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ABSTRACT. In this paper we introduce the class $A(\alpha,\beta,\gamma)$ consisting of analytic functions
which is defined by using the&actional calculus operator $J_{z}^{\lambda}$ in the unit disk $\mathcal{U}$ . We shall
determine the relationships of this class and well known classes $S^{*}(\gamma)$ and $\mathcal{K}(\gamma)$ and
investigate coefficient estimates and growth theorems for functions belonging to the clas8
$A(\alpha,\beta, \gamma)$ . Integral operator $F_{\mathrm{C}}$ is ako considered for the class $A(\alpha,\beta, \gamma)$ .

1. Introduction and Deflnitions

Let $A$ denote the class of functions of the form

(1.1) $f(z)=z+. \sum_{n=2}^{\infty}a_{n}z^{n}$

which are analytic in the unit disk $\mathcal{U}=\{z : |z|<1\}$ . Also let $S$ denote the class of all
functions in $A$ which are univalent in the unit disk $\mathcal{U}$ .

A fimction $f(z)$ belonging to the class $S$ is said to be starlike of order $\gamma(0\leq\gamma<1)$

if and only if

(1.2) ${\rm Re}( \frac{zf’(z)}{f(z)})>\gamma$ $(z\in \mathcal{U};0\leq\gamma<1)$ .
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We denote by $S^{*}(\gamma)$ the subclass of $S$ consisting of functions which are starlike of order
$\gamma$ in $\mathcal{U}$ .

Further, a function $f(z)$ belonging to the class $S$ is said to be convex of order $\gamma(0\leq$

$\gamma<1)$ if and only if

(1.3) ${\rm Re}(1+ \frac{zf’’(z)}{f(z)},)>\gamma$ $(z\in \mathcal{U};0\leq\gamma<1)$ .

We denote by $\mathcal{K}(\gamma)$ the subclass of $S$ consisting of functions which are convex of order
$\gamma$ in $\mathcal{U}$ .

We note that

(1.4) $f(z)\in \mathcal{K}(\gamma)\Leftrightarrow zf’(z)\in S^{*}(\gamma)$,

and that $S^{*}(\gamma)\subset S^{*}(\mathrm{O})\equiv S^{*}$ and $\mathcal{K}(\gamma)\subset \mathcal{K}(0)\equiv \mathcal{K}(0\leq\gamma<1)$ , where $S^{*}$ and $\mathcal{K}$

denote the subclasses of $A$ consisting of functions which are starlike and convex in $\mathcal{U}$ ,
respectively.

Many essentially equivalent definitions of ffactional calculus have been given in the
literature $(cf.)e.g.,$ $[6]$ and [7, p.45] $)$ . We state the $\mathrm{f}\mathrm{o}\mathrm{U}\mathrm{o}\mathrm{w}\mathrm{i}\mathrm{n}\mathrm{g}$ definitions due to Owa and
Srivastava [5] which have been used rather frequently in the theory of analytic functions
(see also [3]).

Definition 1. The fractional integral of order $\lambda$ is defined, for a function $f(z)$ , by

(1.5) $D_{z}^{-\lambda}f(z):= \frac{1}{\Gamma(\lambda)}\int_{0}^{z}\frac{f(\zeta)}{(z-\zeta)^{1-\lambda}}d\zeta$ $(\lambda>0)$ ,

and the fractional derivative of order $\lambda$ is defined, for a function $f(z)$ , by

(1.6) $D_{z}^{\lambda}f(z):= \frac{1}{\Gamma(1-\lambda)}\frac{d}{dz}\int_{0}^{z}\frac{f(\zeta)}{(z-\zeta)^{\lambda}}d\zeta$ $(0\leq\lambda<1)$ ,

where $f(z)$ is an analytic function in a simply-connected region of the $z$-plane containing
the origin, and the multiplicity of $(z-\zeta)^{\lambda-1}$ involved in (1.5) (and that of $(z-\zeta)^{-\lambda}$

involved in (1.6) $)$ is removed by requiring $\log(z-\zeta)$ to be real when $z-\zeta>0$ .
Deflnition 2. Under the hypotheses of Definition 1, the fractional derivative of order
$n+\lambda$ is defined by

(1.7) $D_{z}^{n+\lambda}f(z):= \frac{d^{n}}{dz^{n}}D_{z}^{\lambda}f(z)$ $(0\leq\lambda<1;n\in \mathrm{N}_{0}:=\mathrm{N}\cup\{0\})$.

