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APPROXIMATION OF COMMON FIXED POINTS FOR
A FAMILY OF NON-LIPSCHITZIAN SELF-MAPPINGS

TAE Hwa KM

ABSTRACT. In the present paper, we first give some examples of self-mappings which are of strongly
asymptotically nonexpansive type, not strictly hemicontractive, but satisfy the property (H). It is
then shown that the modified Mann and Ishikawa iteration processes for a family S = {T,, : n € N}
of self-mappings T, : K — K, defined by zn+1 = (1 — an)zn + anTnzn and zn41 = (1 — an)zn +
anTn[(1 — Bn)xn + BnTnzr], respectively, converge strongly to the unique common fixed point of
such a family < in general Banach spaces.

1. PRELIMINARIES

Let X be a real Banach space and X* the dual space of X. Let U = {z € X : ||z|| = 1} be
the unit sphere of X. The norm of X is said to be Gateauz differentiable (and X is said to be
smooth) if the limit

e+l = |

t—0 t
exists for each z and y in U. It is said to be uniformly Gateaux differentialbe if for each y € U,
this limit is attained uniformly for £ € U. The norm is said to be Fréchet differentiable if for
each r € U, the limit is obtained uniformly for y € U. Finally, the space X is said to have
a uniformly Fréchet differentiable norm (and X is said to be uniformly smooth) if the hmlt is
attained uniformly for (z,y) € U x U.

The normalized duality mapping J from X into the family of nonempty subset of X* is

defined by
J(z) ={f e X* | fII* = llz]|* = (=, /)},

where (z, f) denotes the value of f at z. It is an immediate consequence of the Hahn-Banach
theorem that J(x) is nonempty for each z € X. Moreover, it is known that J is single valued
if and only if X is smooth, while if X is uniformly smooth, then the mapping J is uniformly
continuous on bounded sets.

Let X be a real Banach space and let K be a nonempty subset of X (not necessarily convex)
and T : K — K a self mapping of K. There appear in the literature two definitions of an
asymptotically nonexpansive mapping. The weaker definition (cf. Kirk[19]) requires that

lim sup sup (| 7"z — T"y| - fl= = yll) <

n—oo ye
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for every z € K and that TV is continuous for some N > 1. The stronger definition (briefly
called asymptotically nonezpansive as in [15]) requires each iterate 7™ to be Lipschitzian with
Lipschitz constants L, — 1 as n — oo. For further generalization of an averaging iteration
of Schu [25], Bruck et al. [4] introduced a definition somewhere between these two : T is
asymptotically nonexpansive in the intermediate sense provided T is uniformly continuous and

(1.1) limsup sup (|T"z —T"y| - [lz —y|)) <

n—oo z,yeK

In this paper, we consider the self mapping of K satisfying only (1.1) without the assumption of
uniform continuity of 7. Throughout we shall refer to such a mapping as strongly asymptotically
nonezpansive type.

A mapping T : K — X is said to be pseudo contractive [26] if for all ,y € K there exists
Jj € J(z — y) such that

. (Tz —Ty,j) < ||lz —yl*.

In [18], Kato discovered the relationship between pseudocontractive mappings and accretive
mappings, proving
Lemma 1.1 [18]. Let z,y € X. Then ||z|| < ||z + ay]|| for every a > 0 if and only if there
exists j € J(z) such that (y,7) > 0.

Applying Lemma 1.1, we know that a mapping T is pseudocontractive if and only if (I —T)
is accretive, i.e., the inequality

le—yll < llz —y+r{I -T)z - (I -T)y}|

holds for all z,y € K and all r > 0.

In the sequel, we need the following two lemmas for the proof of our main results. The first is
actually Lemma 1 of Petryshyn [23] and the second is Lemma 2 of Liu [21]. For the first result,
Asplund [1] also proved a general result for single-valued duality mappings, which can be used
to derive this lemma and more recently this lemma was revisited by Haiyun-Yuting [16].

Lemma 1.2 [23]. For any z,y € X and j € J(z + y),

=+ yl* < ll=ll* + 2y, 5).

