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$0$ . INTRODUCTION

In [l,Question 6.2] Brou\’e proposed a question concerning derived equivalences
between blocks of finite groups. Then the question has been much interested and
studied by many people (see,also $[2]\mathrm{a}\mathrm{n}\mathrm{d}[3]$ ).

The question has been answered in the case that groups are $\mathrm{p}$-solvable in [5] and
that blocks have cyclic defect groups in [9] (see also [13]). Recently it was answered
for defect two blocks of Symmetric groups in [4]. And in [7] we checked the question
for the principal 3-blocks of the groups, $A_{6},$ $A_{7},$ $A_{8},$ $s6,$ $PSL(3,4),$ $M11,$ $M22,$ $M_{23}$

and $HS$ .
Our aim in this talk is to show that the examples in [7] we checked are all splendid

equivalent. In section 1 in this note we shall explain our method in [7]. And then
we discuss how to construct twosided tilting complexes in section 2 to use to show
that our above examples are splendid equivalent in section 3.

We only give outlines of proofs of our results and the detailed and final version
of this note will be submitted for publication elsewhere.

1. PRELIMINARIES

In $\mathrm{t}1_{1}\mathrm{i}\mathrm{s}$ section we summarize some results from theory of derived equivalences
of algebras which will be needed in our discussion.

Throughout this section let $A$ be a finite dimensional symmetric algebra over an
algebraically closed field $k$ of characteristic $p>0$ . By modules over an algebra we
mean right modules of finite dimension.

Let $P_{0}$ be a projective $A$-module and set $P=add(P_{0})$ . A right $P$-approximation
of an $A$-module $X$ is a sequence ; $P-^{J}X$ satisfying

(1) $P\in \mathcal{P}$

(2) $Hom_{A}(P/, P)^{Hom}Aarrow H_{on_{A}},(P(P’,j)/,$ $X)arrow 0$ (exact), for any $P’\in \mathcal{P}$

Every $A$-module $X$ has a unique minimal right $\prime \mathrm{p}$-approximation and any right
$\mathcal{P}$-approximation has minimal one as direct summand.

Let $S_{i},$ $i\in I$ be the set of all simple $A$-modules and $P_{i}$ be a projective cover of
$S_{i},$ $i\in I$ . Take a subset $I_{0}$ of $I$ (and fix it). And set $P(I_{0})=add( \oplus\sum_{i\in I_{\mathrm{O}}}P_{i})$ .
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For each $i\in I$ we shall construct a compjex $P_{i}^{*}\in K^{b}(P_{A})$ , the homotopy
category of bounded complexes of

$\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}\mathrm{e}\mathrm{C}\iota \mathrm{i}_{\mathrm{V}}\mathrm{e}\delta i$

A-modules.
For $i\not\in I_{0}$ let $P_{i}^{*}$ be $\cdotsarrow 0arrow R_{i}arrow P_{i}arrow 0arrow\ldots$ , where $\delta_{i}$ : $Rarrow P_{i}$

is a minimal right $P(I_{0})$-approximation of $P_{i}(P_{i}$ is in degree $0$ and $R_{i}$ is in degee
$-1)$ .

For $i\in I_{0}$ let $P_{i}^{*}$ be $\cdotsarrow 0arrow P_{i}arrow 0arrow\ldots$ ( $P_{i}$ is in degree-l).
Now set $P^{*} \{I_{0}\}=\oplus\sum_{i\in}{}_{I}P_{i}*$ . Let $P^{0}$ (resp. $P^{1}$ ) be the 0th (resp. -lst) term

of $P^{*}\{I_{0}\}$ and $\delta_{0}=\oplus\sum_{i\epsilon I}\delta_{i}$ .

Tlleorenl 1(Rickard $[10],\mathrm{S}\mathrm{e}\mathrm{e}$ also [14]).
$P^{*}\{I_{0}\}$ is a tilting complex for $A$ .

Put $C=End_{Ii^{b}}(P_{A})(P^{*}\{I\mathrm{o}\})$ . Let $\hat{P}_{i}$ be an indecomposable projective $C-$

module corresponding to an inecomposable direct summand $P_{i}^{*}$ of $P^{*}\{I_{0}\}$ and
$\hat{S}_{i}$ be a simple $C$-module corresponding to $\hat{P}_{i},$ $i\in I$ .