With the aid of the above definitions, Owa and Srivastava [5] defined the fractional
operator $J_{z}^{\lambda}$ by

(1.8) $J_{z}^{\lambda}f(z)=\Gamma(2-\lambda)z^{\lambda}D_{z}^{\lambda}f(z)$ $(\lambda\neq 2,3,4, \cdots)$
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for functions (1.1) belonging to the class $A$.
We introduce the class $A(\alpha,\beta,\gamma)$ of analytic functions $f(z)$ belonging to $A$ $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}6^{r}\mathrm{i}\mathrm{n}\mathrm{g}$

the condition

(1.9) ${\rm Re}( \frac{J_{z}^{\alpha}f(z)}{J_{z}^{\beta}f(z)})>\gamma$ $(z\in \mathcal{U})$ .

for $\alpha<2,$ $\beta<2$ and $\gamma<1$ .
We note that $A(1,0,\gamma)=S^{*}(\gamma)$ and $A(\alpha+1,0,\gamma)=S^{*}(\gamma,\alpha)$ which was studied

by Owa and Shen [4]. Also, for $\lambda<1$ and $-\lambda/(1-\lambda)\leq\gamma<1,$ $A(\lambda+1, \lambda,\gamma)=$

$\mathcal{V}(2,2-\lambda, (1-\lambda)\gamma+\lambda)$ , which was studied by Kim and Srivastava [3].

In this paper, we find coefficient estimates and growth theorems for analytic fimctions
belonging to the class $A(\alpha,\beta,\gamma)$ associated with the fractional calculus operator. We
also point out the relationships between the class $A(\alpha,\beta,\gamma)$ and $S^{*}(\gamma)$ (or $\mathcal{K}(\gamma)$).

2. Preliminary Results

In order to establish our results, we need the $\mathrm{f}\mathrm{o}\mathrm{U}\mathrm{o}\mathrm{w}\mathrm{i}\mathrm{n}\mathrm{g}$ lemmas.

Lemma 1. Let the function $f(z)$ is defined by (1.1) and let $\lambda<1$ . Then

(2.1) $z(J_{z}^{\lambda}f(z))’=(1-\lambda)J_{z}^{\lambda+1}f(z)+\lambda J_{z}^{\lambda}f(z)$ $(z\in \mathcal{U})$

Proof. Using the definition of fractional calculus, we have

(2.2) $J_{z}^{\lambda}f(z)=z+ \sum_{n=2}^{\infty}\phi(n, \lambda)a_{n}z^{n}$,

where

(2.3) $\phi(n, \lambda)=\frac{\Gamma(n+1)\Gamma(2-\lambda)}{\Gamma(n+1-\lambda)}$ $(n\geq 2)$

By applying (2.2), we obtain

$z(J_{z}^{\lambda}f(z))’=z+ \sum_{n=2}^{\infty}n\phi(n, \lambda)a_{n}z^{n}$

$=(1- \lambda)\{z+\sum_{n=2}^{\infty}\phi(n, \lambda+1)a_{n}z^{n}\}+\lambda\{z+\sum_{n=2}^{\infty}\phi(n, \lambda)a_{n}z^{n}\}$

which completes the proof of Lemma 1.
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Lemma 2. (Jack [2]) Let $\omega(z)$ be analytic in $\mathcal{U}$ with $\omega(0)=0$ . Then $if|\omega(z)|$ auains
its maximum value on the circle $|z|=r$ at a point $z_{0}$ , we can write

$z_{0}\omega’(z_{0})=k\omega(z_{0})$ ,

where $k$ is real and $k\geq 1$ .

Lemma 3. (Srivastava and Owa [8]) If the function $f(z)$ defined by (1.1) satisfies
${\rm Re}(f(z)/z)>\mathit{5}(0\leq\delta<1)$ , then

(2.4) $\sum_{n=2}^{\infty}|a_{n}|\leq 1-\delta$.

The result (2.4) is sharp.

