obooo0ooooOooo 12280 20010 43-50

43

Classification of Type II code over GF(4) of some small lengths

LB RES TEEREM 7R SUEH— (Koichi Betsumiya)
Graduate School of Mathematics, Nagoya University

1 Introduction

Let GF(2") be the finite field with 27 elements. Let C be a code over GF(2") of length
n, which is a subspace of the vector space GF(27)". Let B = {b1,b,, ..., b, } be a basis of
GF(27) over GF(2). We denote by ¢g(a) = (a1, a2, ...,ar) € GF(2)" the representation
of a € GF(2") over GF(2) with respect to a basis B, that is, a = Y ._;a;b;. For
u = (ur, Uy, ..., un) € GF(2")™, we also denote by ¢p(u) the vector in GF(2)™ obtained
by concatenating ¢g(u1), - - ., ¢5(un). We call pg(C) the binary image of C with respect
to B. B is called a trace-orthogonal basis (TOB) if Tr(b;b;) = d;; for 1 < 4,5 < r where
Tr denotes the trace function of GF(2") over GF(2).

In 1980’s, Pasquier and Wolfmann studied self-dual codes over GF(2") whose binary
images with respect to a TOB are binary Type II codes (that is, binary doubly-even
self-dual codes) including the extended Hamming code and the extended Golay code
(cf. [8, 10]). We say that such codes over GF(2") are Type II codes with respect to a
TOB [4] (see [6] for Type II codes over GF(4)). Recently, it has been proved by the
author that the Type II property with respect to a TOB for self-dual codes over GF(2")
is independent of the choice of a TOB [1]. This allows us to call C a Type II code if C
is a Type II code with respect to a TOB, without a reference to an explicit TOB. The
binary length of a code over GF(2") of length n is defined by rn, which is the length of
its binary image. The Type II codes with binary length up to 24 have been classified
(cf. [2, 4, 6]). We refer to [9] for the classification of binary Type II codes. The next
problem would be to classify all Type II codes over GF(2") for any r with binary length
32.

Theorem 1.1 (Munemasa [7]) The total number of Type II GF(2)-codes of length n
s given by

n/2-2

Ni.(n)= J] @*+1), (1)

1=0

ifrn=0 (mod 8) andn =0 (mod 4), and 0 otherwise.
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The formula (1) is called the mass formula for Type II codes over GF(2"). By The-
orem 1.1, the possible cases for which there is a Type II code over GF(27) of length
n with binary length 32 are (n,7) = (32,1), (16,2), (8,4) and (4,8). For the cases
(n,7) = (32,1) and (n,r) = (8,4), the complete classifications are given in [5] and [4],
respectively. Furthermore, for the case (n,r) = (4, 8), it is shown that there exists a
unique Type II code up to permutation-equivalence [7].

In this paper, we give a classification for the case (n,r) = (16, 2), that is, Type II codes
over GF(4) of length 16. It is the only remaining case to complete the classification of
Type II codes with binary length 32.

2 Classification of Type II Codes
over GF(4) of Length 16

In this section, we give a classification of Type II codes of length 16 over GF(4) =
GF(2)[w]/(w? +w + 1). A bisorted matrix is constructed by sorted vectors on a lexico-
graphical order with both directions North to South and West to East. We check all the
bisorted 8 x 8 GF(4)-matrices A’s such that ( I A ) generates a Type II code, where I
is the 8 x 8 identity matrix. It is sufficient to consider such matrices to complete the
classification [3]. Indeed, we obtain 82588 distinct Type II codes by the method above.
Let C be a code over GF(4) of length 16, and let

C ={(&1,62- .-, ¢)| wt(c) = 6,c = (c1, ca, ..., c16) € C},

where wt(c) is the Hamming weight of ¢ and & = 0 if ¢; = 0 and & = 1 otherwise. Then
C is a non-linear binary code of length 16. We now consider three invariants of codes
under the permutation-equivalence:

1. the Hamming weight enumerator W (C),
2. the order | Aut(C)| of the permutation automorphism group of C,
3. the order | Aut(C)| of the permutation automorphism group of C.

