oboooooooon 12510 20020 1-7

Globally defined Mackey functors (22T
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1 [EC&HIC

Peter Webb Ezd)tl:g [We 00] @ globally—deﬁned Mackey functors G;Bﬁ‘#‘é%ﬂﬁ}%ﬁﬂfr
5. AR TIIHTHIRE, R THALEZFOWRRLTS. HiCk ThERT.

2 Mackey functors

%7, BH D Mackey functors 7> 5 BV H S BTV 22 & 21>, Green iX Mackey functors
Ti372 < G-functors & 5 & TEZ L 7= [Gr 71).

(2.1) Definition 1 (Green). G %8 ++5. G D R ED G-functor M 13 G 0)1"/\
TOMEIBENOE R-INBEDO B ~DxtIS

M : {subgroups of G } — R-mod

L IFEED R-EREA

If : M(K) — M(H) (induction)
Ry : M(H) — M(K) (restriction)
¢ : M(H) — M(°H) (conjugation)

(OH = gHg™') CUTO&HEKEZT oD THS. XL, ZZTK < H ix G 04
B, geG 75,

() IH,RE H: M(H) — M(H) BVH <G BLUVh € H KR L THEEERTHS.
(1) RFRE=R{ ,IKIK—IL BVYL<VK <H ld‘l‘bfﬁi”)s‘zo.
(2) gH hH—-cgh BVYH <G & Vg,Yh € G IZRLTHRY L.

(3) okel =cKRE, LHK =cHIE VK <H L Vge Gz LTHRY D,
@) REIE = Yeewm/x) ek s " Rieng 2 VL,VK < H o3 LTRRD 2.



(2.2) . H<GIZxL, AFO XS M(H) 2%EH 5 & G D Mackey functor M %%
RETBZENTES.

M(H) = Go(kG) BRI kG-IBED Grothendieck group &4 5. #iZ, char(k) =0
DL Z I kH-MBEOIBEDRE, char(k) =p > 00D & XX kH-MBED Braver IREORE L £
NENR—BETE 5.

M(H) = A(H) %A R& I kH-MBED Green ring & 3 5.

M(H) = H*(H,U), M(H) = H,(H,U) # #hEh, ZH-module U ZR¥Kic b n &
DareEnd—, BIBKEaI—LT5.

M(H) = B(H) % H ® Burnside ring ¢ 3 5.

Dress i Green ® G-functor # & e X Y — A2 181E & L T Mackey functors & L
7= [Dr 71]. &R Ti% Green DEH L FHEIZ 2 2 BICHIRBR LB EDEB LR B.

(2.3) Definition 2 (Dress). Mackey functor M XA R G-#£8 O G-sets 5 R-mod
~DIEEFE M, & KEBFE M O M = (M,,M*) T, T XTOHRG- %AX WL
M(X)=M*(X) L7y, UTD220%HKL2KTHLDOTHS:

(1) f£& D G-$4 @ pullback diagram =% L T

X 25 Y MXx) £2 M)
1;9 l’y = lM.(ﬂ) o lM-('r)
S, w M(z) EE Mmw),

(2) EBDHMG-EEDR X, Y ZH L TRRABMMX UY) = M(X)PM(Y) BHE
T5.

Dress DE#H & Green D E D FMAMEIL transitive G—set G/H izx LT M(G/H) =
M(H) L.

B OB Gf B DSimple Mackey functors D EH X Thévenaz & Webb iz X W 85
nTv3s [TW 90).
(2.4) Theorem (Thévenaz-Webb). Let H be a subgroup of G andV an R[Ng(H)/H]-
module. Let Spy = (Infxggg; /HSI,V) TﬁG(H) . Then the Syy constructed constitute a

complete set of representatives for the isomorphism classes of simple Mackey functors for
G.

3 Globally-defined Mackey functors

(3.1) Definition. # K i3 G DEHEEH "o DEK H - K BFEET S L %, G D section
LEES.

UT, BRBOI TR (KX, D L LTUTORGEZK-THDE2ELS.
(1) GeEe X TK NG Dsection2b1E, K€ X,
21— A—B—C—13HOETLINT, AcX, CecXx2bif, BeX.



(3.2) Definition. We say that a globally-defined Mackey functor over R, with respect
to X and 9, is a structure M which specifies an R-module M (G) for each finite group
G, together with for each homomorphism a : G — K with Kera € ) an R-module
homomorphism a, : M(G) — M(K) and for each homomorphism 8 : G — K with
Kerf € X an R-module homomorphism 8* : M(K) — M(G).

