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ABSTRACT. Using the second author’s deterministic algorithm [8], which
constructs all the finitely many simple groups $G$ having a 2-central invo-
lution, say $t$ , such that $C_{G}(t)$ is isomorphic to a given group $H\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathfrak{h}^{\mathrm{r}}\mathrm{i}\mathrm{n}\mathrm{g}$

certain natural conditions, in this article we give a new and in some sense
natural existence proof for Janko’s first sporadic simple group $\mathrm{J}_{1}[6]$ .

1. INTRODUCTION

In [6] Z. Janko has proved the very remarkable

Theorem 1.1. Let $G$ be a finite group with following properties:
(J1) $G$ contains a 2-central involution $t$ with centralizer $C_{G}(t)\cong\langle t\rangle\cross \mathrm{A}_{5}$ ,

where A5 denotes the alternating group of order 60.
(J2) $G$ does not have a subgroup of index 2.
Then $G$ is isomorphic to th. $e$ subgroup $J$ of $\mathrm{G}\mathrm{L}_{7}(11)$ generated. by the two

matrices

Moreover, $G$ has $order|G|=175560$ , and up to isomorphism $G$ has only
one 7-dimensional irreducible representation over the prime field GF(II).

In [6] Z. Janko has also computed a character table of $G$, and he deter-
mined all the maximal subgroups of $G$ .

It is the purpose of this article to give a new proof for the existence part of
Janko’s Theorem 1.1, based on the second author’s deterministic algorithm
of [8]. Starting from a given finite group $H$ this algorithm constructs all
the finite simple groups $G$ having a 2-central involution $t$ and the following
properties:
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(1) There exists an isomorphism $\tau$ : $C_{G}(t)arrow H$ .
(2) There exists an elementary abelian normal subgroup $A$ of a fixed

Sylow 2-subgroup $S$ of $H$ of maximal order $|A|\geq 4$ such that

$G=\langle C_{G}(t), N=N_{G}(\tau^{-1}(A))\rangle$ .

(3) For some prime $p>0$ not dividing $|H||N|$ the group $G$ has an irre-
ducible $p$-modular representation $M$ with multiplicity-free restriction $M_{|H}$ .

In section 2 we apply this algorithm to a permutation group $H\cong 2\cross$ A5
to obtain an existence proof for Janko’s group $\mathrm{J}_{1}$ . Here the first author’s
algorithms and programs [7] for computing concrete character tables with
matrix representatives of the conjugacy classes of a finite group have also
been used, see Theorem 2.9.

Concerning notation and terminology we refer to the books by G. But-
ler [2], W. Feit [4] and B. Huppert [5]. All computations described in this
article can easily be verified by means of MAGMA [1].

2. EXISTENCE PROOF

In order to construct a finite simple group $G$ which contains a 2-central
involution $t$ having centralizer $C_{G}(t)\cong 2\cross$ A5 we employ the construction
method 4.6 of [8].

The two permutations (1, 2, 3, 4, 5) and (1, 3, 5) generate a finite group
which is isomorphic to the alternating group A5 of order 60. They both
commute with the transposition $(6, 7)$ . Hence we know:

$2\cross \mathrm{A}_{5}\cong\langle(1,2,3,4,5), (1,3,5), (6,7)\rangle=:H\leq \mathrm{S}_{7}$ ,

where $\mathrm{S}_{7}$ denotes the symmetric group of degree 7. Just for the sake of
convenience let us reduce the number of generators we have to work with.
Obviously, we can achieve $H=\langle x, y\rangle$ by setting

$x:=(1,2,3,4,5)$ and $y:=(1,3,5)(6,7)$ .
Notation 2.1. Within the group $H$ we distinguish the following elements:
$z:=y^{3}=(6,7),$ $a_{1}:=xy^{2}=(1,2)(3,4),$ $a_{2}:=(x^{2}y)^{2}x=(1,3)(2,4)$ , and
$d:=y^{2}x^{2}=(1,2,4)$ .
Lemma 2.2. Let $A:=\langle z, a_{1}, a_{2}\rangle$ , and let $D:=\langle z, a_{1}, a_{2}, d\rangle$ . Then:

$(a)$ $A$ is elementary abelian of order 8;

$(b)$ $A$ is a Sylow 2-subgroup of $H$ ;

$(c)z^{d}=z,$ $a_{1}^{d}=a_{2}$ , and $a_{2}^{d}=a_{1}a_{2}$ ;

$(d)N_{H}(A)=D\cong\langle z\rangle\cross\langle a_{1}, a_{2}, d\rangle\cong 2\cross \mathrm{A}_{4}$ .

