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1 Piecewise C’-invertible Systems

Let (T, X,Q = {X;}icr) be a piecewise C%invertible system i.e., X is a compact metric
space with metric d, T : X — X is a noninvertible map which is not necessarily continuous,
and @ = {X;}ics is a countable disjoint partition @ = {X;}:c; of X such that ;. intX;
is dense in X and satisfy the following properties.

(01) For each i € I with intX; # 0, T|inx, : intX; = T(intX;) is a homeomorphism and
(T'}intx;)~" extends to a homeomorphism v; on cl(T(intX;)).

(02) T(Uintx,=0 Xi) C Uinex,—o Xi-

(03) {X;}icr generates F, the sigma algebra of Borel subsets of X.

Let i = (4;...4,) € I" satisfy int(X;, NT7'X;, N... T-""VX; ) # §. Then we define
X; == X;,N\T7'X;,N... T-(*"1X; which is called a cylinder of rank n and write |i| = n. By
(01), T"I,-ntx,.lmin st X, i, — T™(int(X,,. ;,)) is a homeomorphism and (Imlintxil...in)_l
extends to a homeomorphism v;, o vy, 0 ... 0w, = v, 3, : (T (intX;)) = cl(intX;).

We impose on (T, X, Q) the next condition which gives a nice countable states symbolic
dynamics similar to sofic shifts (cf. [11)):

(Finite Range Structure) U = {int(T"X;, ;,) : VX, i.,Vn > 0} consists of finitely
many open subsets U, ... Uy of X.

In particular, we say that (T, X, Q) satisfies Bernoulli property if cl(T'(intX;)) = X (Vi €
I) so that U = {intX} and that (T, X, Q) satisfies Markov property if int(cl(intX;) N
cl(intT X;)) # 0 implies cl(intTX;) D cl(intX;). (T, X, Q) satisfying Bernoulli (Markov)
property is called a piecewise C’-invertible Bernoulli (Markov) system respectively. We say
that X; € Q is a full cylinder if cl(T(intX;)) = X. We assume further the next condition :
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(Transitivity) intX = UY_ Uy and VI € {1,2,...N},30 < s; < oo such that for each
k € {1,2,... N}, Uy contains an interior of a cylinder X*%(s;) of rank s; such that
T (intX*)(s;)) = U

2 Topological pressure for potentials of weak bounded
variation

Definition We say that ¢ is a potential of weak bounded variation(WBV) if there exists
a sequence of positive numbers {C,} satisfying lim, ,.,(1/n)logC, = 0 and Vn >
1L,VX,, i, € V2 STQ,

Sup:BEXil...in eXp(Z?;Ol ¢(TJ:L'))

inmeXil...in exp( ;:(} (ij)) © :n-

(C.£]11,13,15-19])

We define a partition function for each n > 0 and for each U, € U as follows :

Za(Ue 6) i= > T el ¢TMa)]

&:|E|=nint(T X;,, )=UpDintX;, viz=z€cl(intX;) h=0
We further define :
711.(Uka ¢) = Z sSup exp[z ¢Th(:r)
i:li|=n,int(TX;, )=Ux Dint X;, T€Xs

and

Z,(Ue @) = )3 inf exp[Y_ 47"(2).

i:li|=n,int(T X, )=Ux Dint Xi;

Lemma 2.1 ([17]) Let (T, X, Q) be a piecewise C°-invertible Markov system with finite
range structure satisfying the transitivity. Let ¢ be a potential of WBYV. For each U €
U, limp o0 2 10g Z(Uy, ¢), limy o0 2 10g Z,, (U, @) ezist and the limits does not depend on
k. Furthermore,

o1
PtOp(T7 ¢) = nh_)r{.lo —T; log Zn(X7 ¢)

1 1. - 1
Jim —~log Z,(Uk, ¢) = lim —log Zn(U, ¢) = lim ~log Z, (U, ¢),
where

log Z,(X, ¢) := > > exp[ni1 ¢T"(z)].

gli|=n,int(T X;, ) DintX;, viz=z€cl(intX;) h=0
We define
Wo(T) == {¢ : X — R|¢ satisfies WBV and Py,p (7', ¢) < oo}

Then we can easily see that the pressure function Pyop (T, .) : Wo(T)) — R satisfies conti-
nuity for bounded functions and convexity. ,
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3 Weak Gibbs measures associated to potentials of

WBV

Definition ([7],[11],{13],{15-19]) A Borel probability measure v is called a weak Gibbs
measure for a function ¢ with a constant P if there exists a sequence {K,}.>0 of
positive numbers with lim,,_,.(1/n)log K,, = 0 such that v-a.e.r,

-1 (X, ..i,(Z))
' = (T o) 4Py =

where X;, ;. (z) denotes the cylinder containing z.

