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In this note, we consider the multiresolution analysis of L?(R™)
with lattice basis and wavelet basis associated with it. Ouf main
results are Theorem 1,characterizing orthonormal basis of V; and

Theorem 2, , charact‘erizing wavelet basis.
Let A€ GL(n;R™) and define

I =T4 = {Ak; k € Z"}.

Let A = (af,a3,---,a;), where @(i = 1,2,...,n) are column
vectors in R™. ' ‘ '
We call a@l’s a basisof thelattice. Let Q, = [0,1]* and

. n
QA = tha?; (tly' ° 7tn) € Qn-
j=1

Let A* € GL(n;R) be such that A*A* = E,, and
* =Ty = {A'k;k € Z"}.

We call T'* the dual lattice of the lattice T 4.
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Definition 1 A multiresolution analysis of L*(R") is

a collection of closed subspaces V;(j € Z) of L?*(R"™) such that

(1) V{s are z'ncreasz'ﬁg and N;ez Vi = {0}, m = L*(R")

(2) f(z) € V; <= f(2x) € Vj41, where z€R*

(3) f € LA(R") belongsto Vo if andonlyif f(z—) € Vo forany y € T

(4) There ezists g€ Vy such that {g(x —7);v G T'} is a Riesz basis
of Vg.

The above condition (4) means that there ezist constant,
Cy, Ca, 0 < Cy < Cs such that for any sequence o f scalars a(vy),
v € F

Z |<l(7)l2 <| Za(‘r)g(w NI < sz la(y)I*.

WGF S yef . vyel

The Fourier transform of f(z —v), vy €T is
F@=)(€) = exp(—v=Ie - FE
For ¢ € Vg, let
1.n
(3e(3) = Y ae(@ = ).
vyer :

Then its Fourier transform is

286(26) = [3_ a(7) exp(—v=TE - 7)]o(6) (€ € R").

vyer
Define

mo(€) = Y a(y) exp(—v=1¢ - ) ¢

yel

The function mg(§) is 2aT™ — periodic and <p(2£) mo(ﬁ)tp(ﬁ)
For fi(z), fa(z) € L*(R™) ,and v, 72 € T, we have a formula

< il =m), ale =) >= ()" < exp(—VTE- (n —w)u, fo >
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Lemma 1 For v €T', we have a formula
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()" < PV TE D fo >= (i) o e STV RO O

,where v = Ak, k€ Z", and

Clh O = 3 H@rAE T 20y fo2AE + 277').

3

Proof. We have a formula _
(exp(—v/ T - AR o) = [ exp(- VA RO AR
= (n)" [ exp(-2m/Te Ak)f1(27r£)fz(2vr£)d£

— l_a_é%@_l 2 exp(—2my/—1€ - K)C(f1, f2)(§)d¢

Note that the function C(fi, fg)({) = C(fi, f2)( ) is 27 —
periodic. . '

Theorem 1 Let ¢(z) € L*(R™).. Then a system
(2% p(?z - 7);7 €T}
is an orthonormal basis of V;(j € Z) if and only if
C(f1, f2)(€) = | det(4)| a.af €R".
Proof. It is sufficient to prove for V. We have a formula,
1 A
(plz ~ ) 0@ — 1)) = ()" (exp(-v-1¢- (m—71)e¢ @)
With ~; = Ak;(j = 1,2) ,by Lemina 1,the right hand side of equation
(3) is equal to '

T o P2V TTE (i - k2))Cl, D) @R AE) L.
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If Clp,¢)(§) = |det(A)| a.a., then the left hand side of equation (3) is

equal to d(7y1,72).
Conversely, let the left hand side of equation (3) = &(v1, 2).
Put . ‘
Cp,p)(2mA*€) = 3 a(l) exp(2me - 1)

then the right hand side of equation (3)

I B L U S )

- Idet(A)l IEZZ;/]RVI/Zne p( 2”\/—15 (kl k2 l))dé ‘det(A)l .
Hence, we/gia(ﬂ) = | det(A)|, and a(l) = 0, I # 0,

ie. C(p,p)(€) =|det(A)], a.a.£ € R™. O

Corollary 1 When a system {¢(z — v);v € I'} is an orthonormal
basis of Vpy, we have a formula

Z |m0(§ + 7 A*n)|? =1, foralmost allf € ]R"', (4)
nek ,
, where E = {0,1}".

Proof.

P i

Clp, ©)(26) = | det(A)]|
= 3" lp@E+ 2197

’Y*EF*
= Y Imo(¢ + 7" Plp(€ +my) 2
= Y |mo(¢ + mAK)Hlp(€ + mA*)[?
kezZr
= " Imo(£ + mAK)[?| det(4)| .
neE ,

Now let {g(z — v);7} be a Riesz basis of V.

e

Ci|det(A)] < C(g, 9)(§) < Ca|det(4)], a.a.§ €R"



,with 0 < C, <.
Define ¢(z) as

— 3ot (A)] g(§
@(§) = v/| det(A) N rnGh

Then, the system (29'}(,0(2" T—9)y € I‘) is an orthonormal basis of
V;(j € Z) by Theorem 1. :

Our aim is to decompose V;y1 as Vi1 =V; D W; (GEZ).

At first we consider the decomposition V; = Vo P Wp.

Let v.(x) € Vi, e € E and put

$e(26) = me(§)<P(§)

, where ¥o,.. 0)(z) = p(z) and me(§) (¢ € E) are 2al™* — periodic .
Put

me(€) = Y exp(—v/=1¢ - An)me,q(2€)

neE

With these notations, we have

Theorem 2 The system (Y(x—7)y €T, € € E) is an orthonormal
basis if and only if the mairiz

U(&) = 2§ms,q.(§))(e.n)eE2 (5)

is unitary for a.a.{ € R" .