Lemma 4. (Twomey [10]) Let the function $f(z)$ defined by (1.1) be in the class $S^{*}$ .
Then

(2.5) $| \frac{zf’(z)}{f(z)}|\leq 1+\frac{|z|\ln(\frac{(1+|z|)^{2}|f(z)|}{|z|})}{(1-|z|)\mathrm{h}(\frac{1+|z|}{1-|z|})}$ $(z\in \mathcal{U})$ .

Equality in (2.5) holds true for the Koebe function $\kappa(z)=z/(1-z)^{2}$ .

3. Main Results

We begin by proving

Theorem 1. Let $\alpha<2,$ $\beta<2$ and $\gamma<1$ . If $f(z)\in A(\alpha,\beta,\gamma)$ , then

(3.1) $|a_{n}| \leq\frac{2(1-\gamma)}{|\phi(n,\alpha)-\phi(n,\beta)|}\prod_{j=2}^{\mathrm{n}-1}(1+\frac{2(1-\gamma)\phi(j,\beta)}{|\phi(j,\alpha)-\phi(j,\beta)|})$ $(n\geq 2)$ ,

where $\phi(n, \alpha)$ and $\phi(n,\beta)$ are given by (2.3). The result is $sha\eta$ .
Proof. If we set

(3.2) $p(z)= \frac{\frac{J_{z}^{\alpha}f(z)}{J_{z}^{\beta}f(z)}-\gamma}{1-\gamma}=1+c_{1}z+c_{2}z^{2}+\cdots$
$(f\in A)$ ,

then $p(z)$ is analytic with $p(\mathrm{O})=1$ and has positive real part in $\mathcal{U}$ . Since $J_{z}^{\alpha}f(z)=$

$((1-\gamma)p(z)+\gamma)J_{z}^{\beta}f(z)$ , by virtue of (2.2), we have

$( \phi(n, \alpha)-\phi(n,\beta))a_{n}=(1-\gamma)\{c_{n-1}+\sum_{m=2}^{n-1}\phi(m,\beta)c_{n-m}a_{m}\}$ $(n\geq 2)$ .
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By applying Carath\’eodory’s Lemma (see [1, p.41]), we obtain

(3.3) $| \phi(n, \alpha)-\phi(n,\beta)||a_{n}|\leq 2(1-\gamma)\{1+\sum_{m=2}^{n-1}\phi(m,\beta)|a_{m}|\}$ .

We $\mathrm{w}\mathrm{i}\mathrm{U}$ prove, using mathematical induction, that the assertion (3.1) is satisfied for
$n\geq 2$ . If $n=2$, then

$|a_{2}| \leq\frac{2(1-\gamma)}{|\phi(2,\alpha)-\phi(2,\beta)|}$ .

Now suppose that the assertion (3.1) is satisfied for $n\leq k$ . Then, from (3.1) and (3.3)
we have

$|\phi(k+1, \alpha)-\phi(k+1,\beta)||a_{k+1}|$

$\leq 2(1-\gamma)\{1+\sum_{m=2}^{k}\phi(m,\beta)|a_{m}|\}$

$\leq 2(1-\gamma)\{1+\sum_{m=2}^{k}\phi(m,\beta)\frac{2(1-\gamma)}{|\phi(m,\alpha)-\phi(m,\beta)|}\prod_{j=2}^{m-1}(1+\frac{2(1-\gamma)\phi(j,\beta)}{|\phi(j,\alpha)-\phi(j,\beta)|})\}$

$=2(1- \gamma)\prod_{j=2}^{k}(1+\frac{2(1-\gamma)\phi(j,\beta)}{|\phi(j,\alpha)-\phi(j,\beta)|})$ .

Hence

$|a_{n}| \leq\frac{2(1-\gamma)}{|\phi(n,\alpha)-\phi(n,\beta)|}\prod_{j=2}^{n-1}(1+\frac{2(1-\gamma)\phi(j,\beta)}{|\phi(j,\alpha)-\phi(j,\beta)|})$

for ffi $n\geq 2$ .
Finally) the result is sharp for the function $f(z)$ given by

$f(z)=z+ \frac{2(1-\gamma)}{|\phi(n,\alpha)-\phi(n,\beta)|}\prod_{j=2}^{n-1}(1+\frac{2(1-\gamma)\phi(j,\beta)}{|\phi(j,\alpha)-\phi(j,\beta)|})z^{n}$ $(n\geq 2)$ .