Definition A Borel probability measure v on X is called a f-conformal measure if
Tk = flx, (Vi € I).

dv|x;

Lemma 3.1 ([17]) Let (T, X,Q) be a piecewise C®-invertible Markov system with FRS
satisfying the transitivity and intX € U. Let ¢ € Wo(T) and v be an exp[Ptop(T, ®) — @-
conformal measure. Then v is a weak Gibbs measure for ¢ with —Ptop(T, ?).

For ¢ : X — R we define the Ruelle-Perron-Frobenius operator £, by
Lsg(x) =Y _ exp[p(vi(2))]g(vi(z)) (Vg € C(X),Vz € X).

iel
Lemma 3.2 (/11],[/13]) If there exist p > 0 and a Borel probability measure v on X satis-
fying Ly = pv, then v is an exp(logp — ¢]-conformal measure and p = exp[Ptop(T, ?)].

4 Indifferent periodic points associated to potentials
of WBV
Lemma 4.1 Py, (T, ¢) > 1 5474 6T (z0) (V2o € X, T = o).

Definition z, is called an indifferent periodic point with period g with respect to ¢ if
Piop(T, ¢) = % Y974 ¢T" (o). If there exists an exp[Pyop(T, ¢) — ¢] -conformal mea-
sure v, then z, satisfies

d(vT9)
dv

q-1
|Xi1...iq(zO)($o) = exD[thOp(T7 ¢) - Z ¢Th(z0)] =1L
h=0

If 2y is not indifferent, then we call z¢ a repelling periodic point.

Proposition 4.1 ([16-17]) Let zo be an indifferent periodic point with period q with respect
to ¢ € Wo(T). Let v be an exp[Pyop(T, ¢) — @] -conformal measure. Then

(1) Vs > 1, Pyp(T, 5¢) = sPyop(T, ¢) and Vs < 1, Pyop(T, 5¢) = sPyop(T, 4).

(ii) v(X;,..s.(z0)) decays subezponentially fast.
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5 Jump transformations

Let J be a subset of the index set I and let B; = U;cs X;. Define B; = {X- €EQ:X; C
B;} and for each n > 1 B, := {X;, 4, € Vi, T7'Q : X;, C Bf(k =1,. - 1), X
B:}. Define a function R : X — N U {oo} by R(z) = 1nf{n >0:T "z € Bl} + 1. Then we
see that B, = {z € X|R(z) = n} = Ux,, ,.eB, Xi1..in and Dy, = {z € X|R(z) > n} =

n  T~iB¢. Now we define the jump transformation T* : U2, B, — X by T*z = TRz,
We denote X* := X\(U2o T* (Nn>o Dr)) and I* := Up>1{(41...4n) € I" : X, 4, C Bn}.
Then it is easy to see that (T*, X*, Q* = {Xi}icr+) is a piecewise C’-invertible Markov
system with FRS and the property (1) :Bn+1 = D, N T "B; is valid for n > 1. Let
¢ : X = R be a potential of WBV with Pyo5(T',¢) < co. We assume further the next
condition :

(Local Bounded Distortion) 30 > 0 and VX;, ;, € B,,30 < Ly(4;...4,) < oo such

that
|¢vi,.in (2) = D4, i (V)] < LG - - -in)d(z, )’
and
su sup Ly(z 1) < 00.
; n>Il)X11 B nJZ o(Gj+1 - )
Define ¢* : U2, B, — R by ¢*(z) = R(z) ' ¢T(z) and denote the local inverses to

T*|x,(i € I*) by v;. Then {¢*v;} is a famlly of equi-Hélder continuous functions and if T*
satisfies the next property then ¢* satisfies summability of variation.

(Exponential Instability) o*(n) = sup;cs«;=, diamX; decays exponentlally fast as
n — 00.

The summable variation allows one to show the existence of an unique equilibrium Gibbs
state pu* for ¢* under the existence of an exp[Ptop (T, ¢) — ¢] -conformal measure v on X
with v(Ny>0 D) = 0 and p* ~ v
measure [ ~ V.

x+. The following formula gives a T-invariant o-finite

(@) w(E) = 5 " (D, NT"E)

n=0
If % ,v(D,) < oo, then y is finite. In particular, u(B;) = p*(X*) > 0, since v(X*) = 1.
If the reference measure v is ergodic, then both pu, u* are ergodic, too. :

Theorem 5.1 (A construction of conformal measures) (/17]) Let (T, X, Q) be a piece-
wise C%-invertible Markov system with FRS satisfying transitivity. Let T* be the jump

transformation associated to a union of full cylinders of rank 1 which satisfies exponential
instability. Let ¢ : X — R be a potential of WBYV satisfying (LBD), Pyop(T, ¢) < oo and
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||£g+1]| < o0o. Suppose either Pyop(T*,¢%) > 0 or ||£(¢—Ptop(T"¢'))*1|| < 00. Then there
exists a Borel probability measure v on X supported on X* satisfying

avT .