For $i\not\in I_{0}$ set $\rho_{i}=Hom_{A}$ ( $\delta_{0},$ Si) : $Hom_{A(}P^{0},$ $si$ ) $arrow Hom_{A(,s_{i})}P1(\rho_{i}=0,\mathrm{i}\mathrm{n}$

fact).
$\Gamma^{\mathrm{t}}01i\in I_{0}$ , let $U_{i}/S_{i}\subset P_{i}/S_{i}$ be $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ largest $\mathrm{s}\mathrm{u}\mathrm{b}_{\ln}\mathrm{o}\mathrm{d}_{\mathrm{U}\mathrm{l}\mathrm{e}}$ of $P_{i}/S_{i}$ each of whose

colnposition factors is isomorphic to $S_{k}$ for some $k\not\in I_{0}$ . Set $\rho_{i}=Hom_{A}(\delta_{0}, Ui)$ :
$Hom_{A(P}0,$ $U_{i})arrow Hom_{A(}P^{1},$ $U_{i})$ .

Proposition $1(\mathrm{s}\mathrm{e}\mathrm{e}[7])$ . The followings hold.

(1) For $i\not\in I_{0},\hat{S}_{i}\cong I\mathrm{f}er\rho_{i}$

(2) For $i\in I_{0},\hat{S}_{i}\cong Cok\rho i$

Using the result due to Rickard in [11] we can costruct an $(A, C)$ -bimodule $ALC$

which and $cHom_{k}(L, k)A$ give a stable equivalence of Morita type between $A$ and
$C$ with the following property; for $i\not\in I_{0},$

$S_{i}\otimes_{A}L\cong\hat{S}_{i}$ and for $i\in I_{0},$
$W_{i}\otimes_{A}L\cong\hat{S}_{i}$ ,

$\mathrm{w}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}W_{i}=\Omega^{-1}(U_{i})$ .

Now let $B$ be a symmetric algebra which is stabley equivalent of Morita type to
$A$ and let bimodules $BN_{A}$ and $AM_{B}=Hom_{k(_{BA}}N,$ $k$ ) give a stably equivalence
of Morita type between $B$ and $A$ . We assume that the set of simple B-modules
$\{T_{i;}i\in I\}$ is also indexed by $I$ (We also assume that $A$ and $B$ are connected and
nonsimple).

Set $A$-modules $X_{i}=T_{i}\otimes_{B}N,$ $i\in I$ .
If $X_{i},$ $i\in I$ are all simple in the stable module category of $A$ , then the result of

Linckellnann in [6] says that $B$ and $A$ are Morita equivalent.
Otherwise, we do the following procedure.
$(^{*})$ Take a “nice” subset $I_{0}$ of $I$ and construct $P^{*}\{I_{0}\}$ and calculate

$(^{*}- 1)C=End(P^{*}\{I0\})$ and
$(^{*}- 2)C$-modules $\hat{X}_{i}=X_{i}\otimes_{A}L,$ $i\in I$ .
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Then $BN\otimes_{A}L_{C}$ gives a stably equivalence of Morita type between $B$ and $C$ and
$\hat{X}_{i}=T_{i^{\otimes_{B}()}}N\otimes_{A}L$ .

If we have here that $\hat{X}_{i},$ $i\in I$ are all simple , $\mathrm{t}\mathrm{h}\dot{\mathrm{e}}\mathrm{n}$ use the result of Linckelmann
to conclude that $B$ and $C$ are Morita equivalent and therefore $B$ and $A$ are derived
equivalent.

So assume that we could find a sequece of (
$‘ \mathrm{n}\mathrm{i}\mathrm{c}\mathrm{e}$

” subsets $I_{0}$ for $A$ and then $I_{1}$

for $C$ and. .. of $I$ such that the followings occur; we do the procedure $(^{*})$ for $A$

with respect to $I_{0}$ , then for $C$ with respect to $I_{1},$
$\ldots$ and the resulting module

corresponding to $X_{i}$ , $i\in I$ over the final algebra are all simple.
Then the final algebra is Morita equivalent to $B$ by Linckelmann’s result and we

can conclude that $B$ and $A$ are derived equivalent (although our assumption is too
strong !).