Calculating the invariants for every code using MAGMA, we find 48 codes D,. .., Dys
with distinct sets of invariants. The minimum Hamming weight d(D;) of D;, the Ham-
ming weight enumerator W(D;) of D; and the values | Aut(D;)| are listed in Table 1. The
weight enumerators are listed in Table 2 where only the coefficients of the monomials
z1%~%y* for i = 3,4,6,7,...,16 are given. For all weight enumerators, the coefficients of
the monomials z'6, z'%y, z'%y? and 2!y’ are 1, 0, 0 and 0, respectively. We verified that



Table 1: Properties of the Type II codes over GF(4) of length 16

d(D;) | W(D;) | | Aut(D;)| d(D;) | W(D;) | | Aut(Dy)|
D, | 3 W, 497664 || Dys | 4 Wos 5160960
D, | 3 W, 387072 || Dy | 4 Was 2304
Dy | 3 W, 11664 || Dyy | 4 Was 73728
Ds| 3 W, 5184 || Dy | 4 War 6144
Ds | 3 Wi 648 | Doy | 4 Was 576
Ds | 3 W 7776 | Dy | 4 Was 6144
D;| 3 Wy 324 | Dy | 4 Wos 3072
Ds | 3 W 13608 || D3y | 4 Wao 18432
Dy | 3 W 576 || Dss | 4 Wao 18432
D! 3 Wio 90 || Dag | 4 Wio 128
Dy | 3 Wi 216 || Dss | 4 Wao 64
D | 3 Wia 432 || Dyg | 4 W 240
Dy | 3 Wis 3456 || D3y | 4 Was 24
Dul| 3 Wi 34560 || Dyg | 4 Was 144
Dis| 3 Wis 276480 || D3y | 4 Was 48
Di| 3 Wie 13824 || Dy | 4 Was 48
Dz | 3 Wi 12096 || Dy | 4 Was 96
Dis| 3 Wis 288 || Dz | 6 Was 96
Do | 3 Wie 216 || Dy3 | 6 Waa 384
Dy | 3 Wao 36 || Du| 6 Was 16
Dy | 3 War 192 | Dy | 6 Was 336
Doy | 3 | Wa 7920 || Dy | 6 Was 8
Dy3| 3 Was 18| Dy | 6 Was 14
Doy | 4 Wos 3612672 || Ds | 6 Was 24
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Table 2: The weight enumerators

