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Construction of contact diffeomorphisms from
Schwarzian derivatives

Hajime SATO (Nagoya University)

I talk on my joint work with Tetsuya OZAWA([O-S]).

1 Contact Schwarzian derivative

On the affine 3-space K3 (K = R or C) with the usual coordinate
(z,y, z), we give the contact form a = dy — zdz. Put

_ 0 0 _ 0 _ 0

Ul—‘a-l-za—y, V2 =5 113——55,

A local diffeomorphism ¢ is a contact diffeomorphism, if it sat-

isfies ¢*(a) = pa for some nonvanishing function p. For a con-

tact diffeomorphism ¢ : (z,y, z) — (X, Y, Z), we define the contact
Schwarzian derivatives as follows: for ¢, 7,k = 1, 2, set

siig i) (B) = vivj (X)ve(Z) — vivi (Z)ve(X),

U4 = UgUq + V5.

and
Stijry (@) = B—AL(% (51654 (@) + Spik,iy(B) + Sprirs) (), )

where A(¢) = v1(X)v2(Z) — v1(Z)v2(X). We call the functions
Stijky(¢) the contact Schwarzian derivatives of the contact diffeo-
morphism ¢. We denote the quadruple of functions by

S(¢) = (Sq11}(9), St112)(9), S(r22)(8), S{222) (8))-

Proposition 1.1. The inverse ¢~* of a contact diffeomorphism ¢ :
K3 — K3 maps the differential equation Y =0 to

y" = S{112) (¢, X)+3S{111} (¢, x)y”+35{222} (¢,x) (y”)2+5{122} (¢,%) (y")a



By [S-Y], the condition that y" = f(z,y,v',vy") is mapped to
y" = 0 by a contact diffeomorphism is the vanishing of two curva-
tures A and b. We obtain that b = 0 is cquivalent to 87 f /921 = 0.
Let us consider

y" =P +3Qy +3R(y")* + S")?,

where P = P(z,9,¥), @ = Q(z,4,9), R = R(z,y,¢), S5 =
S(zx,y,y"). Then b =0 and the condition A =0 is equal to

v3(P) = 2(v1 — 2Q)(Mu1) + 4P M,
3u3(Q) = 2(v2 — 4R)(Mn1) + 4(v1 + Q) (Ma) + 4P M2 (10)
3vz(R) = 2(v1 + 4Q)(Ma2) + 4(vy — R)(M,) — 4SMy,

v3(S) = 2(vs + 2R) (Maz) — 4S M.

where we put
1

Mu = —Z('Ul(Q) — 'UQ(P) t 2Q2 -+ ZPR)
M, = ——%(vl(R) — 1(Q) -~ QR + PS)
My = —%(UI(S) — 0s(R) — 2B + 2Q5).

Theorem 1.1. Four function P,Q,R,S on K3 is the Schwarzian
derivarives of a contact diffeomorphism ¢ : K® — K?;

(P,Q, R,S5) = 5(¢),

if and only if the system of the nonlinear differential equations (IC)
is satisfied.

We seek a system of linear differential equations whose integara-
bility equation is equal to (IC) and its solutions give the contact
diffeomorphism. We call the linear system the linearization of (IC)

2 Fundamental system

Here is the linear differential syatem:
'012(19) = Q'Ul('l?) — P’Uz(’lg) + Mu'l?
v4(9) = 2(Rv1(9) — Qua(9) + M) (Sp)
U22(19) - S’U1 ('19) - R’Ug('l?) + M22’l9
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Theorem 2.1. The necessary and sufficient condition for the linear
PDE system (Sp) to have 4-dimensional solution space is equal to
the nonlinear PDE system (IC).

Proposition 2.1. For any two solutions a and B of the PDE sys-
tem (Sp), the function I(a, 8) defined by

(CY B) = —avs(ﬁ) - ‘;"Us(a)ﬂ + v1 (@) va(B) — Uz(a)vl(ﬁ) (1)

is constant on (z,y,2). Moreover this skew product I(a, 3) is non-
degenerate, and thus it defines a symplectic structure on the solution

space 8(P,Q, R, S) of (Sp), provided the dimension of 8(P,Q, R, S)

15 equal to 4.

Theorem 2.2. If a map ¢ : (z,y,2) = (X,Y,Z) is contact, then
there exists a symplectic basis {9,&, ¢, 77} of the solution space 8(S(¢))
of the PDE system (Sp) such that ¢ is given by

e g (5+5) 5 ©)

Conversely, given a symplectic basis {0,&,{,n} of the solution
space S(P,Q, R, S) of (Sp), the map ¢ defined by (2) is a contact
diffeomorphism whose contact Schwarzian derivatives are equal to

S(¢) = (P’ Q, R7 S)'
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