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On certain integral operators

SHIGEYOSHI OWA

Abstract. Let A be the class of functions f(z) which are analytic in the open unit disk U with
f(0) = 0 and f'(0) = 1. The object of the present paper is to consider the subordinations of certain

integral operators for functions belonging to the class A.

1 Introduction

Let A be the class of functions f(z) of the form

f(z) =z + Zanz” | (1.1)

which are analytic in the open unit disk U = {z € C : |z| < 1}. Let S* be the subclass
of A consisting of functions f(z) which are satisfy

Re{z]{;S)} >0 (zel).

A function f(z) in S* is said to be starlike in U. For functions f(z) and g(2) belonging
to A, we say that f(z) is subordinate to g(z) if there exists the function w(z) which is
analytic in U with w(0) = 0 and |w(z)| < 1(z € U) such that f(z) = g(w(z)). We denote
this subordination by f(z) < g(z). By virtue of the definition for subordinations, we
know that: (i) The subordination f(2) < g(z) implies that f(0) = g(0) and f(U) C g(U).
(i) If g(2) is univalent in U, then the subordination f(2) < g(2) is equivalent to f(0) =
9(0) and f(U) C g(U).

For a function f(z) € A, we consider the integral operator I(f(z)) given by
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+3 [* /o
Lati) = {252 "oy} (12)
where o € C,a # 0, and 8 € C.

Remark 1. (i) Libera [2] showed that if f(z) € S*, then I1(f(2)) € S*.

(i) Bernardi [1] showed that if f(z) € S*, then L p(f(2)) € S*when 8 =1,2,3,...

(iii) Miller, Mocanu and Reade [6] showed that if f(z) € S*, then I, 4(f(z)) € S*when
a>0and > 0.

To consider our integral operators for f(z) € A, we have to recall here the following
lemmas.

Lemma 1. ([3])  Let f(z) and g(z) belong to A and 9(2) be univalent in U = U U dU.
If there exists points zo € U and (, € U such that

fllzl <lzo]) C g(U)  and  f(z) = g(Co),

then zof'(z0) = mog'(Co), where m is real and m >1.

Lemma 2. ([4]) Let p(z) =1+ pi1z +pez2+ ... be analytic in U with p(z) £ 1. Let

Y : C?2 — C satisfies

(i) ¥ is continuous in D C C?,

(i) (1,0) € D and Re((1,0)) > 0,

(iii) for all (iug,v1) € D such that v; < —(1+u2)/2, Re(z,/}( iUy, 1) < 0.

If (#(2),2p'(2)) € D for all z € D and Re(y(p(z), zp'(z)) > 0 for all z € U, then
Re(p(z)) > 0(z € U).

Let a function L(z,t) be defined on U x {0,00). Then L(z, t) is said to be the subor-
dination chain (or Loewner chain) if it satisfies
(i) L(z,t) is analytic and univalent in U for allt > 0 ,
(ii) L(z,t) is continuously differentiable on ¢ >0forall z €U,
(iii) L(z,t1) < L(z,t3)  (0<t < t2).
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Lemma 3. ([7]) Let L(z,t) = a1(t)z+az(t)z%+... (ai(t) # 0;¢ > 0) is a subordination
chain if and only if it satisfies

_OL(z,t)
Re {

ia—za——- !:t)} >0 (zeU;t>0).

ot

Further, we need

Lemma 4. ([5]) Leta € C, a#0, and let § € C. Let a function

h(z) = ¢ % hyz * hp2® + ...

be analytic in U and Re(ah(z) + 3) > 0(z € U). Then the solution of the Briot-Bouquet
differential equation

) _ iy (h(0) = (0)
1) + oy = M) (b(0) = 4(0)

is analytic in U and Re(aq(z) + B) > 0(z € U).

2 Subordination theorems

Applying the abouve lemmas, we derive our main theorem in

Theorem 1. Let f(z) € A and g(z) € A. Let g(z) satisfy
()g(2)/z #0(z € U) and I, 5(9(2))/2 #0(2 € U) when a # 1,
(i1)@(z) = (9(2)/2)* satisfies

Z¢”(Z)
¢'(2)

Re{l + } > -6 (ze€l), (2.1)

where § < Re(a + 3),

R etV S e LGt

4Re(a + ()
if Re(a + 3) > 0, and

1t Ja+ B + /(1 + o+ BP)? — 4(Re(a + B))?

“l<is 4Re(a + )
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if Re(a + ) < 0.
If f(2) and g(2) satisfy the following subordination

— < — (2:2)

then

Proof. Let us define F(z) and G(z) by
F(z) = (Ml) and  G(z) = (Ia,ﬁ(g(z)))“’

z

respectively. Without loss of generality, we can assume that G(z) is analytic and univalent
in U = UU8U. Otherwise, we consider, for 0 < r < 1, F(rz)/r and G(rz)/r instead of
F(z) and G(z), respectively.