Lemma 1.3 [21]. Let {a,}, {bn}, and {cnr} be three nonnegative real sequences satisfying
an+1 < (1 —tp)an +bp +cn

with {t,} C [0,1], Do’ gan =00, by =o0(ts), and Y oo cn < 00. Then limy o0 ar = 0.

A mapping T : K — X is said to be strictly pseudo-contractive [8], [26] (or strong pseudo-
contraction [9]) if there exists ¢ > 1 such that for all z,y € K there exists j € J(z — y) such
that

L1
Re(Tz - Ty,j) < <llz - y|*

Let F(T') denotes the set of all fixed points of T, i.e., F(T) = {z € K : Tz = z}. If F(T) # 0,
the mapping T': K — X is said to be strictly hemicontractive [8] if there exists ¢ > 1 such that
for all z € K and z* € F(T) there exists j € J(z — 2*) such that

I 1 *
(12) (T~ 2°,5) < 7lle = 2°|.
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Using Lemma 1.1, it is easy to check [8] that the strict hemicontractivity of T is equivalent to
the following inequality

[z —z*|| < [I(1+r)(z = z%) — rt(Tz - z7)|

holds for all z € K, z* € F(T') and r > 0.

For an example of a Lipschitzian self-mapping which is not strictly pseudocontractive but
strictly hemicontractive, see [8].

Motivated by the definition of strict hemicontractivity, we can consider a mapping T': K — K
satisfying the following property, i.e., there exists t > 1 such that for all z € K and z* € F(T)(#
@) there exists j € J(z — z*) such that

1
(H) limsup(T"z — z*,j) < —|lz —z*|]%.
n—oo t
Note that any mapping 7' : K — K which is both strictly hemicontractive and asymptoti-
cally nonexpansive satisfies the property (H). Indeed, since T is strictly hemicontractive and
asymptotically nonexpansive, we have

1 1
(T = o*,j) < 1T e = "2 < T3 fle — |

Taking lim sup on both Sides, since L, — 1 as n — oo, T satisfies (H).
First we give two examples of the discontinuous self-mappings which are strongly asymptot-
ically nonexpansive type, not strictly hemicontractive, but satisfies the above property (H).

Example 1.1. Let X = R with the usual norm |- | and let K = [0,1]. Let ap, = L for
each n € N. Then, construct a discontinuous mapping 7" as follows. On the each subinterval
[@n+1,an], the graph of T consists of all rational numbers of the sides of the isosceles triangle
with base [an+1,an] and height a,; and zeros for irrational numbers in K. Thus, Ta, = 0
and, if z,, denotes the midpoint of [an+1,an], then Tz, = a, ;. If we further define 70 = 0,
T : K — K is not continuous but clearly F(T) = {0}. Since T"z — 0 uniformly as n — oo,
T is strongly asymptotically nonexpansive type. Obviuosly, T satisfies the property (H) but is
not strictly hemicontractive.

Example 1.2. Let K = [0,1] C R and define Tz = ; ifz = 1,1, Te =1 for z € [0, 4]\ &,
and Tz =  for ¢ € (4,1]. Note that for all z € K, T"z = 1 € F(T) = {3} for n > 3.
Then T : K — K is a discontinuous mapping of strongly asymptotically nonexpansive type

which is not nonexpansive. Obviuosly, T satisfies the property (H). However, T is not strictly
hemicontractive.

Here we give an example of the discontinuous self-mapping with the property (H) which is
strongly asymptotically nonexpansive type, not asymptotically nonexpansive.

Example 1.3. Let K = [0,1] C R and let ¢ be the Cantor ternary function. Define T : K — C

by
T()_{x/Q ifo<z<1/2,
S le(l-2)/2) if1/2<z<1.
Note that T™x — 0 uniformly on K. Therefore, T is a discontinuous mapping of strongly asymp-

totically nonexpansive type with the property (H). But it is not asymptotically nonexpansive
because ¢ is not Lipschizian continuous on [0, %] Note that T is also strictly hemicontractive.
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Recall that a mapping T : K — X is said to be strongly accretive [3] (or [29}) if there exists
a positive number k such that for each z,y € K there is j € J(z — y) such that

(Tz - Ty,j) > kllz - y||*.
Using Lemma K again this is equivalent to
o ~yll < llz—y+r{(T - kDz — (T - kDy},

for all r > 0, where I denotes the identity mapping of X. Without loss of generality, we can
assume k € (0,1). Then it was known [2] that the similar connection between strict pseudocon-
tractivity and strong accretivity is that a mapping T : K — K is strictly pseudocontractive if
and only if I — T is strongly accretive, i.e., the inequality

(1.3) le =yl <z —y+r{I -T-kDz— (I-T = kDy}

holds for any z,y € K and r > 0, where k = Q;—l) € (0,1).

