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Particle systems corresponding to Fleming-Viot
processes with selection
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1 Introduction

Let us denote the operator L of the infinitesimal generator in C (R¥) by the following:
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where b;(z) = Z;, —1 45T + :cl(zj 104%5 — Zk, L ORTkTy), @i > 0 for i # j and 3°;¢i5 = 0
and o0j; = 0. This defines the infinitesimal generator of a Markov process on A ={z=
(x1,--,2k) : 21 =2 0,---,zxg 2 0,21 +--- + 2k = 1}, this process is called the Wright-
Fisher diffusion model with selection according to Ethier and Kurtz [5]. Here z; is a gene
frequency of type i, g;; is mutation intensity of ¢ — j, and oj; is selection intensity of
(i,j)-type. In particular the haploid case,we assume that o;; = 0; + 0.

This diffusion can be generalized as followings. Let E be a locally compact separable
metric space and P(E) be the space of all probability measures on E. For p € P(E)
let us denote (f,p) = [g fdu. For any fi,---,fm € D(A) and F € C*(R™) let o(p) =

F((fhu% B (fmalj‘» = F((fau»
Lop(p) = Z (« fzij p) — {fis N)(fj:u))inz,-“fa ) (1)

i,j=1

3 AL+ (o) = (o) (B YL 00).

Here E is the space of genetic types and A is a mutation operator in C(E)(= the space of
bounded continuous functions on E) which is the generator for a Feller semigroup {T'(?)}
on C(E)(= the space of continuous functions vanishing at infinity). Here we consider of the
haploid case and that h = h(z) € C(E) is a selection intensity for type z € E. According
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to [5], this operator defines a generator corresponding to a Markov process {u;} on P(E)
in the sense that the Cp(g)[0, co0) martingale problem for £ is well posed. This process is
called the Fleming-Viot process. We denote p™ the n-fold product of . The aim of this
paper is to consider duality for this process in the form

Eul(f, )] = §<fk(t>,uk>

for any ¢t > 0, n € N and f € C(E™) with sup-norm || - ||. Here fi(t) € C(E*) and satisfy
Y21 Yo fe(@)]| < oo for some v > 1 and £,(0) = f and fi(0) = O for k # n, and we
construct the strongly continuous semigroup for this process.

2 Fleming-Viot processes with selection

According to Ethier and Kurtz [5], the operator (1) can be generalized as following
formula.
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Here B is a recombination operator defined by
Bf(z,y) = a [ (f()) - F@)R(@,v),dz')

where o > 0 and R((z,y),dz’) is a one step transition function on E? x B(E), and o =
o(z,y) is a bounded symmetric function on E x E which is selection parameters for types
z,y € E and (f; o m)(z,y) = fi(z). According to [5], this operator defines a generator
corresponding to a Markov process on P(E) in the sense that the Cp(g)[0, 00) martingale
problem for £ is well posed. This process is called the Fleming-Viot process. In the case
(1) o(z,y) = h(z) + h(y) and B = 0.

3 Construction of semigroups

We consider that E is a locally compact separable metric space, and treat the case of
the formula (2) and assume {T'(t)} is a Feller semigroup on C(F) with the generator A.

k times

A

Denote the semigroup T;(t) = T(t) ® - - - ® T(t) on C(E¥) and its generator A®).
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We now construct the strongly continuous contraction semigroup for the diffusion. In
this section we consider the operator of the form

Lo = 3 3 W) = ooty ) Py (1) ®)

1,j=1

SS(AS )+ (BB ()

Here B is an operator from C(E) to C(E*®) with Bf =¥, Bif and B:C(E) — C(EY a
bounded operator and 52, || Bi||¥*~* < oo for some v > 1 and (Bf;, 5™ = S22 (B fi, ).
In the formula (2) we consider Bf(z) = Bf(z1,22) + o(z1,22) f(z1) — o(z2,z3)f(z1) and
in this case £ is well defined. Let us define the space S = {f = (f1, fa,-**) € 121 C(E*) :

1flly = 2220 5|1 fill < oo}. Let € = {ws(p) = S0 {fur #*), fie € C(Ek), | flly < oo}, and
D = {ps() = T2, (fi, ¥} € C, fr € D(AW)}.