2. TWOSIDED TILTING COMPLEXES

We shall use the notations in section 1. So $A$ and $B$ are symmetric algebras
over $k$ which are stably equivalent of Morita type. Let $S_{i},$ $i\in I$ be the set of all
simple $A$-modules and $P_{i}$ be a projective cover of $S_{i},$ $i\in I$ as before. Let $BN_{A}$ be a
$(B, A)-\mathrm{b}\mathrm{i}_{\mathrm{l}\mathrm{n}\mathrm{o}}\mathrm{d}\mathrm{U}\mathrm{l}\mathrm{e}$ which gives a stable equivalence between $A$ and $B$ such that $BN$

and $N_{A}$ are projective. We assume that $BN_{A}$ has no projective $(B, A)$ -summand.
Take a subset $I_{0}$ of $I$ (and fix it). And set $P(I_{0})=add( \oplus\sum_{i\in I_{0}}P_{i})$ . $U_{i}$ and $W_{i}$ ,
$i\in I_{0}$ , are $A$-modules defined in section 1.

Set $P(B, I_{0})=add(B \otimes_{k}\oplus\sum_{i\in I}0P_{i})$ (this is a subcategory of the category of
$(B, A)$ -modules). And let $P^{*}(N, I\mathrm{o})$ be a complex of $(B, A)$ -bimodules;

$P^{*}(N, I\mathrm{o})$ $:...arrow 0arrow {}_{B}P_{A}-_{B}^{\delta}N_{A}arrow 0arrow\ldots$ ,
where $\delta:{}_{B}P_{A}arrow BN_{A}$ is a minimal right $\mathcal{P}(B, I\mathrm{o})$-approximation of $BN_{A}\mathrm{r}$

Theorem 2. As a complex of A-modules
$P^{*}(N, I_{0})_{A}$ is a tilting complex for $A$ .

Proof. As a map of $A$-modules, $\delta$ : $P_{A}arrow N_{A}$ is a right $P(I_{0})-$ approximation (not
necessarily minimal) of $N_{A}$ . So as a complex of $A$-modules, $P^{*}(N, I\mathrm{o})$ is a direct
sum of complexes isomorphic to $P_{i}^{*},$ $i\in I$ ( $P_{1}^{*}.$ is the complex defined in section 1).
We shall show that for each $i\in I$ , the multiplicity of $P_{i}^{*}$ in $P^{*}(N, I\mathrm{o})_{A}$ is nonzero.

For $i\not\in I_{0}$ , the multiplicity of $P_{i}^{*}$ in $P^{*}(N, I\mathrm{o})_{A}\sim \mathrm{i}\mathrm{s}dimKer\delta_{i}^{*}$ by Proposi-
tion 1, where $\delta_{i}^{*}=Hom_{A}$ ( $\delta,$ Si) : $Hom_{A}(N_{A}, S_{i})arrow Hom_{A}(P_{A}, S_{i})$ . $Ker\delta_{i}^{*}=$

$Hom_{A}(NA, S_{i})\neq 0$ as $\delta_{i}^{*}$ is actually a zero map.
For $i\in I_{0}$ , the multiplicity of $P_{i}^{*}$ in $P^{*}(N, I_{0})_{A}$ is $dimCok\delta i*$ by Proposition

1, where $\delta_{i}^{*}=Hom_{A(\delta,U_{i})}$ : $Hom_{A(}N_{A},$ $U_{i}$ ) $arrow Hom_{A}(P_{A}, U_{i})$ . We shall show
that $Cok\delta_{i}*\cong Hom_{A(_{B}W)^{\mathrm{O}}}N_{A},i$ , a (unique) non projective indecomposable B-
summand of $Hom_{A}(_{B}N_{A}, W_{i})$ , in the following steps.

Step 1. The map $Hom_{A(}N_{A},$ $U_{i}$ ) $arrow Hom_{A(m}I\delta,$ $Ui$ ) induced by the inclusion
$Im\delta^{\mathrm{c}}arrow N$ is an $isomo?\backslash phism$ . In particular, $\delta_{i}^{*}$ is $i_{7}\iota_{J^{e}}Cti\prime ev$ .
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Proof. Apply $Hom_{A}$ $($ -, $U_{i})$ for $0arrow I?n\deltaarrow Narrow Cok\deltaarrow 0$ to obtain the exact
sequence;

$0arrow Hom_{A}(C_{\mathit{0}}k\delta, Ui)arrow Hom_{A(N,U_{i})}arrow$

$Hom_{A(m}I\delta,$ $Ui)arrow Hom_{A(C_{\mathit{0}}}k\delta,$ $Wi)arrow 0$

$(W_{i}=\Omega^{-1}(U_{i}))$ . As $SocUi=S_{i}$ and $SocWi$ is a direct sum of simple modules
isomorphic to $S_{k},k\in I_{0}$ , it holds that $Hom_{A}(C_{\mathit{0}}k\delta, Ui)=0=Hom_{A}(cok\delta, Wi)$ .