Proof. Since $a_{1}a_{2}=a_{2}a_{1}=(1,4)(2,3)$ assertion (a) holds, and (b) follows
immediately. The equations in (c) can be checked by hand; they show that
$A$ is normal in $D\cong\langle z\rangle\cross\langle a_{1}, a_{2}, d\rangle\cong 2\cross \mathrm{A}_{4}$ . Thus, verifying $N_{H}(A)\leq D$

by means of MAGMA completes the proof. $\square$
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According to step 2 of algorithm 4.6 of [8] we state

Proposition 2.3. Using the notation established so far the following asser-
tions hold:

$(a)C:=C_{H}(A)=A$ .
$(b)$ With respect to the basis $\{z, a_{1}, a_{2}\}$ of the vector space $A$ over $\mathrm{G}\mathrm{F}(2)$

the conjugation action of $D$ on $A$ induces a group homomorphism
$\eta:Darrow\Delta:=\eta(D)=\langle\eta(d)\rangle\leq \mathrm{G}\mathrm{L}_{3}(2)$

with kernel $ker(\eta)=C$ .
$(c)$ Up to conjugacy there is a uniquely determined subgroup $\Phi$ of $\mathrm{G}\mathrm{L}_{3}(2)$

which acts naturally on the $\mathrm{G}\mathrm{F}(2)$ -vector space $A$ and satisfies the following
conditions:

(i) $\Delta=\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{b}_{\Phi}(z)j$

(ii) $|\Phi:\Delta|$ is odd;
(iii) Up to conjugacy in $E_{\Phi}:=A$ : $\Phi$ there is a uniquely determined em-

bedding $\mu$ of $D=A:\langle d\rangle$ into the semidirect product $E_{\Phi}$ such that. the
diagram

1–, $Aarrow E_{\Phi}arrow\Phi\lambdarightarrow 1$

$\downarrow \mathrm{i}\mathrm{d}\mathrm{i}\mathrm{d}$

$\downarrow\mu$

$\eta$

$\downarrow \mathrm{i}\mathrm{d}$

$1arrow Aarrow Darrow\Delta \mathrm{i}\mathrm{d}arrow 1$

commutes.

This group $\Phi$ is isomorphic to the Frobenius group $F_{21}=7:3$ .
$(d)$ Up to isomorphism the free product $H*_{D}E_{\Phi}$ with amalgamated sub-

group $D$ is uniquely determined by $H$ and the identification of $D$ with $\mu(D)$

via the monomorphism $\mu$ .

Proof. Assertion (a) holds by Lemma 2.2.

Consider $A$ as a 3-dimensional vector space over $\mathrm{G}\mathrm{F}(2)$ . With respect to
the fixed basis $\{z, a_{1}, a_{2}\}$ of this vector space the conjugation action of $D$

on its subgroup $A$ can be described by the following elements of $\mathrm{G}\mathrm{L}_{3}(2)$ :

$\eta(z):=\eta(a_{1}):=\eta(a_{2}):--$ ,

$d:=\eta(d)$$:=\wedge$

Linear extension yields a homomorphism
$\eta:Darrow\Delta=\langle d\rangle\wedge\leq \mathrm{G}\mathrm{L}_{3}(2)$

with kernel $\mathrm{k}\mathrm{e}\mathrm{r}(\eta)=A=C$ .
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By Sylow’s theorem $\mathrm{G}\mathrm{L}_{3}(2)$ has –up to conjugacy–only one subgroup
which contains $\Delta$ with odd index, namely the Robenius group $F_{21}=7:3$ .
Computer search reveals twelve elements $\wedge e\in \mathrm{G}\mathrm{L}_{3}(2)$ such that $|\langle e\rangle\wedge|=7$

and $\langle e\rangle\wedge$ is normalized by $d\wedge$. We may choose

$\wedge e:=\in \mathrm{G}\mathrm{L}_{3}(2)$ .

