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Abstract

This manuscript consists of two parts. At first, we introduce amini-
mum set of the recent developments on the structure on the moduli space
of abelian varieties over fields of positive characteristic. Next we explain
an analysis of the structure of the moduli space of supersingular abelian
varieties with endomorphism structure.

0Introduction
Our main subjects are to investigate the relations between the geometry on the
moduli spaces $A_{g,d,n}$ of polarized abelian varieties constructed in [17] or their
variants and the arithmetic of some algebraic groups.

It has been important to investigate how we can write the geometical struc-
ture on $A_{g,d,n}$ in terms of the arithmetic of some algebraic groups. Many sub
jects in attempts to prove Langlands’ conjecture may be in this category in a
certain sense. On supersingular loci, we already know various beautiful con-
nections between the geometry on the space and arithmetic of quaternion uni-
tary groups. We shall give detailed accounts hereinafter. Conversely we expect
that geometrical arguments make it possible to investigate the number theoretic
problems on $A_{g,d,n}$ intuitively.

On the geometrical side, we have two important structures on $A_{g,d,n}$ . One is
astratification by the isogeny classes, which has been investigated since many
years ago. The other one was introduced by F. Oort and T. Ekedahl recently,
called Ekedahl-Oort stratification, which is defined by the polarization types on

$\mathrm{p}$-torsion points of abelian varieties.
In \S 1, we review such stratifications and state known results. At the last

of \S 1, we shall describe some prospects (philosophy $?$). In \S 2, we explain the
structure of the moduli space $S_{g,L}$ of principally polarized supersingular abelian
varieties with endomorphism structure of algebraic number field $L$ . Finally I
announce that there were many mistakes in my speech and apologize for that
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1Background and known results

1.1 Isogeny classes
We fix arational prime $p$ once and for all throughout this paper. Take aperfect

field $K$ of characteristic $p$. Let $X$ be an abelian variety over $K$ . Then we have
$\gamma \mathrm{d}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$ group $\varphi_{p}(X)=1\dot{\mathrm{R}}X\int p^{:}]$ . We set

$A_{K}=W(K)[F, V]/(FV-p, VF-p, Fa=a^{\tau}F, Va=a^{\tau^{-1}}V,\forall a\in W(K))$ ,

with the Frobenius $\tau$ over Fp. We define $A$ to be a $\mathrm{p}$-adic completion of $A_{K}$ .
Dieudonne’ module is aleft $A$-module finitely generated as $W(K)$ module If
aDieudonne moduli is free as $W(K)$-module, we call it free. There is afunc-
tor called Dieudonne functor $\mathrm{D}$ from the category of $p$-divisible groups to the
category of free Dieudonn\’e modules. Then the Dieudonne’ module $\mathrm{D}(X):=$

$\mathrm{D}(\varphi_{p}(X))$ has to be isogenous to one of the following forms:

$(A_{1,\mathrm{O}}\oplus A_{0,1})^{\oplus f}\oplus$ $\oplus(A_{m,n}\oplus A_{n,m})\oplus A_{1,1}^{\oplus s}$ , (1)
$(m,n)=1$

with $A_{m,n}=A/(F^{m}-V^{n})$ .

Definition 1.1 Let $X$ be an abelian variety of dimension $g$ . Assume $g\geq 2$ . $X$

is called supersingular (resp. superspedal) if the following equivalent conditions
are satisfied:

1. X is isogenous (resp. isomorphic) to $E^{g}$ for a certain supersingular elliptic
curve E,

2. $\mathrm{D}(X)$ is isogeous (resp. isomorphic) to $A_{1,1}^{\oplus g}$ .

For an abelian variety $X$ , we get aconcave line graph, called Newton polygon,
from $(0, 0)$ to $(2g, g)$ in $\mathrm{R}$ $\mathrm{x}\mathrm{R}$ by drawing vectors $(m+n, n)$ for every component
$A_{m,n}$ of $\mathrm{B}(\mathrm{X})$ which is supposed to be isogenous to the form (1).

For each Newton polygon $\beta$, we can define the closed subscheme $W\rho$ of
$A_{g,1,1}$ which parametrizes abelian varieties with Newton polygon above $\beta$ . On
the dimension of the strata Wp, F. Oort proved in [22]:

Theorem 1.2 For each Newton polygon $\beta$ , the dimension of each irreducible
component of $W_{\beta}$ is equal to $\#\Delta(\beta)$ , where

$\Delta(\beta)=$ { (x, $y)\in \mathbb{Z}$ x $\mathbb{Z}$ |y $<g,$ y $<x\leq g$ , (x, y) is above $\beta$}.

