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RROKML LTI, 00(f,0) IROKRFR THAME L CHlllk, KM C2 THY,
Hy(a, f) DI 0O REFR CHALAE EX DN C2 128, FEEARHEZ L THS.

LUFT, Calderén ORZ#FL[FEL & 5 2KRBD 2 EMF Fourier multiplier (25T
X, RICRERBBRYISILEZRIELTAHS. BEIIROERTHS (Yabuta [15] Tix
r>1Tholz). LATIX, #EEXTRETLLTS.

Theorem 1. Let o(§,a) be a continuous and homogeneous function of degree zero in
R?\ {(0,0)}, such that w(8) = o(cosb,sinb) is differentiable except atmost coutably many
points and w'() is of bounded variation on [0,2r]. Let T' be the bilinear Fourier multiplier
defined by

T(/,9)(@) = G f: / =€+ (¢, ) F(€)3(e) déda

Then, for1 <p,q < oo, and r =1 st 2 L there exists C > 0 such that

IT(f, 9)ll- < Cllflpllgllq-

To prove this we prepare some lemmas.
Let (M, fY(€) = |€|*" f(€). Then, the distributional kernel K,(z) of M, is given by

gy [

K’Y(z) = c"lzl—l—i’l, W%F(—ﬂ) ) c'Y 27['
2

as |y| — oo.

Lemma 1. Let v(vy) be a nonnegative measurable function on R, and A C R be a mea-
surable set. Then,
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— — —| v T
>y \Jal |Z]+7 |z — y|i+or Lt

<c(/A oy )dfy)%(1+log2(/'yv('y)d'y// . )

Proof. By elementary calculations, we have for |z| > 2|y|
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302(2 [y))" ( /A [(TT”)zz 'yl]”(7)d7)

< Cf:( / min(1,7*2"%)v(y) dv) v

< Cme((/ v(%) d'y) ,([472'0(7) d'y) 2")
<cC > ( / v(7) d'v)%

1<i<logy (f, 2o () dv/ [, v(7) dv)/2

+ (/fyv dfy%

logs ([ 120(1) 7/ IA o(m)dn)/2<l
1
< C( / v(v) dv) (1+10g2( / 72v(7)d7/ / v(v) d’r))-
A A A

Taking v(7) = (1 + v/[7])?2/(1 +4?) in Lemma 1, we have

Lemma 2. Letb(y) € L°(R), Ao = {|7] <1} and A; = {2 < 4| < 2*'} (j =1,2,...).
Let K. (z) be the distributional kernel of M, where (M, fY(€) = || f(§). Then, there
exists C > 0 such that

O

/ |K,(z) — Ky(z — y)P—5 o) '7) dz < C532, i=012,....
ix2l \Ja; 1492
Lemma 3. Let (M, f)(€) = |£["f(€), b(y) € L*(R), and

T(f,0 / M, f(2)M_rg(z)b(

1+’7
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Then, for1 <p,gq<oo, andr: = % -I—%, there exists C > 0 such that

IT(£, 9)ll- < CliflIpllglle-

Proof. In the case 1 < r < o0, one can easily show the above by using Minkowski’s
inequality. We treat the case 1 /2 < < 1. We treat first the case 1 < p,q < 2. Let
4o = {}7] < 1} and 4; = {2 < hl <21} (G = 1,2,...). Put u(y) = 5()/(1 + IyP).
Then, '

[rtoEre= [ :0

L f(z) M_\g(z)u(y) dv

i JrlUay
<3 [ ([, msernen ) ([ mestorttuttan) | s
52( A Iqu(w)lzluw)Idv)gdx) (/( [ Moty )|d7)%dm)r

dz

(@) M_yg(z)u(y) dy

dzr

Now,

1/2 )
oo [ 1u0lan) " Ul = C2 1l

|| (/A M, £ (2) Plu(y)] dv) " =

-2
So, since 1 =(1-(2- 3)) + 232 , by Lemma 2 and a result of Hormander (M, is an
L*(4A;, Iu( )| dy)-valued smgular mtegral),

1/2
([ s an)
Similarly we have

| (/f mess@run #) "

Hence, using ; = 7 + ¢ and r > 1/2 we have

< O(2 + 2783~ (2791223 < Cj3~H 90D 1|,
4

< Cjami2 0D g,
q

1 3

_____ —ji(1=1)\r r
/ IT(f,9)(=) |'dx<cz jo-i270-3) e 3210y £ gl

<C Zj“'s’?"'(z"”llf IZ1gllz < ClFlzNgllz-
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Next,Wetreatthecasel<p§2,2$qor2$p,1<q§2. We may assume 1 < p < 2,
2 <gq. For 1 < p<2, we can use ‘ '

H (/ [M,£ (@) lu() dv) "

For g > 2, we have by duality

I(/, M@l dr)

Since 1 — 1—1) > 0, we have

< CiF 321D £,
y 4 . .

< Cj*-D-E7d|g|, < CiEi27H) g,

q

/ T @) ds < 03 120D A3 by pinlal

]—0

Br(z—2)o—jr(1—= )T r
< CZ] "G5 )IlfllpIIgH’ ClllzNgllz

- 0O

Proof of Theorem 1. Let 0y(£, ) be a C* homogeneous function of degree zero in R? \
{(0,0)} such that o1(£1,0) = o(£1,0) and 04(0,£1) = 0(0,£1). Let Tl be the bilinear
Fourier multiplier defined by ‘

1,0 = oz | [ eI ) f(e)a(e) dedor

Then, by a theorem of Grafakos and Torres, the conclusion of Theorem 1 holds for this
bilinear operator T;. Hence, to prove Theorem 1, we may assume o(+1,0) = (0, £1) =0.
Thus, as in the proof of Theorem 4.1 in Yabuta [15, pp. 552-553|, there exist four bounded
function b;(v) (j =1,2,3,4) such that

1(1,9@) = [ Mf(e M_qg(x)bl(v)l Do+ [ MHI@M () 1+7

/ M, £(2) M_y Ho(e)bs () — / MHf(m)M_»,Hg(w)b4(v)

1 + 2 1 _|_ ,72’
where H is the Hilbert transform, defined by (H f)(§) = |—§| f(€)- Using the LP-boundedness
of the Hilbert transform and Lemma 3, we get the desired conclusion. O
Remark 1. It was my misunderstanding that I could prove the assertion in Remark 1 in
Yabuta [15, p. 553]. It is still an open problem whether Theorem 1 holds for 0 < p,q < 0o
(LP replaced by HP), even in the case o(+1,0) = (0, £1). .
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