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Abstracts

In usual computer, there exists an upper bound of computational speed
because of irreversibility of logical gate. In order to avoid this demerit, Fredkin
and Toffoli [3] proposed a conservative logical gate. Based on their work, Milburn
[4] constructed a physical model of reversible quantum logical gate with beam
splittings and a Kerr medium. This model is called FTM (Fredkin - Toffoli
- Milburn gate) in this paper.This FTM gate was described by the quantum
channel and the efficiency of information transmission of the FTM gate was
discussed in [10]. FTM gate is using a photon number state as an input state
for control gate. The photon number state might be difficult to realize physically.
In this paper, we introduced a new device on symmetric Fock space in order to
avoid this difficulty. '

In Section 1, we briefly review quantum channels and beam splittings. In
Section 2, we explain the quantum channel for FTM gate In Section 3, we
intruduced a new device on symmetric Fock space and discuss the truth table
for our gate.

1. Quantum channels

Let (B(H1),6(H1))and (B(H2),8(Hz2)) be input and output systems, respec-

* tively, where B(Hy) is the set of all bounded linear operators on a separable
Hilbert space Hy and &(Hy) is the set of all density operators on Hy, (k = 1,2).
Quantum channel A* is a mapping from &(H;) to &(Hy).



(1) A* is linear if A*(Ap; + (1 — A)py) = AA* (pl) (1 = A)A*(p;) holds for any
p1, P2 € 6(Hy) and any X € [0,1].

(2) A* is completely positive (C.P.) if A* is linear and its dual A : B(H) —
B(H,) satisfies

> AIAEA)A, > 0

ij=1
for any n € N, any {4A;} C B(Hs) and any {A;} C B(H,), where the dual
map A of A is defined by

trA*(p)B = trpA(B), Vp € 6(H1), VB € B(Ho). (1.1)

Almost all physical transformation can be described by the CP channel [5],
[7], [8]

Let Ky and K2 be two Hilbert spaces expressing noise and loss systems,
respectively. Quantum communication process including the influence of noise
and loss is denoted by the following scheme [6]: Let p be an input state in

6( H1), € be a noise state in & (K1). '

£ €6 (Ky)
!
G6(H1)3p - p€Npe&(Hs)
)
Loss
(M) A, &(Ha)
vl Ta

6 (H1®K1) IT* 6 (H2QK2)

The above maps v*, a* are given as
T (p) = p®E peS(M), (1.2)
a* (o) = trg,0, €6 (Hg@’Cz), (1.3)

The map IT* is a channel from & (H1®K;)to 6 (H2®K>) determined by physical
properties of the device transmitting 1nformat10n Hence the channel for the
above process is given as

A" (p) = tri, Il ( p® &) = (a” o IT" 07") (p) (1.4)
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for any p € 6(H1). Based on this scheme, the attenuation channel and the noisy
quantum channel are constructed as follows:

(1) Attenuation channel Af was formulated such as

As(p) = tric,IIg(p ® &o)
= tr,Vo(p @ [0} 0Dy (1.5)

where £, = |0)(0| is the vacuum state in 6(K,), V is a mapping
from H; ® K1 to Hs ® K3 given by

ni

Vol ®10) = > Cpli) s — ), (1.6
ny! | i (_@\ym—i

|n1) is the n; photon number state vector in H; and o and 3 are
complex numbers satisfying || +|6]* = 1. In particular, for the
coherent input state p = |0) (8] ® |0) (0] € & (H1®K1), we obtain
the output state of II by

IT5 (18) (6] ® |0) {01) = |ab) (f] ® |-B) (—B6) .

pXol

pXel » poXeo|

v
F-56X-59|
Fig 1.1 Beam Splitting 7,

Lifting & from & (H) to 6 (H®K) in the sense of Accardi and
Ohya [1] is denoted by

& (16) (61) = |ab) (ab] © |86) (B6] -
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& (or II§) isB called a beam splitting. Based on liftings, the
beam splitting was studied by Accardi - Ohya and Fichtner -
Freudenberg - Libsher [2].

Noisy quantum channel A* with a noise state £ is defined by

N(p) = eIl (ped) (1.9
= tri,V(p®& V™,
where £ = |m1)(m,] is the m; photon number state in 6(K;) and
V is a mapping from H; ® K; to Ha ® Ko denoted by
ni+my
V(ln) ®|mi)) = Y CI™ i) ® |ny +my — j),
- .
cim™ (1.9)
K

_ \/nllml!j!(n1+m1—j)!