In this case, define

Wom = Wn(z—7);7v€T)(nE E),

and

@ Woum -

neE\{0}
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Proof. By the Plancherel formula, for v.(z — v1), ¥,(z — 7,) we
have a formula |

(¢5($ - '71), "/jn(x - '72)) = ('2'];‘r‘)n<eXp(_\/_—1§" ('71 - '72))'9557"&11)
=" [ b=y o~ m)meSmaSle e
= el [

R™ [2xT*

exp(—§ - 2(71 — 72))me(§)my (€)dé

Thus it is sufficient to consider the integral I := Joe Janpe Me ({)mﬁi{)d{ '

Now, for the integral I , we have

=33

n /27rra

exp(=1& - A€ — 1)) [mye oy (26)mey ) (2€))de

1 , , . —_—
B Z: Z m)—l /Hl"/zwin exp(—i£- (e = )[m(E,E')(2A*§)m(mn’)(2A*§)]d§
e n ’ |

, whence we get the result. (]
On the other hand, we have a formula

me(€ +mA™D) = Y exp(—1€ - —amn - 0 Ym, (26),
n'GE
where 7 € E . Define the matrix A,
A = ((exp(—v—1me - m)),
then we have the identity AA* = 2" .
We have also the equation )
U(¢) = 2¥diag((exp(v=1¢ - A'))A™ ((me(€ + wA™D)).

Thus, we get

Corollary 2 The system (Y.(z—7); v €T, € € E) is an orthonormal
basis of Vi if and only if the matriz

(me(€ + 7rAl."']))(e,n)el&?2
is unitary for almost all £ € R™ .



Example """ Let A= (akj) € G'L(n, R) and E} = (akj)lsks,,
( =1,...,n) . Let g(x) be the characteristic function of the

undamental domain §24 of the associated lattice I'4 .
We have its Fouricr transform g(§) ;

Sm(z: kfk)
9(8) = det(A)] exp(— v/~ Z&(Laﬂe»H ST aaE

2

— _ 9= _ .
Let ¢(z) = iR then the system (p(z —v)y €T) isan

orthonormal basis of V;; . Here we have the expression

mo(€) = expl—v T3 63 a,k))IIcos(E"-l LN

k=1 j=1

The factor m,(§) =[[;_, cos(—b=L—-"—"ﬁ) corresponds to

the characteristic functlon of the domain obtained translatmg Q4 to
the origin 04/2 , where d,4 is the diagonal of 4 '

Let n=2 , and

m=(3)n=(§’)"2=(3)”3=(1)

Put &= (£,&)" and define

mo(§) = mo(§ + A np)

my(€) = v—Texp(—v—1¢ - Ang)mo(€ + wA* )
my(€) = V—T1exp(—v—1¢ - Anp)mg(€ + wA*rp)
m3(€) = — exp(—v/—1€ - Am)mo(€ + mA*ns)

Then the system
(o(z — ), Y1(x —7) ,¥2(z — ), Ya(z —7);v €T, z € R“’).

defined as follows, is an orthonormal basis of V; , where y(z) = ()
and

(¥1(z —7) Yoz — 7), ¥3(z —7);v €T, z € R?)
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is an orthonormal basis of Wy ; for j =0, 1, 2,3
¥3i(2€) = m;(§)e(€).

Remark : The factors exp(—+/—1¢ - Ang), exp(—y/—1¢ - An),
and exp(—v/—1§- Am) in my(€), ma(€), and ma(€) could be of forms

exp(—v/=1¢ - Aky), exp( V=1¢ - Aky), and exp(— V1€ - Aks)

(respectlvely) as long as column vectors k €Z?(j=1,23) .

With the form m;(£) = exp(~£4%)m,;(€) (j = 0,1,2,3)
we describe some examples ;

| Type B, :
— &

mun(€) = cos( D) cos(2)

mua(€) = \/_Texp( VTg) cos(32 52>s (§2>
maa(§) = ~VTexp(~v/=T(6: - &) sin(2 5 2) cos(2)
mua(€) = — exp(~v"Ter)sin(2 - 22)si (f"’)

Type Cs:

) cos(ta) o
s (€) = —\/——1exp( VI + oo Dpine)
maua(€) = —vTexp(—v=T(6 - @))sm(fl —) cos(2y)
s €) = — exp(~2v1) sin(2=L) sin(ey)

Type D, :

myp() = cos(

&1 — 52) cos(§1 T;fz)

Mu0(£) = cos(> 5

mas(©) =~ Texp(-2v/ 7Ty con( Sz ) i 5
rl©) =T exp(- T~ iy an 2-52) o 4
mua(€) = = exp(—V=T(E + &) sin( = 2) sin( 8 G)
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Type Gy :
aol) = con() cos 2 Y52)
oas(©) = VT ey T Y5 cos(&)s o= Y30 ‘/5"
mua() = —vV—Texp(~ \/—51)8111(&) con( L= V30 ‘/552) |
) = exp(V TV g ) 3= VB
Lot O
Vo= (do(z —7);v€T)
Wog) = (Wilz—7);7€TD) ((=1,2,3)
Wo = ;q_?wm
Then
=V W.

Now, in general , with the notation in Corollary 2, for 7 € E
E\ (0,...,0) define

- Wi = @F9y(2iz— )7 €T) (€Z).
Then we have an orthogonal decomposition

‘/}+l = ‘/3 @ W(j’n)
neE

L2(Rn)=% @ Wim
(>1mek)

IPRY= @ Wi
(jEZ,qEE)
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