1 3 4 6 7 8 9 10 11 12 13 14 15 16
Wy | 48 12 864 432 54 6912 5184 - 1296 20844 20736 7776 1296 81
Wy | 24 48 312 1080 306 4032 7056 4104 24840 12096 7992 3240 405
Wi |24 3 522 360 351 5952 6156 5544 18165 17856 7722 2520 360
W, [ 18 12 384 522 414 5232 6624 6246 19164 15696 7776 3006 441
Ws |12 0 360 300 534 5376 6816 7428 17136 16128 7896 3012 537
We |12 3 378 252 603 5184 7164 6948 17757 15552 8298 2772 612
Wr 9 3 282 405 531 5112 6876 8019 17325 15336 7722 3375 540
Ws 9 21 150 837 405 4440 6804 8019 19731 13320 7254 4095 450
W 6 6 252 366 636 4752 7368 8034 17778 14256 8124 3306 651
Wiw| 6 0 264 318 606 5040 7104 8418 16800 15120 7896 3354 609
Win| 6 3 234 414 567 4944 7020 8514 17157 14832 7722 3546 576
Wiz | 6 9 222 462 597 4656 7284 8130 18135 13968 7950 3498 618
Wiz| 6 18 132 750 480 4368 7032 8418 19206 13104 7428 4074 519
Wis| 6 30 204 558 756 3600 8424 6498 21690 10800 9036 3114 819
Wis | 12 48 120 1116 450 3360 7632 6084 24168 10080 7992 3924 549
Wie | 12 12 288 540 486 4896 6912 7236 18828 14688 7776 3348 513
Wiz | 3 30 156 567 792 3432 8568 6993 21522 10296 9036 3285 855
Wis| 3 12 144 567 594 4392 7344 8721 18324 13176 7776 3861 621
Wie| 3 3 234 279 711 4680 7596 8433 17253 14040 8298 3285 720
Wp | 3 3 18 423 603 4776 7164 9009 16989 14328 7722 3717 612
Wa1 | 3 6 204 375 672 4584 7512 8529 17610 13752 8124 3477 687
W |12 3 330 396 495 5280 6732 7524 17493 15840 7722 3204 504
Was | 3 0 216 327 642 4872 7248 8913 16632 14616 7896 3525 645
Wa | O 84 336 0 1854 0 14112 0 32004 0 15120 0 2025
Was | 0 18 228 192 984 3648 9048 7104 19926 10944 9732 2688 1023
Wy | O 36 48 768 750 3072 8544 7680 22068 9216 8688 3840 825
War | O 24 168 384 906 3456 8880 7296 20640 10368 9384 3072 957
W | 0 12 96 576 630 4224 7488 9216 18156 12672 7776 4032 657
Wy | 0 12 288 0 1062 3840 9216 6912 19212 11520 10080 2304 1089
W | O 6 156 384 708 4416 7656 9024 17442 13248 8124 3648 723
Wai | 0 9 126 480 669 4320 7572 9120 17799 12960 7950 3840 690
Wi | 0 3 138 432 639 4608 7308 9504 16821 13824 7722 3888 648
Was | O 3 186 288 747 4512 7740 8928 17085 13536 8298 3456 756
Wae| 0O 0 216 192 786 4608 7824 8832 16728 13824 8472 3264 789
W | 0O 0 168 336 678 4704 7392 9408 16464 14112 7896 3696 681
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| Aut(Ds,)| and | Aut(Dss)| are 7962624 and 36864, respectively. By Table 1, Dy, ..., Dyg
are not permutation-equivalent. By Theorem 1.1, we have that

48 16'
— = 11925737086250
2 TAwt(Dy) 92073708

Ni12(16).
Thus, we obtain the following:

Theorem 2.1 There exist 48 Type II codes over GF(4) of length 16, up to permutation-
equivalence.

Generator matrices of the codes are given in Section 3. The Frobenius automorphism
is the field automorphism on GF(4) defined by a +— a2. Each of these 48 codes is
permutation-equivalent to its Frobenius image. Finally, we calculate the binary images
of the codes using MAGMA. In Table 3, the binary codes #(C) are given and the minimum
Hamming weights d(#(C)) of ¢(C) are also given. We use the notation in [9] for the
binary Type II codes of length 32. There exist 7 Type II codes whose binary images are
of minimum Hamming weight 8 up to permutation-equivalence. Only 4 codes among
the 5 extremal binary Type II codes of length 32 are the binary images of Type II codes
over GF(4).

As a consequence, we obtain the complete classification of Type II codes over GF(27)
with binary length 32. The numbers of Type II codes over GF(2") with binary length
32 up to permutation-equivalence are in Table 4. In the table, #1, #2 and #3 denote
the number of codes up to permutation-equivalence, the number of codes whose binary
images are extremal, and the number of extremal binary codes obtained as the binary
images, respectively.

3 Generator Matrices
In order to save space, we list generator matrices ( I {a;;} ) as

a1,101,2° 018,021 0A28,...,08] " *Agg,

where @ denotes w?.