Furthermore, T. Ekedahl and F. Oort showed the connectedness of $W\rho$ in
[4].

F. Oort conjectures that if $W\rho$ is not asupersingular locus Sg, then $W_{\beta}$ is
irreducible
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1.2 Ekedahl-Oort stratification
Every aspects in this subsection was exploited by F. Oort and his colleagues.
Please see [23] and so on for detailed arguments. Let $X$ be aprincipally polarized
abelian variety over field of charactristic $p$ . We denote by $W$ the set of words
generated by $V$ and $F^{-1}$ . We can show that there is afiltration of $X[p]$ :

$0=N_{0}\subset N_{1}\subset\cdots\subset N_{r}\subset\cdots\subset N_{2r}=X[p]$

such that $\{N_{i}\}=\{wX[p]|w\in W\}$ . We define $\nu$ : $\{1, 2, \cdots, 2r\}arrow\{1, 2, \cdots, r\}$

by $VN_{i}=N_{\nu(i)}$ and $\rho$ : $\{1, 2, \cdots, 2r\}arrow\{1,2, \cdots, 2g\}$ by $\mathrm{r}\mathrm{k}N_{i}=p^{\rho(i)}$ . From
the above filtration, we construct the sequence:

$\varphi=(\varphi(1), \varphi(2),$ $\cdots$ , $\varphi(g))$

with $\varphi(0)=0$ , satisfying $\varphi(i)\leq\varphi(i+1)\leq\varphi(i)+1$ by

$\varphi(\rho(i))=\varphi(\rho(i)+1)=\cdots=\varphi(\rho(i+1))$

if $v(i)=v(i+1)$ and

$\varphi(\rho(i))<\varphi(\rho(i)+1)<\cdots<\varphi(\rho(i+1))$

if $v(i)<v(i+1)$ . A sequence $\varphi=(\varphi(1), \varphi(2)$ , $\cdots$ , $\varphi(g))$ is said to be an
elementary sequence if it satisfies $\mathrm{t}\mathrm{p}(\mathrm{i})\leq\varphi(i+1)\leq\varphi(i)+1$ .

Set $| \varphi|=\sum_{i=1}^{g}\varphi(i)$ .
We denote by $S_{\varphi}$ the locally closed subscheme of $A_{g,1,n}$ which parametrizing

the abelian varieties with elementary sequence $\varphi$ .
The a-number of an abelian variety $X$ over aperfect field $K$ of characteristic

$p$ is defined as
$a(X)=\dim_{K}(\alpha_{p}, X)$ ,

where $\alpha_{p}$ is the kernel of the Frobenius map $F$ : $\mathrm{G}_{a}arrow \mathrm{G}\mathrm{a}$ . It is checked that
$a(X)$ is equal to $g-\mathrm{i}\mathrm{p}(\mathrm{g})$ if $X$ is in $S_{\varphi}(K)$ .

We denote by $T_{a,n}$ the closed subscheme of $A_{g,1,n}$ consisting of abelian va-
rieties of a-number $\geq a$ .

F. Oort has proved

Theorem 1.3 1. $S_{\varphi}$ is quasi-affine.

2. $\dim S_{\varphi}=|\varphi|$ .

3.
$A_{g,1,n}= \prod_{\varphi}S_{\varphi}$ and $S_{\varphi}\neq\emptyset$ for all elementary sequences $\varphi$ .

4. We denote by $\partial S_{\varphi}$ the boundary $S_{\varphi}^{c}-S_{\varphi}$ in $A_{g,1,n}$ , we have

$\partial S_{\varphi}=\prod_{\varphi’}S_{\varphi’}$

the union taken over all $\varphi’$ such that $\varphi’\neq\varphi$ and $S_{\varphi}^{c}\cap S_{\varphi’}\neq\emptyset$ .
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5. $S_{\{0,0,\cdots,0,1\}}^{c}$ is connected and contained in $S_{g}\cap T_{g-1,n}$ .

6. Non ordinary locus $T_{1,n}=A_{g,1,n\{1,2,\cdots,g\}}-S$ is geometically irreducible.

In [5], G. van der Geer obtained ageneralization of 6in the above theorem:

Theorem 1.4 For any $a<g$ , the locus $T_{a,1}$ is irreducible.