First, we show that if the function ¢(z) is defined by

a(z) =1 + zg((;))’ (2.4)
then Re(¢(z) + o+ 3) >0 (z € U).
Since
3 [ 1/
Lota(:) = {52 ["o-tgoran) 25)
we have
AaglgG) _ o 6)
Tsle() - P eFAGE) (26)
Also, we have
2(1ap(9(2))) _ 2G'(2)
Lowz) 7 G (21)

It follows from (2.6) and (2.7) that

(a+B)d(z) = (a+ B)G(

2
e
+
I

Q
S
—
—~

[N)

co
e
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Differentiating both sides in (2.8), we obtain

Bz (2) = 2G'(2) (a +B+1+ ~g((-)))

= :G(2)(a(z) + @ + B).
This gives us that

2¢"(2) 2G"(2) 2¢'(2)
1 =1 :
Fe T T e T aErats
o, 2¢'(2)
=a(2) + g(z) +ta+p
If we define the function h(z) by
24 (2)
h(z) = q(z _—

then, ¢(0) = h(0) =1 and
Re(h(z) + o+ 3) = Re (1 + i%ﬁ + a + ﬁ)

> —6 + Re(a+p) > 0,

because § satisfies the conditions in our theorem and ¢ < Re(a + 3).

Thus applying Lemma 4, we conclude that ¢(2) is analytic in U and Re(g¢(z)+a+3) >0
for all z € U.

Next, we show that Re(q(z) 4+ a + ) > 0(z € U) implies Reg(z) > 0(z € U).

Let us put
v

—_— 1+
u+a+pf +9

with u = u; + tuz and v = vy + fv2. Then ¢(u,v) satisfies
(i) ¥(u,v) is continuous in D = (C\ {—a - B}) x C,

(ii) (1,0) € D and Rey(1,0) =1+6 >0,

(iii) for all (sug,v;) € D such that v; < —(1+u3)/2,

Y(u,v) = u +

Rey(iuz,v1) = Re (,—W—%ﬁ_[) e

B viRe(a + )
o+ B° + 2upIm(a + B) +uj

We define

Es(uz) = (26 — Re(a + B))uj + 46(Im(a + B))uz + 26 |a+ B° — Re(a+08), (2.9)
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_ttlat B = [+ at B — d(Re(a + )
1 4Re(a + 3) ’

I

and

Lt Ja+ B 4+ /(L + o+ BP)? — 4(Re(a + §))?
4Re(a + B) )
Then, the discrimination A of Ej(u») given by (2.8) is represented by

kz-:

A = —4(Re(a + B))%0% + 26(1 + |a+ 8]>)Re(a + ) — (Re(a+ B))%.

Therefore, if Re(a + 3) > 0, then —1 < é < k; implies A < 0, and if Re(a+ 3) < 0, then
—1 < 6 <k, implies A <0.

This shows that Es(uy) < 0 for all real uy, that is, that Rey(iug,v,) < 0 for all real v;
and uy such that v; < —(1 + u3)/2.

Further, we note that

/ 2¢'(2) )
Rey(g(2),2¢'(2)) = Re{q(z) + ———< + ¢
$a(e), (@) = Re (06) + ST
Z¢II(Z)
¢'(2)

Thus, using Lemma 2, we conclude that Reg(z) > 0 for all z € YU.
Finally, we prove that the subordination f(z)/z < g(z)/z implies F(z) < G(z).
Define the function L(z,t) by

=Re(1+ +<5)>0.

1+1¢

L(z,t) = G(2) + oy

2G'(z) (t2>0). (2.10)

Note that G'(0) = 1 and
OL(z,t)

0z

=G’(0)(1+£{—%) 1+ ;i; £0.

2=0

This shows that the function
L(z,t) = a)(t)z + az(t)z? + ...

satisfies a;(t) # 0 for all £ > 0.
Furthermore, we have

2 3Laz,t) ZG"(Z)
Re _‘-’E—C{()‘:T)— =Re a+/3+(1+t) 1+ G'(Z)

= Re(q(z) + a + B) + tReq(z) > 0
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for all z € U. Therefore, by virtue of Lemma 3, L(z,t) is the subordination chain. Note
that

2G'(2) = L(z,0)
and
L(z,0) < L(z,t) (t>0)

from the definition of the subordination chain. Next, we support that F'(z) is not subor-
dinate to G(z). Then, there exists points zo € U and (p € OU such that

F(lz| <|=|) € GU) and  F(z) = G(C)-

This implies that L(¢0,t) ¢ L(U, t).
Since, by Lemma 1,
20F (20) = (14+1)0G'(G) (t>0),

we have
1+¢

a+
z0F'(20)

L(G,t) = G(G) + GG (G)

= F(z) +

a+f3
- (12 e o)

20

because f(2)/z < g(z)/z. This contradicts that L((o,t) ¢ L(U,t). Therefore, the subor-
dination f(z2)/z < g(z)/z has to imply F(z) < G(z).
Now, since