Remark 1. Letting $\alpha=1,$ $\beta=0$ and $\gamma=0$ in Theorem 1, we immediately obtain that

$f(z)\in S^{*}\Rightarrow|a_{n}|\leq n$

for ffi $n\geq 2$ ([1, Theorem 2.14]).
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Theorem 2. Let $\lambda<1and-\lambda/(1-\lambda)\leq\gamma<1$ . Then $f(z)\in A(\lambda+1, \lambda,\gamma)$ if and
only if $J_{z}^{\lambda}f(z)\in S^{*}((1-\lambda)\gamma+\lambda)$ .
Proof. In view of Lemma 1, we have

(3.4) $\frac{z(J_{z}^{\lambda}f(z))’}{J_{z}^{\lambda}f(z)}=(1-\lambda)\frac{J_{z}^{\lambda+1}f(z)}{J_{z}^{\lambda}f(z)}+\lambda$ .

Assume that $f(z)\in A(\lambda+1, \lambda,\gamma)$ . Then, from (3.4) we obtain

${\rm Re}( \frac{z(J_{z}^{\lambda}f(z))’}{J_{z}^{\lambda}f(z)})=(1-\lambda){\rm Re}(\frac{J_{z}^{\lambda+1}f(z)}{J_{z}^{\lambda}f(z)})+\lambda$

$>(1-\lambda)\gamma+\lambda$ .

Thus $J_{z}^{\lambda}f(z)\in S^{*}((1-\lambda)\gamma+\lambda)$ .
Conversely, suppose that $J_{z}^{\lambda}f(z)\in S^{*}((1-\lambda)\gamma+\lambda)$ . In view of Lemma 1 arid (3.4),

it is clear that
${\rm Re}( \frac{J_{z}^{\lambda+1}f(z)}{J_{z}^{\lambda}f(z)})>\gamma$ .

This completes the proof of Theorem 2.

By virtue of Theorem 2 and Lemma 4, we obtain

Corollary 1. Let $\lambda<1and-\lambda/(1-\lambda)\leq\gamma<1$ . Then $zf’(z)\in A(\lambda+1, \lambda,\gamma)$ if and
only if $J_{z}^{\lambda}f(z)\in \mathcal{K}((1-\lambda)\gamma+\lambda)$ .
Proof. By (1.8) and Theorem 2, it $\mathrm{f}\mathrm{o}\mathrm{U}\mathrm{o}\mathrm{w}\mathrm{s}$ that

$z(J_{z}^{\lambda}f(z))’=J_{z}^{\lambda}(zf’(z))\in S^{*}((1-\lambda)\gamma+\lambda)$ .
Hence, from (1.4) we obtain $J_{z}^{\lambda}f(z)\in \mathcal{K}((1-\lambda)\gamma+\lambda)$ .
Corollary 2. Let $\lambda<1$ and let $f(z)\in A(\lambda+1, \lambda, -\lambda/(1-\lambda))$ . Then

(3.5) $| \frac{z(\mathcal{J}_{z}^{\lambda}f(z))’}{J_{z}^{\lambda}f(z)}|\leq 1+\frac{|z|\ln(\frac{(1+|z|)^{2}|J_{z}^{\lambda}f(z)|}{|z|})}{(\mathrm{l}-|z|)\mathrm{h}(\frac{1+|z|}{1-|z|})}$ $(z\in \mathcal{U})$ .

Equality in (3.5) holds true for the function $f(z)=h(z)*(z/(1-z)^{2})$ , where

$h(z)=z+ \sum_{n=2}^{\infty}\frac{\Gamma(n+\lambda-1)}{\Gamma(2-\lambda)n!}$ $z^{n}$ $(z\in \mathcal{U})$

and the $operator*stands$ for the Hadamard product or convolution of two regular func-
tions.