1.3 Supersingular loci
In the book [16], K.-Z Li and F. Oort investigate the supersingular locus $S_{g}$ .
The main theorem says

Theorem 1.5 There is a quasi-finite surjective morphism defined over $\mathrm{F}p$

$\Psi$ :
$\prod_{\eta\in \mathrm{A}}P_{g,\eta}’arrow S_{g}$

where Ais the set of isomorphism classes of polarization yy on a superspecial
abelian varieties $E^{g}$ satisfying kery7 $=E^{g}[F^{g-1}]$ and $P_{g,\eta}’$ is the moduli space
of some filtrations of supersingular Dieudonni modules. $P_{g,\eta}’$ is a smooth irre-

ducible variety defined over $\mathrm{F}p$ of dimension $[_{4}^{\mathrm{g}^{2}}]$ .

If we substitute $\mathbb{Q}$ for $L$ in \S 2, we will get precise definitions and an outline of
the proof. Because we shall show analogous results in case with endomorphism
structure in \S 2. As for supersingular locus, we already obtain some relations
between the geometry and the arithmetic of some algebraic groups:

1. the number of irreducible components of $S_{g}$ which equals $\#\Lambda$ is equal to
the class number of acertain quaternion unitary group;

2. the sum of reciprocals of the degrees of the maps from $\mathcal{P}_{g,\eta}’$ to irreducible
components of $S_{g}$ is equals to the mass which is calculated by the mass
formula;

3. the problem on the field ($\mathrm{F}_{p}$ or $\mathrm{F}p$ ) of definition of each irreducible com-
ponent is translated into that of Hecke operator of the same group. The
number of irreducible components defined over $\mathrm{F}_{p}$ is written by class num-
ber and type number [11].

T. Ibukiyama and K. Hashimoto completely calculated the class number in
case $g=2$ in [7]. Moreover T. Ibukiyama completely classifies finite groups
$G$ such that $G$ devides $P_{g,\eta}’$ and $P_{g,\eta}’/G$ is the normalization of an irreducible
component in [10]. At the same time, he calculated the number of irreducible
components with each finite group above. Such results are obtained purely by
the calculus of algebraic groups
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1.4 Some prospects
We expect that following three subjects are closely related and each relation
can be written down in terms of some algebraic groups:

1. the analysis of the singularities on $S_{g}$

2. the determination of the structure of $S_{g}\cap S_{\varphi}$

3. the explicit calculation of the number of rational points on $S_{g}$ .
We have astrategy to resolve such questions, although we can not explain

it in detail now. The fundamental idea is to find good division of $S_{g}$ and
analyze each fragment. There are some steps which are difficult without level
structure. Therefore Ithink deep investigations on these problems should be
number theoretic.

Since we had one result in the way of these studies, we introduce it below.
It seems to be new. Let $S_{g}(a)$ be the moduli space of principally polarized
supersingular abelian varieties with $a$-number greater than or equal to $a$ , i.e.,
$S_{g}(a)=S_{g}\cap T_{a,1}$ . Then we have

$\dim S_{g}(a)=[\frac{g^{2}-a^{2}+1}{4}]$ .

In the book [16], they have calculated the dimensions for $a=1,2$ , $g-1$ . In
case $a=g$, it is awell-known fact (note that $X$ is superspecial ill $\mathrm{a}(\mathrm{X})--g$).
Since $a(X)=g-\varphi(g)$ , Ithink this observation is the first step to investigate
the above problems.

2Moduli of supersingular abelian varieties with
endomorphism structure

We fix an algebraic number field $L$ with $\mathrm{i}\mathrm{n}\mathrm{v}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}*\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{e}$and for all throughout
this paper.. Take aprime ideal $\mathfrak{p}$ in the integer ring $O_{L}$ of $L$ lying over $p$.
Let $L_{\mathfrak{p}}$ be the $\mathfrak{p}$-adic completion of $L$ and $O_{\mathfrak{p}}$ the ring of integers in $L_{\mathfrak{p}}$ . $d_{\mathfrak{p}}$

denotes the degree of the extension $L_{\mathfrak{p}}$ over $\mathbb{Q}_{p}$ , $f_{\mathfrak{p}}$ the relative degree and $e_{\mathfrak{p}}$

