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ON THE PAINLEVE I HIERARCHY

SHUN SHIMOMURA

Department of Mathematics, Keio University

T ¢ B2  BRx @

Every solution of the first Painlevé equation
I S Z" =62% + 4t

("= d/dt) is meromorphic in C, that is to say, equation (I) admits the Painlevé
property. It is known that the fourth-order equation

(L) ZW = 20Z2" +10(2')? — 40Z° + 16t

also admits the Painlevé property, which is proved by using Miwa’s result concerning
the isomonodromic deformation ([1,2,3]). In this note, we show that
(1) there exists a hierarchy of systems of nonlinear equations, from which we can

derive (I), (I4) and
(Is) 2© =2822Z® +562'2® 4 42(2")% — 280(2%2" + Z(2')* — Z*) + 64,

(2) all the systems in the hierarchy and the nonlinear equations derived from it
such as (I), (I4), (I¢) admit the Painlevé property.

1. Results

Cosider the following formal power series in £ :

Q) =)_2.¢,
v2>1

R() =) U8,
v>1

F(€) = 267'Q()(1+ Z:6) + (€77Q(€)* — R(§)*) (1 - Q€)™ — ug,

where ug, Z,, U, (v € N) are parameters. Then, F(¢) is written in the form

F(§) =) F¢

v>0
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F0=221 -—’u%,
F,=2Z,41 +‘Gy(Zj,Uk;1ij <y,1<k<v-1) (ve€N)

Here G (Zj,Uy; ...) denotes a polynomial in Z; and Uy (1 <j < u,'l <k<v-1).

Let m be a nonnegative integer and ¢ a variable. Then the relations

%(Uo + R(£)) = F(£) + 2(t = Zm+1)™  (mod ™),

d
2Q() =2R(¢) (mod £™+),
define the following systems:
for m = 0,
(S1) up = 2t — ul;
for m > 1,
ug =27Z; — u2,
z, =2U,,
(Sm) Ul'=2Z,41+Gu(Z;,Ui;1<j<y,1<k<v-1),
Z!, =2Un,

Ul =2t+Gn(Z;,Ux;1<j<m,1<k<m-1)

(1 < v <m—1). Then we have

Theorem 1.1. Every solution (uo(t), Z,(t),U,(t)) (1 Sv < m)‘ of (Sm) (m 2> 0)‘

s meromorphic in C.
As an immediate corollary of this theorem, we have
Corollary 1.2. Ewvery solution of (1) or (Ig) is meromorphic in C.

It is known that, for an arbitrary solution P(t) of (I), every solution of

y" —2P(t)y =0
is meromorphic in C. Futhermore we have

Corollary 1.3. Let Py(t) (resp. Ps(t)) be an arbztrary solution of (14) (resp. (Ie))
Then every solution of .

y" —2Py(t)y =0 (resp. y" —2Ps(t)y =0)

is meromorphic in C.
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2. Outline of the proof of Theorem 1.1

Consider the 2 by 2 matrix linear differential equation

d= 2(m+1) .
(2.1) :li = A(2)Z, Al@)=- Y Ao’ + Az
: j=0

Here A_, are given as below:

A_ym+1) =J, A_@@m+1) = —voL,

A_om =11 K —wyJ, A_(gm_l) =—-u L,

A_g(mi1)t2i = viK —wid, A_(gmy1)2i = —uil (1 <i<m),
Ao=s(J+K), A={-L)/2

(3 n) k(3 0) =)

Propasition 2.1. Let ¢,uq, U1, ..., Um, V1, ..., Um be arbitrary parameters. System
(2.1) admits a formal matriz solution of the form

with

= =Z(z) =Y(z)expT(x),

— J 2m+3 1 _ —j
T(z) = —5-—3° tJz + 5 log(1/z), Y(z)= J_X):ly,x :
if and only if
wy = ug/zv
1 v—1 v—-1 v
(22)  w=3 (Z wjwy—; = ) Vivu—j+ ) u,'_lu,,_,-),
) : j=1 =1 j=1
» 1 m m m<+1
s=1t- E(Z WjWm+1—j — Z VjVm+1-j + Z uj—lum+1—j)
j=1 Jj=1 Jj=1

(1<v<m).

For the deformation parameter ¢, the deformation equation with respect to (2.1)
is written in the form

(2.3) dA(z) = a—an(a:,t) + [Q(z, 1), A(z)],
. Q(Ilf,t) = @_1 (t)a: + (Do(t),
where ®_, (t) and ®¢(t) are 1-forms of ¢ defined by

> e k(t)z* =Y(a)(~zdt)JY (2)7".

k=—00
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Proposition 2.2. Eguation (2.3) is equivalent to
!

' !
Uy1 = 20y, v, =2u,+ 2upwy, w, = 2uovy,

! !
Uy, =28, & =1—2ups

(1 < v < m), where w,, s are the parameters defined by (2.2).

System (2.1) possesses an apparent singularity at z = 0, and Miwa’s theorem [2]
is not applicable. To remove it, we employ the Schlesinger transformation

W= ¥()E, ¥()= (u:/z u0/21+3:)'

Then system (2.1) is changed into

dW 2(m+1) '
(2.4) — =B@W, B()=- > B_ja’,
where
B—2(m+1) = J7
B _ —Um—v — uO(Um—-V + wm-—u) z(vm—u + wm—u)
—(@v+1) = -U(Z)(vm—v + wm—u)/z — UUm—v — Um—(v=-1) Um-—v + uO(”m—u + wm—u)
B — ( —(vm+1—V + wm+1—u) 0 )
B —UO(Um+1 -v + WmA41-— u) — Um+l-v Um+l—v + Wm+1—v ’
B — —Up, —uo(vm+wm) 2(Vm + W)
-1 uo(vm+wm)/2—u0um -5 Um +uo(vm + W)

%= (12 0)

(1 < v <m),v = w = 0. Applying Miwa’s theorem to (2.4), we can show
that ug, Z, = v, + w, and U, = u, + uoZ, are meromorphic in C. Since the
isomonodromy property is invariant under the Schlesinger transformation, from
(2.2) and Proposition 2.2 we derive the deformation equation with respect to Z,,U,,
which coincides with (S,,). This completes the proof.

3. Derivation of the corollaries

Eliminating the unkown variables other than Z;, from (S2) and (S3) we get
equations (I;) and (Ig), respectively. Thus we have Corollary 1.2.

To show Corollary 1.3, let us consider, for example, system (S3). By Corollary
1.2, an arbitrary solution Z = Ps(t) of (I) is meromorphic in C, and, around each
pole t = g, it is expanded into one of the following Laurent series:

(3.1) (t—to) 2+, 3(t—to) 2+, 6(t—to)™>



By Theorem 1.1, every solution of
(3.2) u' = 2P(t) — u?,

is meromorphic in C, which is the first equation of (S3). The transformation u =
y'/y takes (3.2) into

(3.3) y" —2Ps(t)y = 0.

Let y(t) be an arbitrary solution of (3.3). It is sufficient to show that an arbitrary
pole t = tg of Pg(t) is at most a pole of y(t). To do this, we note that u(t) = y'(¢)/y(¢)
is written in the form

u(t) = ot —to) -

around it, where c is an integer equal to one of —3, -2, ~1,2,3,4. Hence we get an
expression of the form

y(t) = (t—t0)° Y _ Cj(t —to)’,
j=0

from which Corollary 1.3 follows.
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