Then $\Phi:=\langle d,e\wedge\wedge\rangle\leq \mathrm{G}\mathrm{L}_{3}(2)$ is isomorphic to $F_{21}$ . Let $E_{\Phi}=A$ : $\Phi$ be
the semidirect product of $A$ by $\Phi$ with respect to the action of $\Phi$ on $A$ as
a $\mathrm{G}\mathrm{F}(2)$ -vector space. Then the canonical embedding $\Deltaarrow\Phi$ induces an
embedding $\mu$ of $D=A:\langle d\rangle$ into $E_{\Phi}$ such that the diagram

$1arrow Aarrow E_{\Phi}arrow\Phi \mathrm{i}\mathrm{d}\kappaarrow 1$

$\downarrow \mathrm{i}\mathrm{d}\mathrm{i}\mathrm{d}$

$\downarrow\mu$

$\eta$

$\downarrow \mathrm{i}\mathrm{d}$

$1arrow Aarrow Darrow\Deltaarrow 1$

commutes. Therefore, assertion (c) holds by the theorem of Schur and
Zassenhaus; (d) follows immediately. $\square$

From the information given in Lemma $2.2(\mathrm{a}),(\mathrm{c})$ and from the observation
that $\wedge e^{d}\wedge=\wedge e^{2}$ it is now easy to deduce a finite presentation of the group $E_{\Phi}$ :

$E_{\Phi}=($ $z,$ $a_{1},$ $a_{2},$ $d,$ $e$ $|$ $z^{2}=a_{1}^{2}=a_{2}^{2}=d^{3}=e^{7}=1$ ,
$[z, a_{1}]=[a_{1}, a_{2}]=[a_{2}, z]--1$ ,
$z^{d}--z,$ $a_{1}^{d}--a_{2},$ $a_{2}^{d}--a_{1}a_{2}$ ,
$z^{e}=a_{1},$ $a_{1}^{e}=a_{2},$ $a_{2}^{e}=za_{1}$ ,
$e^{d}=e^{2}$

$\rangle$ ;

Using MAGMA we build a faithful permutation representation $\rho$ of $E_{\Phi}$ by
computing its action on the (eight) right cosets of $\langle d, e\rangle$ :

$z$ $rightarrow$ $(1, 2)$ $(3, 5)(4,6)(7,8)$ ,
$a_{1}$

$\mathrm{t}arrow$ $(1,3)(2,5)(4,7)(6,8)$ ,
$a_{2}$ $rightarrow$ $(1,4)(2,6)(3,7)(5,8)$ ,

$d$ $rightarrow$ (3, 4, 7) (5, 6, 8),
$e$ $rightarrow$ (2, 3, 4, 5, 7, 8, 6).

Let us identify $E_{\Phi}$ and $\rho(E_{\Phi})$ in the sequel.

In order to apply step 3 of algorithm 4.6 of [8] we need the character tables
of $H,$ $E_{\Phi}$ and $D$ . Realize that our concrete conjugacy class representatives
provide

1. the essential link from the irreducible characters of $D$ as a subgroup of
$H\leq \mathrm{S}_{7}$ to the irreducible characters of $D$ as a subgroup of $E_{\Phi}\leq \mathrm{S}_{8;}$

2. the fusions of the conjugacy ciasses of $D$ into $H$ and of $D$ into $E_{\Phi}$ ,
respectively.
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Character table 2.4. of the group $H\cong 2\cross \mathrm{A}_{5}$

where $\alpha=\frac{1}{2}(1+\sqrt{5}),$ $and* \alpha=\frac{1}{2}(1-\sqrt\overline{5})$ .

Character table 2.5. of the group $E_{\Phi}\cong 2^{3}$ : $F_{21}$

where $\beta=\exp(\frac{2\pi i}{3})$ ,

and $\gamma=\frac{1}{2}(-1+i\sqrt{7})$ .
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Character table 2.6. of the group $D\cong 2\cross A_{4}$

where $\beta=\exp(\frac{2\pi i}{3})$ .