the ramification index. If $L/\mathbb{Q}$ is aGalois extension, then $d_{\mathfrak{p}}$ , $f_{\mathrm{P}}$ and $e_{\mathfrak{p}}$ are
independent of the choice of $\mathfrak{p}$ . Then we frequently abbreviate these to $d$, $e$ and
$f$ . We fix auniformizer $\pi$ of $O_{\mathfrak{p}}$ . Let $k$ be the residue field of $O_{\mathfrak{p}}$ and $q$ the
cardinal number of $k$ . For afield $K$ containing $k$ , we denote by $\sigma$ the Probenius
map of $K$ over $k$ and by $O_{\mathfrak{P}}$ the unramified extension of $O_{\mathfrak{p}}$ with residue field $K$ ,
$\mathrm{i}.\mathrm{e}.$ , $W(K)$ $\mathrm{W}(\mathrm{K})$ Op. For any group scheme $G$ with aleft $O_{\mathfrak{p}}$ (resp. $O_{L}$ )-action
0and for any ideal $a$ of $O_{\mathfrak{p}}$ (resp. $O_{L}$ ), we set

$G[a]=\cap \mathrm{K}\mathrm{e}\mathrm{r}(\theta(a)a\in a$
: G $arrow G)$ . (2)
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Definition 2.1 $A\mathfrak{p}$ -divisible group $G$ over $K$ consists of asystem of finite group
schemes $\{G:\}:\in \mathrm{N}$ over $K$ with left $O_{\mathfrak{p}}$-action0and $O_{\mathfrak{p}}$-linear homomorphisms
$\iota$ : $G_{:}arrow G_{:+1}$ satisfying

(i) $\mathfrak{p}$
$:=\theta(\pi)$ : $G_{:+1}arrow G_{:}$ is surjective, and

(ii) $\iota$ : $G_{:}arrow G_{|+1}.[\mathfrak{p}^{:}]$ is an isomorphism for any i.

We set

$A_{K}=O_{\mathfrak{P}}[ \int, \mathfrak{v}]/(\mathrm{f}^{\mathfrak{y}}-q, \mathfrak{o}\int-q, \int a-a^{\sigma}\int, \emptyset a -a^{\sigma}\mathfrak{v}-1, \forall a\in O_{\mathfrak{P}})$ (3)

and

$A_{\mathfrak{P}}= \lim_{arrow}A_{K}/\mathfrak{p}^{:}A_{K}$ . (4)

Definition 2.2 A Dieudonni $O\mathfrak{P}$ -module is aleft $A\mathfrak{P}$-module $M$ finitely gen-
erated as $O_{\mathfrak{P}}$-module. If $M$ is free as $O_{\mathfrak{P}}$-module, we call $M$ free.

Definition 2.3 Let $M$ be aDieudonn\’e $O\mathfrak{P}$ -module. The dual Dieudonni $O_{\mathfrak{P}^{-}}$

module $M^{t}$ is defined by $\mathrm{H}\mathrm{o}\mathrm{m}o_{\mathfrak{P}}(M, O\mathfrak{P})$ with actions of $\mathrm{f}$ and $\mathfrak{v}$ :

$( \int\psi)(x)=\psi(vx)^{\sigma}$ , $( \mathfrak{v}\psi)(x)=\psi(\int x)^{\sigma^{-1}}$ (5)

for any $\psi$ $\in \mathrm{H}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{v}(M, O\mathfrak{P})$ and $x\in M$ . We also define the Cartier dual $M^{D}$

of aDieudonne $O_{\mathfrak{P}}$-module $M$ by $\mathrm{H}\mathrm{o}\mathrm{m}\mathrm{o}_{\eta}$ ( $M$, frac $(O\mathfrak{P})/O\mathfrak{P}$ ) with actions of $\mathrm{f}$

and $\mathfrak{y}$ as above.

Suppose $K$ is perfect. We introduce acontravariant functor D$\mathfrak{p}$
which is

called Dieudonne functor from the category of $\mathfrak{p}$-divisible groups over $K$ to that
of ffee Dieudome’ $O\mathfrak{P}$ -modules over $K$ .