With the aid of Lemma 1 and Lemma 2, we prove
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Theorem 3. Let $\lambda<1$ and $0\leq \mathit{5}<1$ . Suppose that $f(z)\in A(\lambda+1, \lambda,\gamma(\delta)),$ where

$\gamma(\mathit{5})=\{$

$1- \frac{\delta}{2(1-\lambda)(1-\delta)}$ $(0 \leq\delta\leq\frac{1}{2})$

$1- \frac{1-\delta}{2\delta(1-\lambda)}$ $( \frac{1}{2}\leq\delta<1)$ .

Then

(3.6) ${\rm Re}( \frac{J_{z}^{\lambda}f(z)}{z})>\delta$ $(z\in \mathcal{U})$ .

Proof. If we define the function $\omega$ by

(3.7) $\frac{J_{z}^{\lambda}f(z)}{z}=\frac{1+(2\delta-1)\omega(z)}{1+\omega(z)}$ $(z\in \mathcal{U})$ ,

then $\omega$ is analytic in $\mathcal{U}$ with $\omega(0)=0$ and $\omega(z)\neq-1$ . Making use of the logarithmic
differentiation of both side in (3.7), we have

$\frac{z(J_{z}^{\lambda}f(z))’}{J_{z}^{\lambda}f(z)}=1-\frac{2(1-\delta)z\omega’(z)}{(1+\omega(z))(1+(2\mathit{5}-1)\omega(z))}$.

By Lemma 1, we obtain

$\frac{J_{z}^{\lambda+1}f(z)}{J_{z}^{\lambda}f(z)}=1-\frac{2(1-\delta)}{1-\lambda}\frac{z\omega’(z)}{(1+\omega(z))(1+(2\delta-1)\omega(z))}$ .

Suppose that there exists a point $z_{0}\in \mathcal{U}$ such that $\max_{|z|\leq|z_{\mathrm{O}}|}|\omega(z)|=|\omega(z\mathrm{o})|=1$ .
Then, by using Lemma 2, we get

${\rm Re}( \frac{J_{z}^{\lambda+1}f(z_{0})}{J_{z}^{\lambda}f(z_{0})})=1-\frac{2k(1-\delta)}{1-\lambda}\frac{\delta}{|1+(2\delta-1)\omega(z_{0})|^{2}}$ .

When $0\leq\delta\leq 1/2$ ,

${\rm Re}( \frac{J_{z}^{\lambda+1}f(z_{0})}{J_{z}^{\lambda}f(z_{0})})\leq 1-\frac{\delta}{2(1-\lambda)(1-\delta)}$ .

When $1/2\leq\delta<1$ ,
${\rm Re}( \frac{J_{z}^{\lambda+1}f(z_{0})}{J_{z}^{\lambda}f(z_{0})})\leq 1-\frac{1-\delta}{2\mathit{5}(1-\lambda)}$.

These contradict the hypothesis that $f(z)\in A(\lambda+1, \lambda,\gamma(\delta))$ . Hence $|\omega(z)|<1$ for all
$z\in \mathcal{U}$ . Thus, from (3.7) we obtain the desired result.

Setting $\delta=1/2$ in Theorem 3, we have
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Corollary 3. Let $\lambda<1$ . If $f(z)\in A(\lambda+1, \lambda, (1-2\lambda)/2(1-\lambda))_{j}$ then

${\rm Re}( \frac{J_{z}^{\lambda}f(z)}{z})>\frac{1}{2}$ $(z\in \mathcal{U})$ .

Remark 2. Taking $\lambda=0$ in Corollary 3, we see that $f(z)\in S^{*}(1/2)$ implies ${\rm Re}(f(z)/z)>$

$1/2$ . Since $\mathcal{K}\subset S^{*}(1/2)$ , Corollary 3 is a generalization of the result due to Strohh\"acker
[9] (see also Duren [1, p.72]).

Next, by using Lemma 3 and Theorem 3, we have

Corollary 4. Under the hypotheses of Theorem $S$, let the function $f(z)$ is defined by
(1.1). Then

(3.8) $|z|-(1-\delta)|z|^{2}\leq|J_{z}^{\lambda}f(z)|\leq|z|+(1-\delta)|z|^{2}$

for $z\in \mathcal{U}.$ EquaIity in all cases occurs for the function

(3.9) $f(z)=z+ \frac{(2-\lambda)(1-\delta)}{2}z^{2}\exp(i\theta)$

at $z=\pm|z|\exp(-i\theta)$ .
Proof. Notice from (2.2), (3.6) and Lemma 3 that

(3.10) $\sum_{n=2}^{\infty}\frac{\Gamma(n+1)\Gamma(2-\lambda)}{\Gamma(n+1-\lambda)}|a_{n}|\leq 1-\mathit{5}$.