It is well known that if T : K — X is continuous and strictly pseudocontractive, then T" has a
unique fixed point (see Corollary 1 of Deimling [12]). Furthermore, if T': X — X is continuous
and strongly accretive, then T is surjective, i.e., for a given f € X, the equation Tz = f has a
unique solution.

Recently, the convergence problems of Ishikawa and Mann iteration sequences (cf. Ishikawa
[17] and Mann [22]) have been studied extensively by many authors (see Chidume [5-8], Chidume
and Osilike [9-11], Deng [13], Deng-Ding [14], Haiyun-Yuting [16], Liu [20], Liu [21], Reich [24]
and Tan-Xu [27]) for strictly pseudocontractive (or strongly accretive) mappings.

Especially, Liu [20] proved, using the inequality (1.3), that the Mann iteration process con-
verges strongly to the unique fixed point of a Lipschitzian and strictly pseudo-contractive map-
ping, which extends corresponding results of [5-8], [27] and [29] to the general Banach spaces as
follows.

Theorem 1.1 [20]. Let K be a nonempty closed, conver and bounded subset of a Banach
space X and let T : K — K be Lipschitzian and strictly pseudocontractive mapping. Then the
sequence {xn}52, generated by

Toyr = (1 — an)zn + anTz,, * €K,
with {an} C (0,1] satisfying

o0
E a, =00, ap —0,
n=1

converges strongly to ¢ € F(T) and F(T) is a singleton set.

Subsequently, Haiyﬁn-Yuting [16] proved by using Lemma 1.2 that the Ishikawa iteration
process converges strongly to the unique fixed point of a continuous and strictly pseudocontrative
map without Lipschitz assumption in a real uniformly smooth Banach space.

Theorem 1.2 [16]. Let K be a nonempty closed, convex and bounded subset of a real uniformly
smooth Banach space X. Assume that T : K — K is a continuous strictly pseudocontractive
mapping. Let {a, 32, and {B,}5%, be two real sequences satisfying

(i) 0 < ap,Bn <1 and ap —0, B — 0 asn — oo;

(ii) Yoo, o = o0.
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Then the Ishikawa iterative sequence {x,}5%, generated from an arbitrary z; € K by
Tnt1 = (1 — an)zn + anTyn,
{ Yn = (1 = Bn)Tn + BnTxy, n>1,
converges strongly to the unique fized point of T.
On the other hand, Chidume and Osilke [9] proved with the similar method of the proof as

in [20] that the Ishikawa iteration process also converges strongly to the unique fixed point of a
uniformly continuous and stricltly pseudo-contractive mapping in a real Banach space.

Theorem 1.3 [9]. Let K be a nonempty closed, conver and bounded subset of a real Banach
space X. Suppose T : K — K is a unifomly continuous and strictly pseudocontractive mapping.
Then, the sequence {x,}5%, generated from an arbitrary z; € K by

{ Tpn+1 = (1 - an)xn + anTynv
Yn = (1 = Bn)xn + BTy, n>1,

converges strongly to q € F(T) and F(T) 1is a singleton set. Here, {an} and {B,} are real
sequences n [0, 1] satisfying

o0

E a, =00, lim a,=0= lim G,.
1 n—oo n—00

n=

In 1995, Liu [21] introduced the Ishikawa iteration process with errors as follows:

(1.4) { Tnt1 = (1 — an)Zn + anTYn + tn,
Un :(l’ﬁn)xn“l'ﬂnTxn'*"Una n>1,
where {a,} and {3,} are real sequences in [0,1] such that (i) > oo, @, = 00, limp—co @n =0,
(ii) {Bn} is bounded, (iii) {un} and {v,} are summable sequences in X, and T is a Lipschitzian
strongly accretive mapping in a uniformly smooth Banach space X.
1n 1998, Xu [28] intoduced the Ishikawa iteration processes emphasizing the randomness of
errors as follows:

(1 5) { ZTnt1 = AT + BnTYn + Ynln,

Yn = QnTn + BnTTn + Ynvn,
where {an},{Bn}, {7}, {@n}, {Bn}, {3} are sequences in [0,1] such that (i) limp oo Bn =
0, YneoBn =0, (ii) limp—co fn = 00, (ifi) limp—oo Jn = 0, 3720 Yn < 00, (V) o +Bn+m =
Gn + Bn+9n = 1, and {v, }, {u,} are bounded suquences in Banach space X, an T' is a strongly
pseudocontractive mapping in unifor mly smooth Banach space X.

In these respects, it seems natural to ask whether the above theorems are still valid for a
family § = {T,, : n € N} of self-mappings T, : K — K which satisfies the property (H) type
(as the definition replaced T™ in (H) by T},). For our affirmative argument, consider the similar
iteration process with errors of (1.5) as follows:

T € K,
(1.6) Tnt1 = nTn + BnTnyn + Ynln,
Yn = Oé;ﬂ"n + ﬂ;Tnxn + 'Y;;,Unv n2>1,
where {u,} and {v,} are two bounded sequence in K; {a,}, {Bn}, {1}, {eL}, {6}, {7} are
real sequences in [0, 1] satisfying the conditions
an + B+ Tn :a;+6;+7;1 =1,
for all n > 1.
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Lemma 1.4. Let K be a nonempty closed and convex subset of a Banach space X. Let two
iterative sequences {xn} and {yn} be gwven as in (1.6) for a family S = {T,, : n € N} of self-
mappings T, : K - K, n € N. Put B:={z, :n € N}U{y, :n € N} (CK), g€ F() =
MpenF(T7,) and

¢n := max{0, Sgg(”Tnfﬂ —qll = llz—qlD}-

Then
. n—1 n—1
(1.7) lzn — gl Sd+2) ek, llyn—all Sd+2)  cr+ca,
k=1 k=1

for n € N, where

d := max{sup ||un — ql|, sup{lon —qll, llz1 — qll}.
n>1 n>1

Proof. The proof employs mathematical induction. Since ||z; — ¢g|| < d and

lyr — all = lleyz1 + 61Tz + mv1 — gl
< aillzy — gl + BillTz1 — gll + villor — gl
< aqllzs = qll + Biler + [lz1 — qll) +Yillor = gl
< (a1 + By +71)d+ B
<d+ ¢,

(1.7) holds for n = 1. Suppose (1.7) holds for n =k, i.e.,

k—1 k-1

lzx —gll <d+2) cj, lye—all <d+2) ¢+
i=1 j=1

Theh, for n = k+ 1, we have

lze+1 — qll = llewzk + BeTryr + veur — gl
< agllzk — qll + Bl Teyr — gll + velluk — gl
< akllzk — qll + Br(ck + llyr — qll) + vellur — gl

k—1 k-1
<ak(d+2) ¢j)+Brck + Be(d+2) ¢+ k) +Yd
j=1 j=1
k—1
=d+ 2(C¥k + ﬁk) Z c; + 208kck
i=1

k
Sd+22cj
i=1
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lye+1 — gl = ”a;c—l-lxk‘f'l + 52+1Tk+1xk+1 + ’Yz/c+1vk+1 —q|
< agpillzesr — all + Byt 1 Tkt1%k4+1 — gll + Vg1 k1 — gl
< gy llzrsr — gll + Biyr (crr + lzrs1 — all) + Vigr vk — gl

< (0gy1 + Brri)llzk+r — all + BryiChr +Vigrd

k
< (kg1 + Bep)(d+2 Z ¢;) + Bey1Ch+1 + Viprd
j=1
k
< d+226_7 + Ck41-
j=1

Therefore, by mathematical induction, (1.7) holds for all n € N.