Step 2. For any simple $B$ -module $T$ , the map $Hom_{B}(_{B}PA,$ Ifomk $(\tau B, k)\otimes_{k}$

$U_{i})_{A}arrow Hom_{B(Icr}Be\delta_{A},$ Homk $(TB, k)\otimes_{k}U_{i})_{A}$ induced by the inclusion $BI\mathrm{f}er\delta A\llcorner_{arrow}$

${}_{B}P_{A}$ is a zero map.

Proof. $P_{A}$ is a direct sum of modules isomorphic to $P_{k},$ $k\in I_{0}$ and $S_{i}=SocUi\subset U_{i}$

is a unique composition factor of $U_{i}$ which is in $\{S_{k;}k\in I_{0}\}$ . So for any $(B, A)$ -map
$f$ : ${}_{B}P_{A}arrow Hom_{k}(\tau B, k)\otimes_{k}U_{i}$ , $Imf$ is contained in $Hom_{k()}\tau B,$$k\otimes_{k}S_{i}$ . If the
map in the statement of Step 2 was nonzero, then there exists a projective map
from $BI\mathrm{t}’er\delta_{A}$ to a simple $(B, A)-$ mdule $Hom_{k(T}B,$ $k$ ) $\otimes_{k}S_{i}$ . This is not the case
because $BI\mathrm{f}er\delta_{A}$ has no projective summand ( $\delta$ is minimal).

Step 3. $\delta_{i}^{*}$ : $Hom_{A()}BNA,$$U_{i}arrow Hom_{A(PU_{i}}BA,$ ) is a minimal injective hufl of
a $B$ -module $Ifom_{A(NU_{i}}BA,$ ). In particular, $Cok\delta_{i}*=\Omega^{-1}(HomA(_{B}NA, Ui))$ as
B-modules.

Proof. From the exact sequence $0arrow Ker\cdot\deltaarrow {}_{B}P_{A}arrow Im\deltaarrow 0$ we have the
following exact sequences of B-modules;

$0arrow Hom_{A}(Im\delta, U_{i})arrow H_{\mathit{0}}m_{A}\zeta\eta(BPA, U_{i})\sim H_{om}A(Ker\delta, Ui)$

We claim that $SocB(Hom_{A}(_{B}PA, Ui))\subset Ker\prime l$ . For a simple $B$-module $T$ , apply
$Hom_{B(T},$ -) for the above sequence to obtain $Hom_{B((}\tau_{B},$$Hom_{A}{}_{B}PA,$ $U_{i}$ )) $arrow\eta_{*}$

$Hom_{B}(\tau B, Hom_{A}(BI\{’er\delta_{A}, U_{i}))$ . By Step 2 and the isomorphism;

$Hom_{B(\tau}B,$ $Hom_{A}(_{B}?_{A}, Ui))\cong Hom_{B}(B?A, Hom_{k}(\tau B, k)\otimes_{k}U_{i})_{A}$

, we see that $?_{l*}$ is a zero map. So our claim follows. As $Hom_{A}(_{B}PA, U_{i})$ is a
projective $B$-module , $\zeta$ is a minimal injective hull of $Hom_{A}(Im\delta, Ui)$ . Now the
result follows by Step 1.

Step 4. $\Omega^{-1}(Hom_{A}(BN_{A}, Ui))\cong Hom_{A}(_{B}NA, Wi)^{\mathrm{O}}$ as B-modules.