= 2T TG - i~ 470

x M It (_B) n1+j—2r

K and L are constants given by K = min{ny, j}, L = max{m, —
4,0}, In particular for the coherent input state p = |6) (f| ®
|k) (k| € 6 (H1®K1), we obtain the output state of IT* by

IT* (16) (6] ® |) (k]) = |af + Bk) (e + Br|®|—-B6 + ar) (-5 + akl| .
beXe|

P Xl > - 6+ B X + P |

\4
|86+ o -6 +ax|

Fig 1.2 Generalized Beam Splitting T

IT* was defined by Ohya - Watanabe [9], which is called a gener-
alized beam splitting.



2. Quantum channel for Fredkin-Toffoli-Milburn gate

In usual computer, we could not determine two inputs for the logical gates AND
and OR after we know the output for these gates. This property is called an
irreversibility of logical gate. This property leads to the loss of information and
the heat generation. Thus there exists an upper bound of computational speed.

Fredkin and Toffoli proposed a conservative gate, by which any logical gate
is realized and it is shown to be a reversible gate in the sense that there is no loss
of information. This gate was developed by Milburn as a quantum gate with
quantum input and output. We call this gate Fredkin-Toffoli-Milburn (FTM)
gate here. Recently, we reformulate a quantum channel for the FTM gate and
we rigorously study the conservation of information for FTM gate [10].

The FTM gate is composed of two input gates I;, I, and one control gate
C. Two inputs come to the first beam splitter and one spliting input passes
through the control gate made from an optical Kerr device, then two spliting
inputs come in the second beam splitter and appear as two outputs (Fig.2.1).
Two beam splitters and the optical Kerr medium are needed to describe the
gate.

I Optical Kerr Device
q C
! >C o\ u
4
Bs,(M=0.5) '
BS(n=05) |
0.
NG N

Fig 2.1 FTM gate

(1) Beam splitters: (a) Based on [9], let V; be a mapping from H; ® Ha to
‘H1 ® H2 with transmission rate n; given by
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n1+ng

Vi(jm) ®1n2)) = Z cyrme |J ® |n1 +n2 — j) (2.1)

for any photon number state vectors |n1) ®|n2) € H1®Hz. The quantum channel
[T}, expressing the first beam splitter (beam splitter 1) is defined by

Bs1 (p1 ® p2) = Vi(py ® po) VI (2:2)

for any states p; ® p, € 6(H; ® Hz). In particular, for an input state in two

gates I; and I, given by the tensor product of two coherent states p; ® p, =
161)(01] © |02) (02|, g5, (p1 ® py) is written as

Mpsi(p ® py) = ‘\/77_191 +V1- 77102> <\/"7_191 +/1- 77192I
| ® |—v/T=mib1 + /i) (—v/T=m,8: + /is6 - (2.3)
(b) Let V5 be a mapping from H; ® Hs to H; ® Hs with transmission rate 7,
given by

ni+n2

(|n1> ®n2)) = Y C7*™ |mi+ns—j) @ j) (2.4)

j=0

for any photon number state vectors [n,) ®|n2) € Hy ®Hz. The quantum channel
T34, expressing the second beam splitter (beam splitter 2) is defined by

s (p1 ® p2) = V2 (py ® p) V' (2.5)
for any states p; ® p, € 6(H; ® Hz). In particular, for coherent input states
p1® py = 101)(61] ® |02) (62, 5s,(p; ® py) is written as

Mgse(pr ® pa) = ‘\/77_291 —v1- 77292> <\/?7_291 — 1= 77292’
o ® |\/1 — a1 + \/77292> <\/1 " + \/@02‘ . (2.6)

(2) Optical Kerr medium: The interaction Hamiltonian in the optical Kerr
medium is given by the number operators N; and N, for the input system 1 and
the Kerr medium, respectively, such as

Hipy =hx (MM ® I, ® N,), (2.7)
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where ki is the Plank constant divided by 27, x is a constant proportional to
the susceptibility of the medium and I, is the identity operator on Hy. Let T
be the passing time of a beam through the Kerr medium and put VF = hxT,
a parameter exhibiting the power of the Kerr effect. Then the unitary operator
Uy describing the evolution for time T in the Kerr medium is given by

Uk = exp (—z'\/z? (MeL® Nc)) . (2.8)

We assume that an initial (input) state of the control gate is the n photon
number state £ = |n) (n|, a quantum channel A} representing the optical Kerr
effect is given by