D;: 000000ww, 000000&w, 0000w00, 000000, 00ww0000, 006w0000, wW000000, XWw000000
D5: 000000ww, 000000&w, 00011100, 00101100, 00110100, 00111000, ww000000, &Xxw000000
D3: 000000ww, 000000&ow, 0000ww00, 00ww0000, Owiwlw00, 0owlowd0, w0lwww00, @0Twwl00
Dy4: 000000ww, 000000&w, 00011100, 00101‘100, 0wiiw100, 0dwwlw00, wiLwlwi0, H0www1 00
Ds: 000000ww, 0000ww00, 000wiwlw, 00wl 1wew, 0wl 00w, Oiww00wl, w01@wow00, @0&ww100
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Table 3: Binary images of the Type II code over GF(4) of length 16

&(D;) | d(¢(D;)) | Codes over GF(4) || ¢(D;) | d(#(D;)) | Codes over GF(4)
C5 4 D25 059 4 Dlly D29

C10 4 D5 C60 4 Do, Dsg

c17 4 D1y C62 4 Dy,

C24 4 Dy, Dy, Dy C64 4 D1g, Dy

C26 4 D, D, C66 4 Dy3

C27 4 Dis Ce67 4 D3y, D33, D33
C28 4 Doy C69 4 D3,

C30 4 Doy, C75 4 D3y, D35

C33 4 Dq; cr7 4 Dy

C34 4 Do C78 4 D37, D3s, D3g, Do
C45 4 Dg, Dy C81 8 Dyg

C51 4 Ds C83 8 Dy3, Dys

C53 4 Ds, Dia, Do C84 8 Dy

C55 4 D,, Dyg C85 8 Dys, Dyy, Dy
C57 4 Dy

Table 4: The number of Type II codes with binary length 32

r| #1 #2 #3 | reference
118 5 5 5]
2|48 7 4 | Section 2
416 1 1 4]
8(1 0 O (7]
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Dg: 000000ww, 0000ww00, 000 1dwiw, 001 0awsw, Owwwl0wl, 0dww001w, wiaiwl00, @0wwlw00

: 000000ww, 000wuwl®, 00w0@1aw, 0w0@0 law, Owd0@Ow], 0w1101wl, wldtwwl®, iuwwl 1Ew
: 000000w@, 000wuwd1@, 00wl111®, Owlwd00, Owlaww00, 0@lawl 1@, wl1001 1@, w0 0@Hw
: 000000ww, 000wwdl®, 00111000, Owlwi®00, Owlaww00, 0W0EW, wl000&Ew, @@000ww1
: 000000ww, 000wwol®, 00111000, 01011000, 01101wl®, 01110wlw, w00111 1@, ©00@EEEW
: 000000w, 00011100, 00101100, 01001100, 011101Gw, 011110&w, w0001, @O0 Owwl®
: 000000w@, 000000aw, 00011100, 00101100, 01001100, 10001100, 1111ww00, 111 1&w00
: 000000w@, 000000cw, 00011100, Owdwl 00, O@uwwil 00, lww0w00, 18@0ww00, 111@w100
: 000000w@, 000wwd1@, 000wiwl®, 000@wwld, 01 lwwwwl, 10 lwwwwl, 110wwuwl, 11100000
: 000000w@, 000wwol@, 000wiwl@, 00wl 111m, 01&011wl, 10801 1wl, 11ww1100, 111500wl
: 000000w®, 000ww1@, 00w 1@w, Owl@0law, 0@w00wwl, lwlw1100, 1EEww000, 11wl@100
: 000000w, 000wwo1@, 00w0D1dw, 0w0111 1@, 0@iwlw00, lwl@1100, 1Ewwl 010, 11w001 1@
: 000000w®, 000wwl@, 00111000, Owwlwwiw, 0dww001®, lw@0Ew00, 160ew] 1, 116w0&1@
: 000000ww, 00000 0w, Owwidl 00, wlw1@00, wWidwOwl 00, wi@lw00, @1wl1100, 131wl 100
: 000000ww, 000wuiol®, Owwlwwiw, wdB0W0 1@, widlwlaw, w0 0w, @lwdmww], 16 1wwpmw
: 00000111, 00001011, 00001101, 00001110, 01110000, 10110000, 11010000, 11100000
: 00000111, 00001011, 00010011, 00100011, 01000011, 10000011, 11111101, 11111110
: 00000111, 00001011, 000wdiwl, 00w0EE 1w, 01@w00ww, 106@00ww, 11wlwwlw, 11 lwwww
: 00000111, 00001011, 00010011, 00111 1w®, 01011 1wd, 10011 lww, 11 luwew0, 11160000
: 00000111, 00001011, 00010011, OwbwwwOw, Oduwwwlw, lwwiidlw, 1@@000ww, 11 1@HHa0
: 00000111, 00001011, 00111 1w, OwwiwwOw, O@wdaaw0, 1ww01101, 1@0w1110, 11Gw0011
: 00000111, 000wiw1, 000@ww], Owdwwww0, Oduwwwuw0, Llwwuw0l1, 1EGwwldw, 11100 1wo
: 00000111, 00ww10@@, 010111ww, 0lww00@m, 01101 Lwd, lwddwiw] , 1a@ao1 10, 11001wwl
: 00000111, 000wiw1, 000@wwD1, 0ww00wd1, 0Ew00wl, lwwuw0ll, 166e®101, 11111110
: 00000111, 00ww10&®, 0wlw1@0@, Owwd 1@®O, 01110000, 106@00ww, 1@0@0W0wW, 1@w@00wWwO
: 00000111, 000wdwol, 00wl@ldw, Owl@Oiwl, 0&®010ww, lwl@0110, 1ddwwlaw, 11wlwlww