2. MAIN RESULTS

We first begin with an easy observation of the property (H) type. The first equivalent is

(Hy) liminf(z — T,z,j) > (t= 1)1[z—:1:*||2.

n—00 t

Let  # x*. For a fixed e with 0 < € < @, it follows from the property (H;) that there exists
ng € N such that for all n > ng,

ot—1 .
(12) @-Turd) = (L = glo—a)?
= kSH.’L"—.’L'*”2,

where k. := (% —€) € (0,1). This inequality is obviously equivalent to
(Hs) (Tpx — x*,5) < (1 —ko)|lz — =*|)?, Vn > ng.

For employing the method of the proof in [20], we need the following equivalent form of the
property (Hy) by virtue of Lemma 1.1:

(Hy) le—z*|| <|lz—2*+r7{(I-Tn, — kD)z — (I - T, — kI)z*}||

for all n > ng and all r > 0.
Using the property (Hsz), Lemma 1.3 and 1.4, we are now ready to present the following

Theorem 2.1. Let K be a nonempty closed and convez subset of a Banach space X. Suppose
a family S = {T, : n € N} of self-mappings T, : K — K, n € N satisfies the property (H) type.
Suppose F(T) # 0 and put ’

cn =max{0, sup (|[Tnz — Tnyl| - llz —yl)},
z,ye K

so that Y .., cn < 0o0. Then the modified Ishikawa iterative sequence {zn}S, generated by
(1.6) converges strongly to the unique common fized point of S in K, where

(i) lim 8, = lim @), = lim v, =0;
n—00 n—00 n—oo
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(ii) iﬁnzoo and i”yn<oo.
n=1 n=1

Proof. Since F(T') # 0, take q € F(T). Lemma 1.4 immediately gives

”xn+1 - (I“ < Ma ”yn-l-l - q“ < M’

for all n € N, where M :==d+2) ., ¢y < 00. Lemma 1.2 and the property (Hs) yields

(2.1) IZnt1 = qll* = lon(@n — @) + Bn(Tayn — @) + Yn(un — QI
<a? e — ql? + 280 (Tnyn — g, Jn) + 27n(Un — ¢, n)
Sai”wn - Q||2 + 26n{TnTrnt1 — 4, Jn)
+ 2080 (Tnyn — TnTni1,dn) + 29 (tn — ¢, Jn)
<ol ||z — ql* +26n(1 — k) €ns1 — gll* + 26ndn + 272 M2,

for j, € J(zn+1 — q) and for all n > ng, where dp, := (Tyn — TnZny1). We first claim that
jn — 0 as n — oo. In fact, by the parameter conditions (i) and (ii) we get

lyn = Zntall = [(yn = @) + (g — Zn41)||

=, (zn — @) + By (Tuzn — @) + 15 (vn — q)
— an(2n — @) = Bn(Toyn — @) — Ml(un — )|l

<(18n = Bnl + 70 = mDllzn — qll + Bl Tnzs — 4
+ Ynllvn = all + Bull Tnyn — all + Yallun — qll

<(Br + Br + n + W)llzn — all + Brlcn + zn — gll) +vnllvn — 4l
+ Bnlcn + lyn — qll) + mllun — 4l

<2(B5, + B + Y + )M + cn(Bnt + Br) = 0 as n — oo.

Therefore, since ¢, — 0 as n — oo, we get

”Tnyn - Tn$n+1“ < [”Tnyn — Tnxpyall — IIyn - CCn+1”] + ||yn — Tpy1ll
<cn+ |lyn — Tn+all = 0 asn — oo.

Since ||7nll = |Zn+1 — ¢|| < M, this gives

|dn| = (Tayn — TnTni1,Jn)|
< NThyn — TnZnsall - lgnll 7 0 asn — oo.

._Oh the other hand, since S 1 Br =00 and B, — 0 as n — oo, we can choose n; (> ng) so
that 8, > 0,1 —28,(1 — k.) > 0, and 2k, — B, > 0 for all n > n;. Then, the above inequality
(2.1) can be written as follows:

(2.2) €1 —qll?
a%”xn - <1||2 + 206ndy 27nM2
_1_2ﬂn(1_ke) 1_2:8n(1_ke) 1_2571(1_1‘56)
< (1 - ,Bn)2||a:n - Q||2 + 206ndy 2'YnM2

- 1- 2,671(1 - ke) 1- 2ﬂn(1 - ke) 1- 2/8n(1 - ke)
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Since % — 2k as n — oo and k. € (0, 1), there exists a ny (> ny) such that
2ke _ ﬂn
— 2k} < ke
1—28,(1 — ke) 4
for all n > ng. This implies that k. < %, that is,
(1 — 611)2
< (1—k.
1- Qﬁn(l - ke) - ( ﬂn)

for all n > ny. The inequality (2.2) can be expressed as follows.