Proof. Apply $H_{om_{A}}$ $(BN_{A}, -)$ for the exact sequence : $0arrow U_{i}arrow P_{i}arrow W_{i}arrow 0$ .
Then we obtain the exact sequence of $B$-modules ;

$0arrow Hom_{A()}BNA,$$U_{i}arrow Hom_{A(P_{i})}BNA,arrow Hom_{A(,)}BNAW_{i}arrow 0$

As $Hom_{A(,)}BNAP_{i}$ is an injective (projective) $B$-module, the result follows.
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Set $A^{(1)}=End_{I^{-}}1b(P_{A})(P^{*}(N, Io))$ .
$A^{(1)}$ is Morita equivalent to $C=End_{I(}\mathrm{t}^{-}bPA$ ) $(P*\{I0\}),\mathrm{t}\mathrm{h}\mathrm{e}$ algebra discussed in

sectioll 1. Let $S_{i}^{(1)}$ be a simple $A^{(1)_{-}}1\mathrm{n}\mathrm{o}\mathrm{d}_{\mathrm{U}\mathrm{l}\mathrm{e}}$ corresponding to an indecomposable
direct summand $P_{i}^{*}$ of $P^{*}(N, I\mathrm{o})$ , $i\in I$ .

As each term in $P^{*}(N, I\mathrm{o})$ is a $(B, A)$-bimodule, there exists an algebra map
$Barrow A^{(1)}$ induced by left multiplication by elements in $B$ . And $A^{(1)}$ -modules are
considered as $B$-modules via this map.

A proof of the above theorem shows the following.

Corollary 1. The followings hold.

(1) For $i\not\in I0,$ $S_{iB}^{(1)}\cong HomA(_{BA}N, s_{i})$ as B-modules
(2) For $i\in I0,$ $S_{i}^{(1)}\cong Hom_{A}(BBNA, W_{i})^{\mathrm{o}}$ as B- modules

The above fact says that $A(1)A_{B}^{(1})$ is indecomposable as an $(A^{(1)}, B)$-bimodule.

Proposition 2. The followings hold.

(1) $BA_{B}^{(1)}\cong B\oplus projective(B, B)$ -module
(2) $A^{(1)}\otimes_{B}H_{om}k(A^{(}1),$ $k)=A^{(1)}\oplus projective(A^{(1)}, A^{()}1)$ -module modules

Proof. $A^{(1)}$ is connected and symmetric as so is $A$ . And $B$ is also connected and
symmetric by our assumption. So the asertion (2) follows from (1).

From the complex $P^{*}(N, I\mathrm{o})$ : ${}_{B}P_{A}-_{B}^{\delta}N_{A}$ we obtain the following sequences
of $(B, B)$ -bimodules;

$Hom_{A}(N, P)\tauarrow Hom_{A}(N, N)\oplus H_{\mathit{0}}mA(P, P)\sigmaarrow Hom_{A}(P, N)$

where $\tau$ is defined by $frightarrow(\delta \mathrm{o}f, f\mathrm{o}\delta)$ for $f\in Hom_{A}(N, P)$ and $\sigma$ is defined by
$(h, g)-\succ h\circ\delta-\delta \mathrm{o}g$ . As $P^{*}(N, I\mathrm{o})$ is a tilting complex for $A$ , $\tau$ is injective , $\sigma$ is
surjective and $I\mathrm{t}’er\sigma/Im\tau\cong A^{(1)}$ .

$Ho’ n_{A}(BNA,{}_{B}PA),$ $HomA(BPA, BN_{A}),$ $Hom_{A}(_{B}PA,{}_{B}PA)$ are all projective as
$(B, B)$-modules and $Hom_{A}(_{B}N_{A}, BNA)\cong B\oplus \mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}(B, B)$-module. Now the
assertion (1) follows a standard argument.

The following corollary shall be shown by the above discussion and the result of
Linckelmann.

Corollary 2. Suppose that $Hom_{A}(BNA, s_{i}),$ $i\not\in I_{0}$ and $Hom_{A}(_{B}N_{A}, Wi)^{\mathrm{O}},$ $i\in I_{0}$

are all $\mathit{8}impleB$ -modules. Then $B=A^{(1)}$ and $P^{*}(N, I\mathrm{o})$ is a split-endmorphism
twosided tilting complex for $(B, A)$ .

