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The present paper is concerned with the existence and uniqueness of the quasiperiodic
solutions to the Duffing’s General Type equation

d m
(1) — + 2/.Ld—:: +12x =ex + E (a cos vt + by sin yt),
k=1

where p,v,v; = 2n/wy and, wi(k = 1,2,...,m) are all positive, and 1/w;, are rationally
linearly independent. Putting y = dz/dt,

(%), a=( % 1), =] < O
z= y )’ “\ -2 o )’ T Do (akcosut + bysinvgt) )’
k=1

1 =( 5 ).

the equation (1) can be written in the vector form as follows:

d
2) Ez‘i’ = Az + ¢(t) + en(2).
The linear differential equation
3) Lo=o(t), L=2%_4
SV T dt

satisfies the generalized exponential dichotomy for s # 0. Let ®(t) be the fundamental
matrix of the equation Lz = 0 such that (0) = E (unit matrix) , we have

(4) I 2(2) 1< Koe™".

In the paper we use the £, -norm | - || in Euclidean space and denote that || f ||= supscr ||
f(#) ]| for any bounded function f = f(t).
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Then there exist a projection matrix P (Duffing: P = FE) , positive numbers 0,0, and
non-negative functions C(t, s), Ca(t, s) such that

(1)) P2=P
(@) || @(t)PD1(s) ||< Cu(t, s)e~or(t—2) fort> s,
(@i5) || @(E)(E — P)®71(s) ||< Caft, s)eo2(s-0) fort<s,

+o0
(iv) / Ci(t, s)e“”(t's)ds+/ Cy(t,s)e 2t ds < M,
—00 t

where

( Ko ifu>v>0

P /—-g-——” —y 1 ’
t

M= / Kot — s)e"9ds  ifp=0,

Ky

u

f0<p<vw

Theorem 1 Consider a nonlinear differential equation
6) %=Xz,

where z and X (t, z) are vectors and X (t, z) is quasiperiodic in t with periods wy, W, ..., W
and is continuously differentiable with respect to z belonging to a region D of z-space.

Suppose that there is a continuously differentiable quasiperiodic function zo(t) with
periods w,ws, ..., W, such that

ZO(t) € 'D’

{ I 252 — X[t,z0(t)] 1<

for allt € R.
Further suppose that there are a positive number §, a non-negative number k < 1 and a
quasiperiodic matriz A(t) with periods wy,ws, ..., wy, such that
(i) the equation (8) satisfies a generalized exponential dichotomy,

(i) Ds ={z;] 2 — z(t) Ues d for somet€ R} C D,
(iir) || ¥(t,z) — A(¢) ||< i whenever || z — z(t) ||< 9,
and '

(iv) TA“% <4,
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where WU(t,z) is the Jacobian matriz of X (t,2) with respect to z .
Then the equation (6) possesses a solution z = % quasiperiodic in t with periods
Wy, W3, ..., Wy, Such that

M Nal) - 50 IS T

for all t € R. Furthermore, to the equation (6) there is no other quasiperiodic solution

belonging to Ds besides z = %(t).

Let 2z9(t) be the quasiperiodic solution to the linear equation (3) and bounded by K as
Il () lI< K.

Theorem 2 If the parameter ¢ satisfies the inequality

8) lel < BRI

the equation (1) possesses a quasiperiodic solution z = £(t) with periods wy,ws, ..., wn, such
that

9) Il =(t) - 2(t) 1< K

for allt € R.

* If the inequality (8) does not hold, or the error estimation (9) is too crude, we should
compute a more accurate approximation than zo(t). For this purpose the Galerkin method
is usefull.

Starting from the solution z = 2y(t) of the equation (3), we can compute the following
Galerkin approximation of n-th order to the solution «(t) of the equation (1) :

(10) 2o(t) = (0,00 + > 3 {apcos(p, v}t + fpsin(p, v)t},

r=1 |pl=r

m m
(p,v) = ZPkaa |P| = Z |Pk|-
k=1 k=1

Theorem 1 in the paper makes us to veryfy the existence and uniqueness of an exact
quasiperiodic solution and know the error bound of the approximation (10) to the quasiperi-
odic solution of Duffing’s general type equation (1) which is a fundamental equation in
nonlinear oscillations.
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