Ak (p1 ® py ® &) = Uk (pr ® py ® §)Uxk ' (2.9)
for any state p, ® p, ® £ € & (H1 ® H2®K). In particular, for an initial state
p1® py ® € = [01) (1] ® |02) (02| ® [n) (n], Ak(p1 ® P2 ® §) is denoted by

Ak(p ® p ®E) |
= ‘ exp (-z’ Fn) 01> < exp (—z\/ﬁn) Oll
® |02) (62| ® |n) (n], ~ (2.10)
Using the above channels, the quantum channel for the whole FTM gate is
constructed as follows: Let both one input and output gates be described by
H,, another input and output gates be described by H> and the control gate
be done by K , all of which are Fock spaces. For a total state p; ® p, ® £ of

two input states and a control state, the quantum channels Agg), Agg, from
&8(H, ® Ha ® K) to 6(H1 ® Ha ® K) are written by

Apsi(pr ® py ®€) = pg(p ®py) ®E (K=1,2) (2.11)
Therefore, the whole quantum channel Ay, of the FTM gate is defined by
Apry = Apga 0 Ak 0 Agsy. (2.12)

In particular, for an initial state p;, ® p, ® £ = |61) (1] ® [62) (B2 ® |n) (nl,
Apra(pr ® py ® ) is obtained by

Frm(p1 ® Py ® £)
= 101 + Vab2) (b1 + Vb2
® Vb1 + pn82) (Vnb1 + pp02| ® [n) (n] (2.13)
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where
e = % {exp (—2\/?/6) + 1} , o (2.14)
v = % {exp (—Nﬁk) _ 1} . (k=0,1,2,---). (2.15)

If /F satisfies the conditions vVF =0 or VF =(2k +1)7 (k=0,1,2,---), then
one can obtain a complete truth table in FTM gate.

However, it might be difficult to realize the photon number state |n) (n| for
the input of the Kerr medium physically. In stead of the Kerr medium, we
introduce new device related to symmetric Fock space. We contruct a quantum
logical gate mathematically with this new device in the next section.

3. Quantum logical gate on symmetric Fock space

In this section, we reformulate beam splittings on symmetric Fock space and
we introduce a new operator instead of the Kerr medium on that space. We
discuss the mathematical formulation of quantum logical gate by means of beam
splittings and the new operator.

Let G be a complete separable metric space and G be a Borel o-algebra of
G. v is called a locally finite diffuse measure on the measurable space (G, G) if
v satisfies the conditions (1) v (K) < oo for bounded K € G and (2) v({z}) =0
for any £ € G. We denote the set of all finite integer - valued measures ¢ on
(G,G) by M. For a set K € G and a nutural number n € N, we put the set of
v satisfying ¢ (K) =n as

Mgn={p € M;p(K)=n}.

Let o be a o-algebra generated by Mk ,. F is the o-finite measure on (G,G)
defined by

F(Y)EIY((PO)+Z%/n1Y (Z(Szj) Un(d,'z:l-..d.’vn),

where 1y is the characteristic function of a set Y, ¢, is an empty configulation
in M and §,, is a Dirac measure in z;. M = L? (M, 9m,F) is called a (symmetric)
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Fock space. We define an exponetal vector exp, : M — C generated by a given
function g : G — C such that

1 = ¥o)
eXPgW)E{ 15 (rapy, (PEM).

3.1. Generalized beam splittings on Fock space

Let @, 3 be measurable mappings from G to C satisfying &
la@)+ 8@ =1, z€G.

We intoduce an unitary operator Va5 : M ® M — M ® M defined b

(Vas®) (01,02) = D Y exp, (¢1)expg (o — 1)

01591925
X €Xp_p (@o) expg (02 — ®a)
XP (P1 + Poy 01 + P2 — P1 — P2)

for ® € M ® M and ¢, p, € M. Let A =B (H) be the set of all bounded opera-
tors on M and & (A) be the set of all normal stateson A. Epp: A®A— AQ A
defined by

Eap (C)=V35CVap, YCEAB®A
is the lifting in the sense of Accardi and Ohya [1] and the dual map & 5 of Eap
given by
as (W) () =w(ap(e), Ywee(ABA)

is the CP channel from 6 (A4 ® A) to 6 (A® A). Using the exponetial vectors,
one can denote a coherent state 67 8by

67 (A) = <expf, Aexpf> e""fll2, Vfe L? (G,v), VAe A

In particular, for the input coherent states 7y ® wo = 6’ ® 69, two output states
w1 (8) =1y ®wo (Eap ((¢) ® I)) and 7; (o) = np @ wo (€ap (I ® (e))) are obtained
by

w, = gaf+ﬁg,

n, = g—Bf+ag
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& p is called a generalized beam splitting on Fock space because it also hold the
same properties satisfied by the generated beam splitting IT*in Section 1.