For the definition of split-endmorphism twosided tilting complexes, see [12]

3. SPLENDID TILTING COMPLEXES

We $\mathrm{s}\mathrm{l}_{1}\mathrm{a}\mathrm{l}1$ use the same notaions as for sections 1 and 2.
Let $A^{(1)}L_{A}^{(1}$

) be a non projective $(A^{(1)}, A)$ -summand of $A^{(1)}\otimes_{B}N$ .
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Set $\mathcal{P}(A^{(1)}, I_{0})=add(A^{(1})\otimes_{k}\oplus\sum_{i\in I_{\mathrm{O}}}P_{i})(\mathrm{t}1_{1}\mathrm{i}\mathrm{s}$ is a subcategory of the category
of $(A^{(1)}, A)$-modules). And let $P^{*}(L^{(1)}, I0)$ be a complex of $(A^{(1)}, A)$ -bimodules ;

$P^{*}(L^{(1)}, I\mathrm{o})$ :. $..arrow 0arrow A^{(1)}P_{A}^{(1}$
)

$arrow$ )
$L^{(1)}\delta^{(1)}A(1Aarrow 0arrow\ldots$ ,

where $\delta^{(1)}$ : $A^{(1)}P_{A}^{(1}$
)

$arrow A^{(1)}L_{A}^{(1}$
) is a minimal right $P(A^{(1}),$ $I\mathrm{o})$ -approximation of

$A^{(1)}L_{A}^{(1})$

Theorenl 3.
$P^{*}(L^{(1)}, I0)$ is a split-endmorphism twosided tilting complex for $(A^{(1)}, A)$ . And

as complexes of $(B, A)$ -modules; ${}_{B}P^{*}(L^{(1)}, I\mathrm{o})_{A}\cong P^{*}(N, I0)$ ,

Proof. For any $A$-module $X$ , $Hom_{A}(A^{(1})\otimes_{B}N_{A},$ $X)$ is isomorphic to a direct sum
of $Ho\uparrow n_{A}(L^{(1}),$ $X)$ and a projective $A^{(1)_{-1}}\mathrm{n}\mathrm{o}\mathrm{d}_{\mathrm{U}\mathrm{l}\mathrm{e}}$ as $A^{(1)}$ -modules. And we have the
following isomorphisms ; $Hom_{A(A^{(1}}$ ) $\otimes_{B}N_{A},$ $x$ ) $\cong Hom_{B}(A_{B}^{(1)}, Hom_{A}(BNA_{)}x))$

$\cong If_{om_{A}}(_{B}NA, x)\otimes_{B}A^{(1)}$ . Thus for $i\not\in I_{0},$ $HomA(A^{()}1\otimes_{B}N_{A}, s_{i})\cong$

$H_{\mathit{0}}m_{A(NS}BA,i)\otimes BA^{()}1\cong S_{i}^{(1)_{\otimes}}BA(1)=S_{i}^{(1)}\oplus \mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}A^{(1})$-module (the second
isomorphism follows from Corollary 1 and the third follows from Proposition 2).

For $i\in I_{0},$ $H_{ol_{A}}(A^{(}1)\otimes_{B}N_{A},$ $Wi)\cong Hom_{A}(BNA, W_{i})\otimes_{B}A^{()}1\cong S_{i}^{(1)_{\otimes}}BA(1)=$

$S_{i}^{(1)}\oplus \mathrm{P}^{\mathrm{r}\mathrm{o}\mathrm{j}A^{()}}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}1$ -module by the same reason as above.
Now applying Corollary 2 for $A^{(1)}$ and $A$ , we can conclude that $P^{*}(N^{(1)}, I\mathrm{o})$ is

a split-endmorphism twosided tilting complex for $(A^{(1)}, A)$ .
$BL_{A}^{(1)}\cong N\oplus \mathrm{p}\mathrm{r}0\mathrm{j}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}(B, A)$ -module by Proposition 2. As a complex of

$(B, A)$-modules, ${}_{B}P^{*}(L(1), I\mathrm{o})A$ is a right $\mathcal{P}(B, I\mathrm{o})$ -approximation of $BL_{A}^{(1)}$ . So
${}_{B}P^{*}(L(1), I\mathrm{o})_{A}$ is a direct sum of $P^{*}(N, I\mathrm{o})$ and some complex $Q^{*}$ of projective
$(B, A)$ -bimodules. Because endmorphism algebras over $I\mathrm{t}^{rb}(P_{A})$ are $A^{(1)}$ both for
${}_{B}P^{*}(N(1), I\mathrm{o})_{A}$ and $P^{*}(N, I\mathrm{o})$ , we have that $H_{om_{K^{b}}}P_{A})(((P^{*}N, I\mathrm{o}),$ $Q^{*})=0$ . Thus
$Q^{*}$ is $0$ .