These morphism should satisfy the following relations:
(1) * (ay)x = a7, and (88)* = §*3* always, whenever these are defined;
-(2) whenever @ : G — G is an inner automorphism then o, =1 = o™ ;
(3) for every commutative diagram of groups

G ——E—}H

[ [

BHE) —— K

in which a and « are inclusions and 3 and 4 are surjections we have o*3, = §,7* whenever
Kerg € 9), and f*a, = 7.6* whenever Kerf3 € X ;
(4) for every commutative diagram

G > H /KeraKer,B

P

K

in which a, 8, v and § are 'all surjections, with Ker € 9 and Kera EI :{ ‘we “ha.\:/e
B =70, ; \
(5) (Mackey axiom) for every pair of subgroups J, K < H of every group H we have

@@= D (Knnsecn (¢kvns)"

he[K\H/J]

,where B K <s H and ¥+ J < H etc. are the inclusion maps and ¢, : KPNJ —»
K N*J is the homomorphism ¢;(z) = hzh™!. ‘ “

Globally defined Mackey functors OEiX 7 — /LB E 2 5.

bL, o: H— K BZERA2LITE, 2B4) XY (o)., =0a :FoJ:U‘(a“) = o, PR
DD EEOHGOBECREESN M(G)ITEAL, NKECRERBRHIERTS
DT, M(G)ix R[OutG)-mEEL 2 5.

JI7AX,D L LTHBMBEOHZELAZERIWVOLERETHS. £, RLI L THD
A, a,t o*idodinjective ThHDH L ZIIRBYEREIND. BX, P LLTHoEKER
BELDHIELHD. UT, BUBOAZNLRDER 1, TRTOFRBEOKESL all TR

(3.3) Bl. M(G) = Go(kG), B(G): Go(kG), B(G) ¥HL5HDBEH X, P L LCall &
HIENTED. a: G— HEBOERAEL TS, HORABIVCH-E8%a %@L
TEINENGORE, GRELHRTLVIMETa* BEED. %7, U % RG-MBtE
SN EG-EBELTALERHQRpeU, H Xg QW E&EBZLICLY o, BB,



(3.4) . M(G) = H*(G, R), H.(G,R): HHALRMBEZEKIZbon kD RER U,
FETTV— (TRTOBIIH LTOMBZ R L2Vt 2no T, £E0omEETIk
Globally defined Mackey functor I272 572V)). aRER P—IZHLTiE X =all, P=1
ELTRVW. a:G — H B2H25ifa* iXinflation THB. LA L, o IXRBLISIZ,
FEEZRMI=T LT —BICERBTERVWI LBRD L HiZbH 3. Fixed point functor
M(G) = H(G, R) t BRI OF 1— G231 izonTEx 5. 0k %, 1,=|G|-id
Lt =id Bb2»3. fo=id 2DTPu, =id & *f* =id 28B3. H-TH =id &

= |Gt id BRVID. b L, |G ' RREFELRVARLIE, A HEBIShARVE

LBb»nB. £, |G|t € ROBE LA (4) 2R

1 — 1

I, 1

———-) 1

WWEAERRZLIZEID B0 =id, 2V |G| P =1 BRYILZ & Bbh3. Zhig,
G = 10AMZITR Y sSp =720,

(3.5) 1. p-BE G I3t LT M(G) = Q ® D(G):Dade B. D(G) IZEMKOE k ioxt LT
endopermutation kG-#® Dade # & 33 [BT 00], [Da 78]. ZDFA TR TOHBREED
BETixe<, I RTOpHOKICHBRLTEXRITNTIRL2V. X, 9 3TRTOp-#
ELTRV.

(3.6) Bisets. i#¥ ¢ Mackey functors ® G-#£A1Z & 2 E# (2.3). & AR globally defined
Mackey functors THBIDEBBEFET H. BOX G, H i U THR (G, H)-bisets %

E2%5. ERESQRIENDL GH, H»6 HBERALT g(wh) = (gw)h Vg € G,

Vh € H,Vw € Q IZH L TR Y L2 & % (G, H)-biset » FE5. Burnside ring DHERR & Cil
BRIZ AYY(G, H) T4 Stabg(w) € X & Staby(w) € P BVw € Q BV D] %

#W7=3 3 _To (G, H)-bisets DE D disjoint union iZBJ3 3 Grothendieck group &3 3.

(G,H)-biset QiZw e QIZHLTITRTOQADTENgwh (9€G, he H) LTXENDBDL

& transitve TH 5 L L. A%P(G, H) i transitive (G, H)-bisets D REIED B B 7T EE

Thb. AFY(G,H)= R® A*Y(G,H) L&<.

(3.7) Bisets OB ¥ G, H, K i=%t LT |
| . AZY(G,H) x AZV(H,K) — AZY(G,K)

REEDORS (Q,0) — Qxg U IC LV EBEND. 2L, Qxg ¥ = Qx¥/{(wh,¥) ~

Whp)lweRveV, heH ¥ET5. ZOMIKANTHY, ATY(G,G) icRmOME

¥5%2%. X=al, P=10%L % ALY(G,G) ix double Burnside ring ¥ L TSR TV
% [Be 96], [Ma 95]. _

(3.8) B C37. ¥®AST_TOR, B H»H G«@ﬁéﬂ:é AFP(G,H) L LTHABNRD
B CyP °RYT. AREIMxICEVBOhD. Zokx, RMENEEM : C0 —
R-mod % globally-defined Mackey functor (with respect to X and 9)) & E®D 3.