Now we introduce a self-adjoint unitary operator U, which denotes a new
device instead of the Kerr medium, defined by

U(®) (¢1,92) = (_I)MH‘PZI D (1, 92)

for ® € M ®M and ¢;,p, € G, where |p,| = ¢, (G) (k =1,2). For the input
state w; @ k = 67 ® ||¢1||2 (¢, o), the output state wo of new device is

wa(d) = W@k (17 (A®1) U)

o) I (9) 200" (a)

Ihbll

forany A€ A,y € M (¢ #£0) and f € L?(G,v). If & is given by the vacuum
state 6°, then the output state wq is equals to w; and if k is given by one particle
state, that is, kK = W (1, o) with 9 [pe(where M is the set of one-particle

states), then w, is obtained by 67/. Let M, (resp. M.) be the set of ¢ € M
which satisfies that |p| is odd (resp. even) and M be the union of M, and M..
The output states wy of the new device is written by

wa (A) = M0 (A) + X607 (A) VA€ A,
where A; and ), are given by

=g [, F (o) 1 ()],
e =z [, F (do) [ (0) -

Two output states w3 (8) = wa®n;, (Eayp, ((¢) ® I)) and 7; (o) = w2, (Eas, 5 (I ® (o))
of the total logical gate including two beam splittings £* o5, With (|ak] + 8.1 = 1)
(k = 1.2) and the new device instead of Kerr medlum are obtained by

wy = Ao +B10)+B(=Bif+eag) 4 ) paa(eaf+819)+82(~Bs f+ang)

Ny = MO Pal-(eaftBia)+ar(-Bif+ag) | AgfPaler f+B19)+a2(=Brf+ug)

where wy = A8~ (1/619) 4 )\, go1f+A19 gng Ny =1, = g—Prf+ag
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3.2. Complete truth table for the new logical gate

In this section, we show the complete truth table giving by the above logical
gate on Fock space.

We put wy = 67 and 5, = 69. If we assume the case (1) of \; =0 and A, = 1,
then one has

ws = 0(041042”‘[3152)f+(a251+5¢132)9,
Ny = 0(—011[_32"51251)f+("ﬁ152+&15‘2)9,
and if we assume the case (2) of A\; =1 and Ay = 0, then one has
wy = 0(—0!1&2~Blﬁz)f+(azﬁ1+5t1ﬁ2)g’
s g(e1By—a2B1) f+(~P1By+ana2)g
For example, we have the complete truth tables for the following two cases (I)
and (II): (I) When a1 = ay = 8, = 82 = % are satisfied, two output states
of the new logical gate become ws = 69 and 7; = 8~/ under the case (1) and
w3 = 0 and 75 = 69 under the case (2). (II) When oy = 9—%“ and G, = 5%
with 7, 8k € [0,27] hold ayas = (3,8,, one has v, +, = 82 — 61 and two output
states of the new logical gate become ws = #9 and n; = 6~ under the case (1)
and ws = 077 and n; = 69 under the case (2).

The new logical gate treats three initial states wo,n, and x corresponding to
two input gates I, I> and the control gate C, respectively. The true T' and false
F of the input state w (resp. 7) are described by two different states w” and w”
(resp. 77 and 1), that is;

True < coherent state w” = 67 (resp. T = 69),
False < vacuum state.w” = 6° (resp. n = 6°).

Moreover, the truth state x” and the false state k¥ are denoted by the control
states of the case (1) and (2), respectively. When the initial control state s
is k¥ under the above case (I) or (II), the final states of the new logical gate
corresponding to two input gates O;,O, are obtained as the following truth
table:



(3.1)
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When the initial control state x is x7 under the above case (I) or (II), the
final states of the new logical gate corresponding to two input gates Oy, O, are
obtained as the following truth table:

L|L|[C|O:] 0,
T(T|T|T |T

F|T|T|T |F (3.2)
T|F |T|F |T

F|F |T|F |F

It means that the new logical gate performs the complete truth table. Further
results will be appear in our joint paper [11].
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