Let $L_{1}$ be an $(A, C)$-bimodule corresponding to an $(A, A^{(1)})$ -module
$Ifom_{k(}A(1)N_{A}^{(}1),$ $k)$ under the Morita equivalence between $C$ and $A^{(1)}$ described in
the above. Then by a proof of Theorem 3 , we may choose $L_{1}$ as an $(A, C)$ -bimodule
$L$ discussed in the end of Section 1 (See the properties of $L$ ).

Now we shall summarize our discussions in the above.
We are given
(0-1) two symmetric algebras $B$ and $A$ which are stably equivalent of Morita

type and the sets of their simple modules are indexed by the same set $I$ .
(0-2) a $(B, A)$ -bimodule $BN_{A}$ which gives a stable equivalence of Morita type

between $B$ and $A$ .
Then we took a subset $I_{0}\subset I$

(0-3) construct a complex $P^{*}(N, I\mathrm{o})$ of $(B, A)$-bimodules and
set $A^{(1)}=End_{Ii^{-b}}(PA)(P*(N, I\mathrm{o}))$ .
Then $BA_{A^{(1)}}^{(1)}$ gives a stable equivalence of Morita type between $B$ and $A^{(1)}$ .
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(0-4) costruct a complex $P^{*}(L^{(1)}, I\mathrm{o})$ of $(A^{(1)}, A)$ -bimodules where $A^{(1)}L_{A}^{(1}$
) is a

non projective $(A^{(1)}, A)$-summand of $A(1)A^{(1)}\otimes_{B}N_{A}$ and $BL_{A}^{(1)}\cong N\oplus \mathrm{P}^{\mathrm{r}\mathrm{o}}\mathrm{j}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}_{\mathrm{V}\mathrm{e}}$

$(B, A)_{\ln}-\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$.
$P^{*}(L^{(1)}, I0)$ is a split-endmorphism twosided tilting complex for $(A^{(1)}, A)$ . It has

$L^{(1)}$ ill degree $0$ term and a projective $(A^{(1)}, A)$-module in degree $(- 1)$ .
Set $BN_{A^{(1)}}^{(1)}=BA_{A^{(1)}}^{(1)}$ . Then $B,$ $A^{(1)}$ and $BN_{A^{(}}^{(1)}1$

) satisfy the situations (0-1) and
(0-2).

Suppose that repeating the above procedures we could find a sequece of (
$‘ \mathrm{n}\mathrm{i}\mathrm{c}\mathrm{e}$

”

subsets $I_{0},$ $I_{1},$
$\ldots,$ $Is-1$ of $I$ for $A^{(0)}=A,$ $A^{(1)},$

$\ldots,$

$A(_{S}-1)$ respectively,where $A^{(t)}=$

$End_{K(P_{A(t-})}b(1)P*(N^{()}\iota, I_{t-1})),$ $t=1,$ $\ldots,$
$\mathit{8}$ such that in the final stage, the as-

$\mathrm{S}\mathrm{U}\ln_{\mathrm{P}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ in Corollay 2 are satisfied (This is the situation discussed in [7]).
Then $A^{(s)}\cong B$ and we can conclude that $B$ and $A$ are derived equivalent.
Actually the tensor product $P^{*}(N;I0, \ldots, I_{s-1}):=:$

$P^{*}(L^{(s)}, Is-1)\otimes A(s-1)P^{*}(L^{()}s-1, I_{s-2})\otimes\cdots\otimes_{A^{(})}1P^{*}(L(1), I0)$ is a split-endmorphism
twosided tilting complex for $(A^{(s)}, A)$ . We can easily see that the module in degree
$0$ of $P^{*}(N;I0, \ldots, I_{S}-1)$ is isomorphic to a direct sum of $N$ and a projctive $(B, A)-$

lnodule and the modules in other degree are projective $(B, A)-$ modules.

In the all examples we discussed in [7], we could choose the first $(B, A)$-module
$N$ from a bimodule direct summand of group algebras. Therefore the resulting
complex $P^{*}(N;I0, \ldots, I_{s}-1)$ will be a splendid tilting complex.
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