By means of Kratzer’s algorithm [7] we calculate the finite set

$\Pi=\{(\chi, \theta)\in \mathrm{m}\mathrm{f}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{C}}(H)\cross \mathrm{f}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{C}}(E_{\Phi})|\chi_{|D}=\theta_{|D}\}$

of compatible pairs $(\chi, \theta)$ where $\mathrm{m}\mathrm{f}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{C}}(H)$ denotes the set of all multi-
plicity-free faithful characters of $H$ , and $\mathrm{f}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{C}}(E_{\Phi})$ denotes the set of $\dot{\mathrm{a}}11$

faithful characters of $E_{\Phi}$ . The set II is finite by Proposition 3.5 of [8].

For each $(\chi, \theta)\in\Pi$ the positive integer $\chi(1)=\theta(1)$ is called the degree
of the compatible pair $(\chi, \theta)$ .

Using the identifiers introduced within the character tables above and
printing faithful irreducible characters of any of the three groups $H,$ $D$ or
$E_{\Phi}$ in bold face we state the result as

Lemma 2.7. There are six compatible pairs $(\chi, \theta)$ of multiplicity-free faith-
ful characters $\chi$ of $H$ and faithful characters $\theta$ of $E_{\Phi}$ with minimal degree
$\chi(1)=\theta(1)=7$ , namely:

$(a)(x_{7}+x_{5}, \theta_{6})$ ,
$(b)(x_{7}+x_{6}, \theta_{6})$ ,
$(c)$ ( $x_{2}+x$a $+x_{5},$ $\theta_{6}$ ),

$(d)(x_{2}+x_{\epsilon}+x_{6}, \theta_{6})$ ,
$(e)(x_{2}+x_{4}+x_{5}, \theta_{6})$ ,
$(f)(x_{2}+x_{4}+x_{6}, \theta_{6})$ .

In each case the common restriction to $D$ is $\chi_{|D}=\delta_{2}+\delta_{8}+\delta_{7}=\theta_{6|D}$ .
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Proof. Taking the three character tables 2.4, 2.5, 2.6 and the fusion patterns
of $D$ into $H$ and $D$ into $E_{\Phi}$ as input Kratzer’s algorithm [7] yields that 7 is
the minimal degree of all the compatible pairs $(x, \theta)\in\Pi$ , and that the six
faithful characters $\chi\in \mathrm{m}\mathrm{f}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{C}}(H)$ of degree 7 stated in the assertion are
compatible with the irreducible character $\theta_{6}$ of $E_{\Phi}$ . In fact, the algorithm
also proves that these are the only compatible pairs $(\chi, \theta)$ of degree 7. $\square$

The smallest prime $p>0$ not dividing the product $|H||E_{\Phi}|$ is $p=11$ . By
the character tables 2.4 and 2.5 the prime field $\mathrm{F}=$ GF(II) is a splitting
field for all the irreducible constituents occurring in the six compatible pairs
$(\chi, \theta_{6})$ listed in Lemma 2.7.

Lemma 2.8. For each compatible pair $(\chi, \theta_{6})$ given in Lemma 2.7 there
exists a 7-dimensional semisimple multiplicity-free representation $V\Leftrightarrow\chi$ of
$H$ and an irreducible representation $W\Leftrightarrow\theta_{6}$ of $E_{\Phi}$ over GF(II) such that

(1) $H\cong\langle \mathcal{X}, \mathcal{Y}\rangle\leq \mathrm{G}\mathrm{L}_{7}(11)$ ,

(2) $D\cong\langle Z, A_{1}, A_{2}, D\rangle$ ,
(3) $E_{\Phi}\cong\langle Z, A_{1}, A_{2}, D, \mathcal{E}\rangle$ ,

where $Z=\mathcal{Y}^{3},$ $A_{1}=\mathcal{X}\mathcal{Y}^{2},$ $A_{2}=(\mathcal{X}^{2}\mathcal{Y})^{2}\mathcal{X}$ , and $D=\mathcal{Y}^{2}\mathcal{X}^{2}$ . For each of the
cases $(a)-(f)$ of Lemma 2.7 the generating matrices $\mathcal{X},$ $\mathcal{Y},$ $\mathcal{E}\in \mathrm{G}\mathrm{L}_{7}(11)$ are
given in the appendix.