Lplg(z)) =1+cz+e+... #0 (z€U)

when « # 1, we conclude that

F@):(éﬁﬁgnyf<aw)=(nwmu»)“

z z

gives that

Laslf(2)  La(o())

z Z

This completes the proof of our theorem.
O

If we take o and 3 such that o+ 8 = 1 in Theorem 1, then —1 < é < 1/2. Therefore,
we have
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Corollary 1. Let f(z) € A and g(z) € A. Let g(z) satisfy
(i)g(2)/z # 0 (z € U) and I,1-(g9(2))/z # 0 (z € U) when o # 1,

(i)$(z) = (9(2)/2)" satisfies
Re (1 + Z"’"(Z)) > L

¢'(2) 2
Then
_L(:z_) < g(;z_)_ N Ia,l—az(f(z)) < Ia,1~a~(9(7~’)),
where ’ )

ot = o [ (1) )"

If we make o and 3 such that o + 3 = —1 in Theorem 1, then—1 < § < —1/2. Thus
we have

Corollary 2. Let f(z) € A and g(z) € A. Let g(z) satisfy
(1)g(2)/2 # 0 (z € U) and Iy _1-4(9(2))/z # 0 (2 € U) when a # 1,
(i)p(z) = (g9(2)/2)* satisfies

z2d"(2) 1
Re (1 + ¢'(2) ) > 5
Then 3
f(z) < g9(2) N Lo—1-a(f(2)) < Ia,—l—a(g(z))’
z z z z
where

Lnci—a(f(2)) = {—zl+a /0 -t-lg (f({ﬁ)adt}w.

Taking o and /3 such that a + 3 =1+ ¢ in Theorem 1, we have

Corollary 3. Let f(2) € A and g(z) € A. Let g(z) satisfy
(1)g(2)/z # 0 (z €U) and Iy 14i-a(9(2))/z # 0 (2 €U) when a # 1,
(i)p(z) = (g(2)/2)* satisfies

Re (1 + Z(f,';(;))) > ‘/54_ 3 0190983,
Then i I 7 X
f(j) < g_(;l —_ a,1+i—:(f(z)) < a.1+i—:(g(’“))’
where

Ioivica(f(2) = {311:_2 /0 2 t (ﬁfl)adt}l/a.
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Further, letting o + 8 = —1 + ¢/2 in Theorem 1, we have

Corollary 4. Let f(2) € A and g(z) € A. Let g(z) satisfy
()g(2)/z # 0 (2 € U) and I, —14ij2-a(9(2))/2 # 0 (2 € U) when a # 1,
(i)g(z) = (g(2)/2)™ satisfies

Re (1 + ‘g((‘;) ) > _?_il%/__ﬁ = —0.8201941.
Then
1) o) _, Jocrepeali))  Facrsieale(2)
where ~ ~ ’

=241 " e (f®)) v
La-trifz-alf(2)) = {5———/—— Lo () o

3 An application of hypergeometric functions

For complex numbers a,b, and ¢ with ¢ # 0,—1,-2,..., the hypergeometric functin
o Fi(a,b; ¢; z) is defined by

e ) — = (@)n(b)n 2"
oF1F(a,b;c;2) = ;—@_ ok
where (1), denotes the Pochhammer symbol defined, in terms of gamma functions, by
A = TA+n) _ JAA+DA+2)...(A+n-1) (neN={1,2,3,...})
" r'(A) 1 (n=0).

It is well-known that

| I'(c) v | _
b:e;2) = ———— =101 _ )= 1(] — 24) bt
2F1(‘(1,, )5 €3 ) F(G)F(C _ a) Av t ( t) ( t) t,

for Re(c) > Re(a) > 0.
If we consider

then we have
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1 1/a
= {(a + ﬁ)z“/ w11 — zu)‘“'“du}
0

= 2 F(a+B,ak;a+ 6+ 1; )Y
with Re(a + 3) > 0. Moreover, we note that

g(z) 1 R
S =g A0 el

Applying the above to Theorem 1, we obtain

Theorem 2. Let f(z) € U. Let a > 0 and 3 be a complex number such that Re(a+3) >
0. If f(z) satisfies the subordination

f(z 1
i) S a=F
then
Ia,ﬂ(zf(z)) < oFi(a+ B, ak;a+ f+ l;z)l/[alpha,
where

Ll 8P =t o+ PP - Re(a+ )2
B 2Re(a + 3)

< ak < 3.

Taking o > 0 and =1 — « in Theorem 2, we have

Example 1. For f(z) € A and 0 < ok < 3,
), 1 L)

z

Finally, if we make oo > 0 and =1+ ¢ — « in Theorem 2, then we have

< o Fi(1,ak; 2; 2)V/°,

™
—
fo—y
I
=N
~—
-~

where

Example 2. For f(z) € A and (V5 —-1)/2 < ak < 3,

.f(z) 1 Ia,1+i~a(f(z))
. (1—2z)k = z

et = {2 [ (40) )"

< o F (14 i, ak; 2 445 2) Y,

where
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