By using (2.2) and (3.10), we have

(3.11) $|J_{z}^{\lambda}f(z)| \geq|z|-\sum_{n=2}^{\infty}\frac{\Gamma(n+1)\Gamma(2-\lambda)}{\Gamma(n+1-\lambda)}|a_{n}||z|^{n}$

$\geq|z|-|z|^{2}\sum_{n=2}^{\infty}\frac{\Gamma(n+1)\Gamma(2-\lambda)}{\Gamma(n+1-\lambda)}|a_{n}|$

$\geq|z|-(1-\delta)|z|^{2}$

and

(3.12) $|J_{z}^{\lambda}f(z)| \leq|z|+\sum\frac{\Gamma(n+1)\Gamma(2-\lambda)}{\Gamma(n+1-\lambda)}|a_{n}||z|^{n}\infty$

$n=2$

$\leq|z|+(1-\delta)|z|^{2}$

for $z\in \mathcal{U}$ . Combining the inequalities in (3.11) and (3.12), we obtain CoroUary 4.
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Corollary S. Under the hypotheses of Theorem $S$, let the function $f(z)$ is defined by
(1.1) and let $0\leq\lambda<1$ . Then

(3.13) $|z|- \frac{(2-\lambda)(1-\mathit{5})}{2}|z|^{2}\leq|f(z)|\leq|z|+\frac{(2-\lambda)(1-\delta)}{2}|z|^{2}$

for $z\in \mathcal{U}$ . This result is sharp with an extremal function $f(z)$ given by (3.9).

Proof. Observing that $\phi(n, \lambda)$ given by (2.3) is non-decreasing of $n$ for fixed $\lambda(0\leq\lambda<$

1), we find from (3.10) that

$\sum_{n=2}^{\infty}|a_{n}|\leq\frac{(2-\lambda)(1-\delta)}{2}$ .

Hence, by using the same technique as detailed in the proof of Corollary 4, we obtain
the assertion (3.13) of CoroUary 5.

Finally, we state and prove

Theorem 4. Let $0\leq\delta<1,$ $c\geq-\delta,$ $c^{2}+2\delta(1+c)\geq 1$ and $1/(2(c+\delta)+1)\leq\gamma<1$ .
If $f\in A((\mathit{5}-2\gamma+1)/(1-\gamma), (\delta-\gamma)/(1-\gamma),\gamma-(1-\gamma)/2(c+\delta))$ , then the function
$F_{c}(z)$ , defined by

(3.14) $F_{c}(z)= \frac{c+1}{z^{c}}\int_{0}^{z}t^{c-1}f(t)dt$ $(f\in A;z\in \mathcal{U})$

belongs to $A((\delta-2\gamma+1)/(1-\gamma), (\delta-\gamma)/(1-\gamma),\gamma)$ .

Proof. Let $\lambda=(\delta-\gamma)/(1-\gamma)$ . Rom (3.14), we obtain

(3.15) $z(J_{z}^{\lambda}F_{c}(z))’+cJ_{z}^{\lambda}F_{\mathrm{c}}(z)=(c+1)J_{z}^{\lambda}f(z)$ .

Define the function $\omega(z)$ by

(3.16) $\frac{z(J_{z}^{\lambda}F_{c}(z))’}{J_{z}^{\lambda}F_{\mathrm{c}}(z)}=\frac{1+(2\delta-1)\omega(z)}{1+\omega(z)}$ $(0\leq\delta<1;z\in \mathcal{U})$ .

Here $\omega(z)$ is analytic in $\mathcal{U}$ with $\omega(0)=0$ and $\omega(z)\neq-1$ . In view of (3.15), the assertion
(3.16) yields

(3.17) $\frac{J_{z}^{\lambda}f(z)}{J_{z}^{\lambda}F_{\mathrm{c}}(z)}=\frac{(1+c)+(2\delta-1+c)\omega(z)}{(1+c)(1+\omega(z))}$ .