Proof. (1)&(2) By Lemma 2.2 the group $H=\langle x, y\rangle\leq S_{7}$ has a faithful
permutation representation on $\Omega_{H}=\{1,2, \ldots, 7\}$ . Let $\mathrm{F}=$ GF(II), and
let $P=\mathrm{F}\Omega_{H}$ be the corresponding permutation module of $H$ over F. Then
MAGMA gives us the direct decomposition $P\cong \mathrm{I}_{H}^{2}\oplus M_{2}\oplus M_{8}$ , where $M_{2}$

corresponds to the signum representation of $H$ , and $M_{8}$ is an irreducible
module of $H$ affording $\chi_{8}\in \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{C}}(H)$. Hence $M_{7}=M_{2}\otimes M_{8}$ is the irre-
ducible $\mathrm{F}H$-module corresponding to $\chi_{7}\in \mathrm{c}\mathrm{h}\mathrm{a}r_{\mathbb{C}}(H)$ . By constructing ten-
sor products like $M_{7}\otimes M_{7}$ and splitting them into irreducible constituents
we get all the irreducible $\mathrm{F}H$-modules $M_{i}$ corresponding to the irreducible
characters $\chi_{i}\in \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{C}}(H)$ occurring in Lemma 2.7 (Note: Here we fix 4 as
a primitive 5-th root of unity in $\mathrm{F}$ –as MAGMA does.’). Thus, for each in-
dividual case $(\mathrm{a})-(\mathrm{f})$ we now know how to set up blocked diagonal matrices
$\mathcal{X}_{0},$ $y_{0}\in \mathrm{G}\mathrm{L}_{7}(11)$ corresponding to the permutations $x,$ $y\in H$ .

Let $V=V_{\mathrm{N}}$ be the semisimple $\mathrm{F}H$-module corresponding to the faithful
character $\chi$ of $H$ given in Lemma 2.7 $(\aleph),$ $\aleph\in\{a, b, c, d, e, f\}$ . The restriction
$V_{|D}$ to the subgroup $D$ of $H$ can be computed easily, just confer Notation 2.1.

In particular, Lemma 2.7 says that $V_{|D}$ decomposes directly into the three
pairwise non-isomorphic $\mathrm{F}D$-modules $V_{\mathrm{N}2},$ $V_{\mathrm{N}8}$ and $V_{\aleph 7}$ corresponding to the
irreducible characters $\delta_{2},$ $\delta_{8}$ and $\delta_{7}$ of $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{C}}(D)$ , respectively. However,
bases of $V_{\aleph 2},$ $V_{\aleph 8},$ $V_{\aleph 7}$ may be merged to a basis of $V$ , and with respect to
this new $\mathrm{b}\mathrm{a}s$is we transform the two matrices $\mathcal{X}_{0}^{(\mathrm{N})},$ $\mathcal{Y}_{0}^{(\aleph)}$ constructed above
into matrices $\mathcal{X}^{(\aleph)},$ $\mathcal{Y}^{(\aleph)}$ .

For a complete summary of our explicit results at this stage the reader
is referred to the first two columns of the table in the appendix. Since
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it becomes important later we just want to substantiate case (b) a little
bit: Emulating Notation 2.1 here yields that a group isomorphic to $D$ is
generated by the following matrices:

$Z^{(b)}=$

$A_{1}^{(b)}=$

$A_{2}^{(b)}=$

$D^{(b)}=$

(3) It remains to construct the irreducible representation $W$ of $E_{\Phi}$ corre-
sponding to $\theta_{6}\in \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{C}}(E_{\Phi})$ . We remember that $E_{\Phi}=\rho(E_{\Phi})$ is a permu-
tation group acting on $\Omega_{E_{\Phi}}=\{1,2, \ldots, 8\}$ with stabilizer $\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{b}_{E_{\Phi}}(1)\cong\Phi$

and permutation character $(11_{\Phi})^{E_{\Phi}}=\mathrm{I}_{E_{\Phi}}+\theta_{6}$ by the character table 2.5.
Let $P=\mathrm{F}\Omega_{E_{\Phi}}$ be the permutation module of $E_{\Phi}$ over $\mathrm{F}=\mathrm{G}\mathrm{F}(11)$ . Decom-
position of $P$ into irreducible $\mathrm{F}E_{\Phi}$-modules by means of MAGMA confirms
$P\cong$ lt$E_{\Phi^{\oplus W}}$ .