Theorem 1. Assume above and £ of (3) defined on D is well defined, closable, and
dissipative, then £ with the domain D generates a strongly continuous contraction semigroup
T(t) on C(P(E)).

Proof. For ¢y(i) = T&a(firi®) € D and py(1) = Sa(gk#*) € C, the equation
Lps(p) = pg(p) follows from the formula

X k ke
g=ULN= Y <I>§f+”fk+1 + (AW - <2>)fk + ZBl(k R

1<i<i<k+1 1=1

for k> 1, and B® : C(E*) — C(E*') defined by
k) : '
B f(z1,--- y Thtl-1) = ZBlf(-'L'la L1y Tyt 0 ,$k—1)($k,'--,$k+z~1)
i=1

for f € C(E*) , and for: < j
(I)g;)fk(xla v xpm1) = Sl 21, T T, » Th—1)

for f € C(E¥).
For given g = (g1, ga,---) € S let us consider the equation on S

M — (L = gk k> 1. (4)

Then

k ke
(A+ (2) — AN fi =g+ ) O fror + Y B* S
=1

1<i<j<k+1
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holds for k£ > 1. This is equivalent to the equation

k .
o=+ (2> — A®) g + > <I>§f+1)fk+1 + ZBl(k l+l)fk—l+1}
=1

1<i<j<k+1
for k> 1. Put u = (uy,uy,---) by

k A ke
up = (A + (2> —ABHIL (I)z('?+l)fk+1 + ZBz(k " fe i)
=1

1<i<i<k+1

Then we have

G | 18Ot

Jully < S‘;P( O+ (k;l))7k + S (A + (k+é—1))7k)”f“7-

Because ||B{")|| < k||By|, for any § > 0 let a positive constant be L = L(6) = —952‘81505+4
such that £ < L + 6(’“;1) ,then
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for any k. Let

d(v) =>_lIBillv,
=1
and put 6 > 0 so that p = (1+ 8)/v+ éd(v) < 1, then we have that

lully < pllflly

for A > L(y~'+4d(v))/p. For this A we conclude that the equation (4) have a unique solution
[ € D satisfying that || f]|, < (-171;)—/\]|g||7. The equation (4) implies (A — L) () = @q(1).
Because D is dense in C(P(E)), this implies that the operator £ with the domain D gen-
erates a strongly continuous semigroup by Hille-Yoshida theory. Q.E.D.

Next we will construct a strongly continuous semigroup {U(t)} corresponding to £ on
Banach space S with the norm || - ||,. For given h € S we consider f(t) = (fi(¢), f2(t),...)
with fi(t) € C(E*) and f(0) = h such that

SHO) = (EFON ©
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for k > 1. This is equivalent to

fit) = e @EIT(t —u) fiw) (7)
[ T o il

1<i<j<k+1
k
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+Y B D fi 141(s)}ds
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for k > 1 and t > u, and we have that
t k (N (s
150l < I+ [[ow((5) e (e
+ S IBE |yt () k) | £(s) s,
=1

then

1@l < If@lk
+ [swplz+a+9) (k 2 1)>7’°-1e—<"¥1>“—s>/v"

+ L+ 6(k 2 1>) S 1Bl 1em (5 ) £ (5) s
=1

Let 7(2) = supg<e<: [|F(8)lly » then r(t) < r(u) + (L(1+ d(7))(t — u) + p)r(t). Therefore
by p < 1, we have
r(t) < (1= L(1+dM))(t —w) —p)~'r(w).
Therefore
r(t) < eMtr(0) for t>0 (8)
where M = 5‘—(11‘"_——#‘;—1)—). By this equation 7(0) = 0 implies r(¢) = 0. So the equation (6) has
a unique solution for f(0) = h € C and implies
d
FRARLL) (1) = Lo (w)-
Therefore f(t) satisfies
T (t)en(p) = (f(), 7).
So we have

E,{(h, %)) = kim(t),u’“).

By the inequality (8) there exists a strongly continuous semigroup {U(t)} on S correspond-
ing to L such that
U@ < ™.
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