Differentiating both side of (3.17) logarithInically, it $\mathrm{f}\mathrm{o}\mathrm{U}\mathrm{o}\mathrm{w}\mathrm{s}$ that

(3.18) $\frac{z(J_{z}^{\lambda}f(z))’}{J_{z}^{\lambda}f(z)}=\delta+(1-\delta)\frac{1-\omega(z)}{1+\omega(z)}-\frac{2(1-\delta)z\omega’(z)}{(1+\omega(z))(1+c+(2\delta-1+c)\omega(z))}$ .
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By assuming $\max_{|z|<|z_{\mathrm{O}}|}|\omega(z)|=|\omega(z_{0})|=1$ for $z_{0}\in \mathcal{U}$ and using the same technique
as in the proof of $\mathrm{T}\overline{\mathrm{h}}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}3$, we find that (3.18) yields

${\rm Re}( \frac{z_{0}(J_{z}^{\lambda}f(z_{0}))’}{J_{z}^{\lambda}f(z_{0})})=\delta-\frac{2k(1-\delta)(c+\delta)}{|1+c+(2\delta-1+c)\omega(z_{0})|^{2}}$

$\leq\delta-\frac{1-\delta}{2(c+\delta)}$ .

This contradicts the assumption that $f(z)\in A(\lambda+1, \lambda,\gamma-(1-\gamma)/2(c+\delta))$ , that is,

${\rm Re}( \frac{zJ_{z}^{\lambda+1}f(z)}{J_{z}^{\lambda}f(z)})=\frac{1}{(1-\lambda)}[{\rm Re}(\frac{z(J_{z}^{\lambda}f(z))’}{J_{z}^{\lambda}f(z)})-\lambda]>\gamma-\frac{1-\gamma}{2(c+\delta)}$

for $\lambda=(\delta-\gamma)/(1-\gamma)$ . Therefore $\omega(z)$ has to $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}6^{r}$ that $|\omega(z)|<1$ for all $z\in \mathcal{U}$ .
Hence, by (3.16) and Theorem 2, $J_{z}^{\lambda}F_{\mathrm{c}}(z)\in S^{*}(\delta)$ and $F_{\mathrm{c}}(z)\in A(\lambda+1, \lambda,\gamma)$ for
$\lambda=(\delta-\gamma)/(1-\gamma)$ .

REFERENCES
1. P.L. Duren, Univalent Functions, Grundlehren der Mathematischen Wissenschaften, 259, Springer-

Verlag, New York, Berlin, Heidelberg and Tokyo.
2. I.S. Jack, Functions starlike and convex of order $\alpha$ , J. London Math. Soc. 3 (1971), 469-474.
3. Y.C. Kim and H.M. Srivastava, Fractional integral and other linear operators associated with the

Gaussian hypergeometric fimction, Complex Variables Theory Appl. 34 (1997), 293-312.
4. S. Owa and C.Y. Shen, Generalized classes of starlike and convex fimctions of order $\alpha$ , Internat.

J. Math. Math. Sci. 8 (1985), 455-467.
5. S. Owa and H.M. Srivastava, Univalent and starlike generalized hypergeometric finnctions, Can. J.

Math. 39 (1987), 1057-1077.
6. S.G. Samko, A.A. Kilbas and O.I. marichev, Fractional Integral and Derivatives, Theory and

Applications, Gordon and Breach, New York, Philadelphia, London, Paris, Montreux, Toronto and
Melbourne, 1993..

7. H.M. Srivaetava and R.G. Buschman, Theory and Applications of Convolution Integral Equations,
Kluwer Academic Publishers, dordrecht, Boston and London, 1992..

8. H.M. Srivastava and S. Owa, Certain classes of analytic fimctions with varying arguments, J.
Math. Anal. Appl. 136 (1988), 217-228.

9. E. Strohh\"acker, Beitr\"age zur theorie der schlichten funktionen, Math. Z. 37 (1933), 356-380.
10. J.B. Twomey, On starlike functio7lS, Proc. Amer. Math. Soc. 24 (1970), 95-97.

21