We now have to match the groups $D\leq H$ and $\mu(D)\leq E_{\Phi}$ effectively for
each cas$e$ of Lemma 2.7.

With respect to some fixed basis of $W$ the five permutations $\rho(z\underline{)}, \rho(a_{1})$ ,
$\rho(a_{2}),$ $\rho(d),$ $\rho(e)\in \mathrm{S}_{8}$ can be represented by $7\cross 7$-matrices $\tilde{Z},\tilde{A}_{1},$ $A_{2},\tilde{D},$

$\mathcal{E}\sim$

over the field $\mathrm{F}$ , respectively. Therewith $\mu(D)=\langle\tilde{Z},\tilde{A}_{1},\overline{A}_{2},\overline{D})\leq \mathrm{G}\mathrm{L}_{7}(11)$ ,
and $\mu(D)\cong D=\langle Z, A_{1}, A_{2}, D\rangle\leq \mathrm{G}\mathrm{L}_{7}(11)$ . Hence there exists a group
isomorphism $\psi$ between those two subgroups induced by the corresponding
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base change. Employing MAGMA again we obtain a transformation matrix
$\mathcal{L}\psi\in \mathrm{G}\mathrm{L}_{7}(11)$ such that

$Z$ $=$ $\mathcal{L}_{\psi}^{-1}\tilde{\mathcal{Z}}\mathcal{L}_{\psi}$ ,
$A_{1}$ $=$ $\mathcal{L}_{\psi}^{-1}\tilde{A}_{1}\mathcal{L}_{\psi}$ ,
$A_{2}$ $=$ $\mathcal{L}_{\psi}^{-1}\tilde{A}_{2}\mathcal{L}_{\psi}$ ,

$D=$ $\mathcal{L}_{\psi}^{-1}\tilde{D}\mathcal{L}_{\psi}$ .

(Note: The transformation $\mathcal{L}_{\psi}$ is uniquely determined up to multiplication
with elements of $C_{\mathrm{G}\mathrm{L}_{7}(11)}(\mu(D))’.)$ Obviously, setting $\mathcal{E}:=\mathcal{L}_{\psi}^{-1}\mathcal{E}\mathcal{L}\psi\sim$ ensures
that we have $E_{\Phi}\cong\langle Z, A_{1}, A_{2}, D, \mathcal{E}\rangle$ in any of the cases $(\mathrm{a})-(\mathrm{f})$ . $\square$

Finally, we are able to give an existence proof of Janko’s sporadic simple
group $\mathrm{J}_{1}$ described in Theorem 1.1.

Theorem 2.9. Let $H$ be some finite group with a central involution $z\neq 1$

such that $H\cong\langle z\rangle\cross$ A5. Moreover, let $A$ be a fixed Sylow 2-subgroup of $H$,
$D=N_{H}(A)$ , and $\eta$ : $Darrow \mathrm{G}\mathrm{L}_{3}(2)$ be the homomorphism determined by the
conjugation action of $D$ on A. Then the following assertions hold:

$(a)$ Up to conjugacy there exists a unique subgroup $\Phi\cong F_{21}$ of $\mathrm{G}\mathrm{L}_{3}(2)$

containing $\Delta=\eta(D)\cong 3$ with odd index and an embedding $\mu$ of $D$ into the
semidirect product $E_{\Phi}=A:\Phi$ such that the diagram

$1arrow Aarrow E_{\Phi}arrow\Phi \mathrm{i}\mathrm{d}\lambdaarrow 1$

$\downarrow \mathrm{i}\mathrm{d}\mathrm{i}\mathrm{d}$
$\downarrow\mu$

$\eta$

$\downarrow \mathrm{i}\mathrm{d}$

$1arrow Aarrow Darrow\Deltaarrow 1$

commutes.
$(b)$ The free product $H*_{D}E_{\Phi}$ of $H$ and $E_{\Phi}$ with amalgamated subgroup

$D$ is uniquely determined by $H$ up to isomorphism, and there is a unique
7-dimensional irreducible representation $\kappa$ : $H*_{D}E_{\Phi}arrow \mathrm{G}\mathrm{L}_{7}(11)$ over the
field GF(II) such that the group

