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THE MICROLOCAL SMOOTHING EFFECT FOR SCHRODINGER TYPE
OPERATORS IN GEVREY CLASSES

KUNIHIKO KAJITANI & GIOVANNI TAGLIALATELA (U . Towhubo )

Let T > 0, we consider the Cauchy problem,
Lu =0, te[-T,T], z€R"
(1) n
u(0,z) = uo(z), z€R",
where

Lu=08u—-v-1 Z (a,,c ) Z b;(t, :r) — bo(t, 7)u,

Jik=1 Jj=1

n
ax(z,€) = Z ajk(z)€;&k, is a real elliptic symbol with smooth and bounded coefficients.
Jk=1
We will consider the smoothing eﬂ’ect phenomenon: more the initial data decays at the
infinity, more the solution of (1) is regular. In the case of microlocal smoothing effect, the
decay of initial data is required only on a neighborhood of the backward bicharacteristic.
Recall that a function f belongs to the Gevrey class 44(Q), if f € C*(Q) and for any
compact K of () there exist positive constants p and C such that
sup| D°f(z)| < Cp|alt,
z€K

for all &« € N™.
A point (yo,79) € T*R™ does not belong to the Gevrey wave front set of order d of a

distribution u if there exists a function x € 4§(R") (= y*(R") NC3°(R™")), equal to 1 in a

neighborhood of 0, such that if one sets x,,(z) = x(z — yo) and xn,(£) = (]2 ' 'Tlo| )’ then
Mo

there exist positive constants C' and p such that

D2 (X (D) (xun(@)0) )| < C pHolae,

for all o € N*. We will note WF, u the wave front set of order d of u.

Assumption I.

1. aj € v*(R™), for some d > 1;
2. there exists a positive constant C such that

CY¢P? < aa(z,€) < CIEP,

for all £ € R™;
3. there exist positive constants §, p and C such that

|D:ajk(x)| < Cp p =l ald (:L’) —|a|-é ,



i
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- forallz eR", a e N*\ {0}, forall j k=1,...,n;
4. there exists 8(z,£) € v*(R" x R") such that
(a) there exist positive constants p and C such that

|DgDI8(z,€)| < G, o7 a1 (£)' 1! (2)' 7,
forallz,£ € R, a,f e N
(b) H,,0(z,€) > C|&|?, for some peositive constant C, where H,, is the Hamiltonian
"\ 0ay O Oay; 0 ’

ow associated to g,: H,.. = - —_—
ﬂ %2 a2 ; 66_1 3.‘17j a:z:j 361

Assumption II.

1. b; € C([0, T);v*(R™)), for j = 0,1,...,n and there exist positive constants p and C
such that

|D2b;(t,z)| < C, p7lel ¥ ()71

for all z € R*, @« € N*"\ {0}, for all j =0,1,...,n;
2. Imbj(t,z)=0,forj=1,...,n

For (yo,m0) € T*R™, we consider the bicharacteristic of ay(z, ) passing through (yg, no):
Baz

X(s) = S2(X(5),2(5))

- Qa2 —-
:(S) = —E (X(S), :.(S))
The hypothesis on the principal symbol imply that lim IX (s; vo, 770)| = +00-.
s—+00
We set ’

(X(0),2(0)) = (30, )-

T2 (yo,m) = [ J{z e ®"

s<0

|2 = X (£s;90,0)] < £(1+1s) }.

For ¢ € R denote
(z,&)

(@)= ()
where ¢ > 0, d > 0 and ¢ + 6 = &, k < 1, and define

I,.(z, Dyu(z) = / (= 07,(6) d,

n

¢€(l‘,€) =x€“'l€

where 7(¢) stands for a Fourier transform of 4 and d¢ = (27)~"d¢.

Theorem. Assume that Assumptions I and II are satisfied for dx < 1, ,nb <landd>1.
Ifug € L*(R™) and Iy, (z, D)ug € L*(T7, (yo,m0)), for |e| < eq, then there ezists a solution u
of (1) such that (yo,m) ¢ WFy/cu(t,-), for all t > 0.
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