg) — Fo &%3%. ZO& & Milnor D5ERRINLY ¢ = lim ¢, : BGL(Fy) — Fo ?
XY, TNE BGL(Fy)T £ THDL LiF72 map 12K > TEH 3.2 (iii) D homotopy [FHEHHE 5
nb.
LIZAT, G DRI G — GLp(Fy) I& canonical RILD (HEIZE - 0) KR E R D DT LR
< LR TWL . n KIT canonical RH I @ Brauer lift | CG-MEEDOZE W — U TEKIh,
a X 2BE (n,a(W) — (a(U) +0™) E53fFTH. 20L& w 2 W ORBETBHE o(W) i
Bw : BGLy(Fy) — BGLgim. of w(C) — BGL(C) | ioffﬁé;ms —H, EE 3.6 Dy IZH
7% vector bundle o(U)’ (lim THEXHND) %i’%ﬁ?‘é 1/) BGLyp(Fyq) — BGLgim, of 4 (C) —
BGL(C) neEnd Tk é‘ ¢n 1L 70 (Bw® w), i 1% inclusion, &?Ef—fi’bé

ZET G = GLy(Fy) TEXATEID, Ry, (G) — [BG,Fo¥ @ IHED ZIDEE G




DRB p: G — GLp(Fy) ICHLED o(W), a(U) 1Z&H7% vector bundles 21515
Bp : BG — BGLn(Fy) > THFEEINTbDLER D, BRI, ST 2 [BG, Fol] Ol
io(Bw@®p)oBp THD. UEDZ WD Rp (G) — Z x [BG, BGL(Fy)*] ix p— (n, BG —5P
BGLn(F;) = BGL(Fy) — BGL(F))*) TEAX LN TWT, ¥ (3.3) IZRHEE 2D,

EE 3.5 2B DH1E D direct sum (28 Y [BG, BGL(Fy) "] ICFBPERSNDMNEE 3.5 Tl
N2 & XY (2.3) OXfAGIE direct sum & compatible & 72 5. X 5{Z, Loday’s product (Z £ Y
[BG, BGL(Fy)"| \CHENSEZR SN (2.3) i3 & b compatible &72% ([9, ch.3, 84]). £7z (2.2) @
xHE vector bundule DXFIG % & ZAULRERA THS.
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