$J=\langle\kappa(H), \kappa(E_{\Phi})\rangle\leq \mathrm{G}\mathrm{L}_{7}(11)$

has an involution $Z$ with $C_{J}(Z)\cong H$ .
$(c)J$ is a simple group of order $|J|=$ 175560 generated by the matrices

$\mathcal{X},$ $\mathcal{Y}$ in line $(b)$ of the table in the appendix and the matrix

$S=(10000011$ $5865000$ $0565338$ $0080338$ $002009010055611101005615)$

$(d)$ Matrix representatives $\mathcal{W}$ for the conjugacy classes $(\mathcal{W})^{J}$ of $J$ a.re
given in the following table:
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Order $\mathcal{W}$ $|J$ : $C_{J}(\mathcal{W})|$ $|C_{J}(\mathcal{W})|$

$\ovalbox{\tt\small REJECT}_{1170435}^{2926023}15_{1}\mathcal{X}\mathcal{Y}S10_{2}\mathcal{X}S175562510_{1}\mathcal{X}\mathcal{Y}175562515_{2}\mathcal{X}^{4}S117043519_{3}S\mathcal{X}^{2}\mathcal{Y}S92401919_{2}\mathcal{X}^{2}S\mathcal{Y}S92401919_{1}\mathcal{X}\mathcal{Y}\mathcal{X}S9240195_{2}\mathcal{X}^{2}58522355_{1}\mathcal{X}585223511\mathcal{X}^{2}\mathcal{Y}S15960113\mathcal{Y}^{2}58522352\mathcal{X}y_{\mathcal{Y}}^{2}14632^{3}3567S2508071112^{3}3571119$

$(e)J$ has the same character table as Janko’s sporadic simple group $\mathrm{J}_{1}$

given in the $\mathrm{A}\mathrm{T}\mathrm{L}\mathrm{A}\mathrm{S}[3]$ .

Proof. (a) follows immediately from Proposition 2.3. Hence the amalga-
mated free product $P=H*_{D}E_{\Phi}$ is uniquely determined by $H$ up to iso-
morphism.

Let now $(\chi, \theta_{6})$ be any of the compatible pairs of faithful multiplicity-free
characters $\chi$ of $H$ and faithful irreducible character $\theta_{6}$ of $E_{\Phi}$ determined in
Lemma 2.7 of minimal degree $\chi(1)=7=\theta_{6}(1)$ . According to step 4 of algo-
rithm 4.6 of [8] identify $H$ and $E_{\Phi}$ with their isomorphic images in $\mathrm{G}\mathrm{L}_{7}(11)$

afforded by the faithful modules $V$ and $W$ over GF(II) corresponding to
the characters $\chi$ and $\theta_{6}$ of $H$ and $E_{\Phi}$ , respectively.

For each of the cases $(\mathrm{a})-(\mathrm{f})$ the matrix generators of $H$ and $E_{\Phi}$ are
given in Lemma 2.8. By Lemma 2.7 the compatible pairs $(\chi, \theta_{6})$ of the
cases $(\mathrm{c})-(\mathrm{f})$ have a faithful semi-simple multiplicity-free character $\chi$ with
three irreducible constituents, and the common restriction $\chi_{|D}=\theta_{6|D}$ to
$D=H\cap E_{\Phi}$ has three non-isomorphic irreducible constituents as well.
Therefore Thompson’s theorem [9] asserts that the free product $P=H*_{D}E_{\Phi}$

has only one irreducible 7-dimensional representation $\kappa$ : $Parrow \mathrm{G}\mathrm{L}_{7}(11)$ in
any of these four cases. Hence

$\kappa(P)=\langle \mathcal{X}, \mathcal{Y}, \mathcal{E}\rangle\leq \mathrm{G}\mathrm{L}_{7}(11)$ ,

where $\mathcal{X},$ $\mathcal{Y}$ and $\mathcal{E}$ are the matrices in $\mathrm{G}\mathrm{L}_{7}(11)$ of Lemma 2.8. The explicit
triple of generators for each particular case can be found in the corresponding
line of the table in the appendix.
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By step 4 c) of algorithm 4.6 of [8] we now have to check whether each
Sylow 2-subgroup $S$ of these four groups $\kappa(P)$ has exponent 2. This is not
the case as we see from the following table of orders $\mathrm{o}\mathrm{r}\mathrm{d}(\mathcal{M})$ of certain
elements $\mathcal{M}\in\kappa(P)$ : ...