%= eXP[Ptop(T, ¢) — ¢l(Vi e I)

and v(U;er 0X:) = 0.

We can associate the indifferent periodic points xo with respect to ¢ to the Marginal
sets ;>0 Dn.-

Proposition 5.1 ([17])

(i) (Failure of bounded distortion)

exp[Y iyt 4T ()]
C, = -
(@)= R T 6T)]

monotonically as n — oo.
(ii) (Singularity of the invariant density) To € Np>9 Dn and %(zo) = oo.

For a T-invariant probability measure m on (X, F), I,, denotes the conditional informa-
tion of @ with respect to T-1F.

Theorem 5.2 (Variational principle) (/17]) Let v be the exp|Pyop(T, ¢)—¢] -conformal
measure obtained under assumptions in Theorem 5.1. We assume further that T :=
Mn>0 Dr consists of periodic points. If [x. Rdv < oo and H,(Q*) < oo, then there erists
a T-invariant ergodic probability measure p equivalent to v which satisfies the following
variational principle.

Pyop(T,8) = hlT) + [ édpx > hon(T) + [ i

for all T-invariant ergodic probability measure m on X with I, + ¢ € L(m) satisfying
hn(T) < 00 or [x ¢pdm > —oo0.

Corollary 5.1 (Phase transition) We assume all conditions in Theorem 5.2. IfT" con-
sists of indifferent periodic points with respect to ¢, then the set of equilibrium states for ¢
is the convez hull of p and the set of invariant Borel probability measures supported on I.
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6 Slow decay of correlations

We denote v} ; (z) = —’—‘E—l—L(m) and let P, : L'(u) — L'(u) be the normalized
transfer operator with respect to p, i.e.,

z) = ;vz{(x)f(wi(z))lTXa (z)(Vf € L'(w)).

In this section, we shall establish bounds on the L*-convergence of iterated transfer op-
erators { P }n>1 and bounds on the decay of correlations relative to bounded functions f
satisfying a weak Lipschitz-type condition defined by :

(6-1) 30 < Ly < oo such that

sup  sup |f(z) — f(y)| < Lya(m) (Ym > 0)

Xi(m) CcDg, x’yexi(m)

under the following conditions.

tn(m)l

(6-2) Ai(k) :=sup,3, SUP;(n)eA, SUPX;ycDg SUPzye X, 1- Ty @ 0 as k — oo

du/d
(6-3) As(k) :=SUDx, , cpc SUP,yex, |1 — S42E| 5 0 as k — co.

Here o(m) = sup;(;n)c 4,, 44amX;(m), i(m) denotes a sequence i; . . . %, of length m and De,
denotes X\ D,y,.

Remark (1) If du*/dv is Holder continuous (with exponent 8), Ay(m) can be bounded
from above by O(A;(m)) + O(a(m)?). For all examples, we can easily estimate both
A;(m) and o(m).

Remark (2) The condition (6-1) is milder than the usual Lipschitz condition. For exam-
ple, for Sg(z) = z + £'*P(mod1) f(z) = 2% for any 0 < § < B is a non-Lipschitz
unbounded function satisfying (6-1).

We denote A(k) := max;—12 A;(k).

Theorem 6.1 (Polynomial bounds) Let (T, X, Q) be a piecewise C°-invertible Bernoulli
system and let v and p be the probability measures obtained in Theorems 5.1 and 5.2 re-

spectively. Suppose that (6-2) and (6-3) are satisfied. Assume further that all u(D,,), A(n)

and o(n) decay polynomially fast. ThenVf € L*®(u) satisfying (6-1) we have the following

results.

1.(Rates of L'-convergence of {P}f}n>1) Vn > 1 and V0 < e <1

P2 f - /deulll < max{O(u(Dpne))), O(A([nf])), O(a(2[nf])) }-



30

2.(Decay of correlations) Vg € L*(u) and V0 < e <1
_ < . € € .
| [ #eT™)du— [ fdu [ 9dul < max{O(u(Diwa)), O(A([]), O(o(2[n])))
The next result gives sufficient conditions for (6-2).

Lemma 6.1 Suppose that {¢w);}icr, {¢*Y] bicr+ are equi-Holder continuous with exponents
61,0, respectively. Then VX, i, C D:, and V(j;...jn) € A, such that X;, C B; and
X; C D,_i and Vz,y € X we have

Jk+41-- Jn
ll ]1 Jn("/)“l 1'm$)|
]1 J,.(d"ﬂ imy)
< max{O(o(m +n — k)%), O( Z sup {diamX, 1}*),0(([Z ])02)}.
i=[m/2] X114, CBi
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