: 00000111, 00001011, OwwinwwOw, wlbtwwww0, w00, ewlwwwlw, @lwl10011, 101w0011

: 00000111, 000wiwwwl, Owwl1wl, wlw00&lw, wowlwwldw, dwlewow), @lwiwwol, 101w0101

: 00000111, 000wiwl, 0w@00wd], WlBwwwWwO, wl@iwilw, Pwwl 1uE, EEEWITE0, 1wEwdewl
: 00000111, 00ww1 0&@, 0wlw1@0&, wlawwluww, wldwiwd] , #001wlw, Howd0@0@, 1wlwl Oww

: 00000111, 000wiwwl, Owwl10w0, wlw11110, wiiwlwlw, wi00wwl, @lwiewwl, 10101000

: 00000111, 00wwl 0ww, Owlwlw0w, wl0wlwwl, wiiwlwiwl, wwlwivwlw, @lwwwlow, 1ooaol 10
: 000wwiwwl, 00wlawl®w, 0wl 0wlww, wi00 latw, wwiwl 000w, wlw00wl, @1wdlwi0, 1ukww000

1 000wwiwivl, 00wliwlw, 0wlwlwl®, wlwlwlal, wwlwd0wl, wwwl000w, @1 0wl 0w, 18@00ww)



Dyy:
Dys:
Dyg:
Dyy:
Dys:
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000wwivwl, 00wlawl®, 0wl 0@ lww, w000 laiw, wwlowwl, Cwwlwwl®, @1owldw, 1@wodlww
000wwivivl,, 00wlwlw, 0wlwlwlw, wlwlwlw0, wwldwwwl, Mwdlwwlw, @10wwlwl, 10wl0lwlw
00 0wwwwl, 00wliwlw, Owl0wlww, wlwl Owl@, wldwwiwl , olwlwd0, Bowwdw0w, 1wl001w1
000wwowl, 00wlawlw, Owlwlwlw, wlwlwlw0, wldwiwol , dowwwlwl, dowwlwl®, lwwowsld
000wwivivl, 00w0 1w, Owlwwlwl , wlwl lwlw, wl@10101, &w0wl 0wl, @Ewi0wil, 1wlwl010
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