4 The computation of globally-defined Mackey func-
tors using simple functors

W D Mackey functors & [EI#kIZ globally-defined Mackey functors (2%} L T % subfunc-
tor ®° kernel 2D FEE% FiV 5. Globally-defined simple Mackey functors D3 EE I
Bouc [Bo 96], Webb [We 93] iz X W &b,

(4.1) Theorem (Bouc, Webb) The simple globally—deﬁned Mackey ﬁmctors are in
bijection with pairs (H,U) where H is a finite group and U is a simple R[OutH]-module
(both taken up to isomorphism). The corresponding simple functor Sy y has the property
that Sy y(H) = U as R[OutH]-modules, and that if G is a group for which Sgy(G) # 0
then H is a section of G. Provided R is a field or a complete discrete valuation ring each
simple functor Sgy has a projective cover Pyy, and these form a complete list of the
indecomposable projective functors.

Simple functor OHEIL X, Y D]V Fizk - TEDLDH, LOSELX, D ITEEFEL
RV, BRIRBELLTE=9D =10, %, UTIZRRS LI Syy(G) DEDRMEH
RIGRD [We 93] TEZ BN TWA. X=all, P =10HE, £ORTILSyy(G) PKRT
¥E2TW3A., ZORITITSEZER BG @ stable decomposition (ZBH#E L TW5. Fiz,
ZTOREHAETH LS Z L L, %@&Jﬁégi‘ﬁ’é‘é ki))ﬂﬁﬁ'ﬁfbé s ‘bﬂ"éﬂ"b’c
Wwa.,

(4.2) Theorem. When X = =1 the simple globally-deﬁned Mackeg) functéfs are gz"ven
ezplicitly by

Suu (G) — @ trgG(L)(aU)

where H ranges over finite groups and U ranges over simple R[Out(H)]-modules.

ZZT, BEfUIH»o GORBIHL ~DREER o D G-BEZBE, “URUZa%
LT Ne(L)/LMBEL B2 LI bDOET B, Ez, trLG(L) ¥ No(L)/L @ﬁi%@%ﬂ%
NitBEVWIER, ©F Y relative trace ET.

(4.3) pBOIKREOAS—. X=9=1DHEED LD sunple functors a)i&%ﬂ‘)fxiﬂi
PO 2T B DB AT [We 93] % [Chin] THRIUH & U T & 7= globally-defined Mackey
functors DIEDFHEF L 52 5. R pIZx L T p-torsion subgroup M(G) = H™(G, R),
% %0t &4 5 globally-defined Mackey functor # %2 5. ZD%HE, M OMBFINEET
5. N, MD subfunctors D%

CM._ICM CM,+1C C:-M .

TNM; =0,UM; = M % LT M;;;/M; 73 simple functor IZ72 5 £ 3 2 b D Th 5. AT
28115 simple functor DEBEEIIFIOWMY FICXOTICEEHZ LA REIND. EbIZ
1#H D Mackey functor & RIEIZ, 2 RE 1 O— p-EoBEOKEIZEI LT relative projective
THdZ b, MEFIZHEN 3 simple globally-defined Mackey functors Sy y (23T



HELTpHHR2LAZLRTEAZLENREINS. SLICHBRRFORBEIL p-BD
ARERT—DIFRPOLEED. ZhoE2 TR TRETHLEBER Syy(G) 252 %
MG) DY A XT3 AREB/IZLENTES. Thit, GOpBYBOarEad—
L GOpOERBCHTIEETRBIND.

5 Some naturally-occurring globally-defined Mackey
functors

L THEELZBRICBN S globally-defined Mackey functors i1 simple functor < pro-
jective Mackey functor IZ725 Z L R4 R % ET 5. Dade BB 5 3MiX [Da 78],
[BT 00] #BBE /. LUTORRIILE THERTHS A, MHITERELBELL TYH
BHETH 5 [Bo 96], [BT 00].

(5.1) Theorem (Bouc, Bouc-Thévenaz). Let X = 9) = all.

(i) The Burnside ring Mackey functor Q ®z B is the indecomposable projective P, o.

(i) The functor M(G) = Q ®z Go(QG) which assigns the representation ring of QG-
modules, tensored with Q, is the simple functor S, q.

(iii) Let p be a prime. The kernel of the projective cover map Pyg — S, ¢, regarded
as a functor only on p-groups, is the functor Q ® D, where D(P) is the Dade group of
endopermutation modules of the p-group P. This functor is simple: Q ® D = S¢,«c,.0-
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