28ndy, 2y, M?
1-26,(1—ke) 1-26,(1—ke)’
for all n > ny. Then it follows from Lemma 1.3 that the sequence {z,} strongly converges to

the unique fixed point g of T'. Finally, we prove that F(T) = {q}, a singleton set. If p € F(T),
by using the property (H), we obtain

“:En—f—l - qH2 S (1 - ksﬂ'n)“£n - q”2 +

lp - qlI> = (p - q,3)
= limsup(T»p — ¢, 5)

n—oo
1
< Zlp—dll®,
forje J(p—gq),Sincet > 1, we have g =p. O

Remark. In view of the examples 1.1 and 1.2, the above theorem is a new approach of the
strong convergence problems of iterative sequences to the unique fixed point of discontinuous
non-Lipschitzian self-mappings which are not strictly hemicontractive (hence, not strictly pseu-
docontractive).

Taking ], = «,, =0 for all n > 1 in (1.6), as a direct consequence of Theorem 2.1, we have
the following

Corollary 2.1. Let K be a nonempty closed convez subset of a Banach spdce X. Suppose a
family S = {T,, : n € N} of self-mappings T,, : K — K, n € N satisfies the property (H) type.
Suppose F(T) # 0 and put

¢n =max{0, sup (|Tnz — Tnyll - lz —ylD},
z,yeK

so that y_.> | ¢ < 0o. Then the modified Mann iterative sequence {xn }52, with errors generated
by , '
Tnt1 = (1= an)xn + anThzn, 7 €K

with {an 32, C (0,1] satisfying
n—oo

Zﬂn = 00, Z'yn <oo, and lim b, =0,
n=1 n=1 )

strongly converges q € F(T) and F(T) is a singleton set.

As a direct consequence of Theorem 2.1, we obtain the following
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Theorem 2.2. Let K be a nonempty bounded closed conver subset of a Banach space X.
Suppose a family & = {T,, : n € N} of Lipschitzian self-mappings Ty, : K — K, n € N satisfies
the property (H) type. Suppose F(T) # 0 and Y .. (L, — 1) < oo, where L,(> 1) is the
Lipschitz constant of T,,. Then the modified Ishikawa iterative sequence {x,}3%, with errors
generated by (1.6) converges strongly to the unique fized point of T in K, where

(i) lim B, = lim 3, = lim 7/, = 0;
n—oo n—oo n—oo
o0 [e ]
(ii) Z,Bn =00 and Z Yn < 00.
n=1 n=1

Proof. Note that

cn =max{0, sup (|Thz — Tpyll - [z - yl))}
z,yeK

< (Ln — 1)4(K),

where §(K) denotes the diameter of K. Note that all assumptions of Theorem 2.1 are ful-
filled, O

Taking G3;, = v, = 0 for all n > 1 in (1.6), as a direct consequence of Theorem 2.2, we have
the following

Corollary 2.2. Let K be a nonempty bounded closed conver subset of a Banach space X.
Suppose a family S = {T, : n € N} of Lipschitzian self-mappings T, : K — K, n € N
satisfies the property (H) type. Suppose F(T) # 0 and 3 > (L, — 1) < 0o, where L, (> 1) is
the Lipschitz constant of T,,. Then the modified Mann iterative sequence {x,}5%, with errors
generated by

Tn+1 = (1 —ap)zy + anTpz,, z,€K

with {an 52, C (0,1] satisfying
oo o0
Z,Bn = oo,Z’yn <00, and lim b, =0,
n—00
n=1 n=1

strongly converges ¢ € F(T) and F(T) is a singleton set.

Remark. Note that if each T,, : K — K is Ly-Lipschitzian with limsup,,_, . L, < 1, then
S = {T% : n € N} is of (H) type.
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