(c)
(d)
(e)
(f)

$37$

$60$

$366$

$133$

$60$

$15$

$60$

$132$

In each of the cases (a) and (b) of Lemma 2.7 one has to examine
ten different irreducible 7-dimensional representations $\kappa_{i}(P)$ -a $\mathrm{G}\mathrm{L}_{7}(11)$ ,
parametrized by diagonal matrices $C_{i}:=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(i, 1,1,1,1,1,1),$ $i\in \mathrm{G}\mathrm{F}(11)^{\cross}$ ,
by Thompson’s theorem [9].

Denote the three generating matrices of Lemma 2.8 by $\mathcal{X}_{a},$ $\mathcal{Y}_{a},$ $\mathcal{E}_{a}$ and $\mathcal{X}_{b}$ ,
$\mathcal{Y}_{b},$ $\mathcal{E}_{b}$ in case (a) and (b), respectively. Then by step 4 c) of algorithm 4.6
of [8] we have to determine the exponent of a Sylow 2-subgroup of any of
the following groups:

$J_{a,i,-}$ $:=$ $\langle \mathcal{X}_{a}, \mathcal{Y}_{a},C_{i}^{-1}\mathcal{E}_{a}C_{i}\rangle\leq \mathrm{G}\mathrm{L}_{7}(11)$ ,
$J_{b,i}$ $:=$ $\langle \mathcal{X}_{b}, \mathcal{Y}_{b},C_{i}^{-1}\mathcal{E}_{b}C_{i}\rangle\leq \mathrm{G}\mathrm{L}_{7}(11)$ .

Therefore we compute the orders of the elements

$\mathcal{M}_{a,i}$ $=$ $\mathcal{X}_{a}C_{i}^{-1}\mathcal{E}_{a}C_{i}$ , $\mathcal{M}_{b,i}$ $=$ $\mathcal{X}_{b}C_{i}^{-1}\mathcal{E}_{b}^{2}C_{i}$ ,

$N_{a,i}$ $=$ $\mathcal{X}_{a}C_{i}^{-1}\mathcal{E}_{a}^{4}C_{i}$ , $N_{b,i}$ $=$ $\mathcal{X}_{b}C_{i}^{-1}\mathcal{E}_{b}^{4}C_{i}$

for all $i=1,2,$ $\ldots 10$ . The results are given in the following table:
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The table shows that only in case (b) the choice $i=9$ leads to a group $J_{b,9}$

with a possible Sylow 2-subgroup isomorphic to $2^{3}$ . In particular, assertion
(b) holds by Thompson’s theorem [9].

Let $J=J_{b,9}=(\mathcal{X}_{b},$ $\mathcal{Y}_{b},$ $S\rangle$ $\leq \mathrm{G}\mathrm{L}_{7}(11)$ , where $S:=C_{9^{-1}}\mathcal{E}_{a}C_{9}$ is the
matrix stated in assertion (c). Employing MAGMA we can now construct
the permutation representation $(11_{H})^{J}$ of $J$ . Indeed, $(11_{H})^{J}$ is faithful, and
$|J:H|=1463$ . Thus we may conclude $|J|=175560$ .

By application of Kratzer’s algorithm [7] the conjugacy $\mathrm{c}.$.lasses of $J$ have
representatives as given in table (d).

Using MAGMA and (d) it follows that $J$ has the same character table as
Janko’s group $\mathrm{J}_{1}$ which is given in the ATLAS [3]. In particular, $J$ is simple.

Certainly $H=(\mathcal{X}_{b}, \mathcal{Y}_{b}\rangle\leq C_{J}(Z)$ for the involution $Z=\mathcal{Y}_{b}^{3}(=Z^{(b)}$ as
given in the proof of Lemma 2.8). Since $|C_{J}(Z)|=120$ by the character
table of $J$ , we have $C_{J}(Z)=H\cong 2\cross A_{5}$ . $\square$
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$J_{1}$ REVISITED

3. APPENDIX: GENERATORS OF THE LOCAL SUBGROUPS $H$ AND $E_{\Phi}$ OF
LEMMA 2.8
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