Definition 2.4 Dieudonri functor Dp is acontravariant functor from the cat-
egory of $\mathfrak{p}$-divisible groups over $K$ to that of free Dieudonn\’e $O\mathfrak{P}$-modules over
$K$ defined as follows. Let $G=\{G:\}$ be a $\mathfrak{p}$-divisible group over $K$ . Then $G_{:}$ is
decomposed into the infinitesimal part $G_{i}^{\inf}$ and the \’etale part $G^{\acute{\mathrm{e}}\mathrm{t}}.\cdot$ [ $1$ , p.34]. Put
$M(G_{\dot{1}}^{\inf} )=\mathrm{H}\mathrm{o}\mathrm{m}_{O},(G^{\cdot}!^{\mathrm{n}\mathrm{f}}., O_{\mathfrak{P}})$ and At $(G^{\acute{\mathrm{e}}\mathrm{t}}\dot{.})=\mathrm{A}\mathrm{t}((G^{\acute{\mathrm{e}}\mathrm{t}}\dot{.})^{D})^{t}$ . Here Homov (-, -)
means the set of $O_{\mathfrak{p}}$ -linear homomorphisms defined over $K$ between commuta-
tive formal groups over $K$ . It has acanonical Dieudonne’ $O\mathfrak{P}$ -module structure.
The functor $\mathrm{D}_{\mathfrak{p}}$ is the limit of $M$ .

In the same way as [1, Theorem (Manin) p.85], we obtain

Proposition 2.5 Assume $K=K$. Every Dieudonn\’e $O_{\mathfrak{P}}$ -module is isogenous

to a direct sum of $\{A_{\lambda}\}$ , $\lambda=s/r$, $(r, s)=1$ , $r\geq 1$ with $A_{\lambda}=A\mathfrak{P}/(f-\pi^{s},$ $\mathfrak{v}^{r}-$

$\pi^{rd-s})$ . Furthermore, $A_{\lambda}$ is free if and only if $0\leq\lambda$ $\leq d$ . We call Athe slop
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Definition 2.6 Let $K$ be an arbitrary field. Afree Dieudonne’ $\mathcal{O}_{\mathfrak{P}}$ -module $M$

is called supersingular (resp. superspecial) if $M$ is isogenous (resp. isomorphic)
to $A_{d/2}^{\oplus g}$ over $\overline{K}$ for some $g$ . We call $g$ the genus of $M$ .

An abelian variety over $K$ with endomorphism structure is an abelian variety
$X$ over $K$ with $\mathcal{O}_{L}$ action $\theta$ : $\mathcal{O}_{L}arrow \mathrm{E}\mathrm{n}\mathrm{d}_{K}X$ . Let $\mathrm{B}\mathrm{P}(\mathrm{X}):=1\mathrm{i}\mathrm{n},\underline{\mathrm{l}}X[\mathfrak{p}^{i}]$ be the

$\mathfrak{p}$-divisible group over $K$ and $\mathrm{D}_{\mathfrak{p}}(X):=\mathrm{D}_{\mathfrak{p}}$ $(\varphi_{\mathfrak{p}}(X))$ the Dieudonn\’e $\mathcal{O}_{\mathfrak{P}}$ -module
associated to $X$ . We define the isogeny class of $X$ by determining which class in
Proposition 2.5 $\mathrm{B}\mathrm{P}(\mathrm{X})$ belongs to for each $\mathfrak{p}$ lying over $p$ . We can easily check
that the following -adic analogue of Tate’s theorem [28] holds: if $K$ is afinite
field,

$\mathrm{H}\mathrm{o}\mathrm{m}_{O_{L}}(X, \mathrm{Y})$ O$\mathrm{z}$

$\mathbb{Z}_{p}\simeq\oplus_{\mathfrak{p}}\mathrm{H}\mathrm{o}\mathrm{m}_{A_{\mathfrak{P}}}(\mathrm{D}_{\mathfrak{p}}(\mathrm{Y}), \mathrm{D}_{\mathfrak{p}}(X))$ (6)

for any two abelian varieties $X$ and $\mathrm{Y}$ over $K$ . Refer to [29, p.525], for example.
Therefore, the above definition of isogeny classes is equivalent to the usual one
if $K$ is finite.

Definition 2.7 Let $X$ be an abelian variety over $K$ with endomorphism struc-
ture. We say $X$ is supersingular (resp. superspecial) at $\mathfrak{p}$ if $\mathrm{D}_{\mathfrak{p}}(X)$ is so. And
$X$ is called supersingular (resp. superspecial) if $X$ is so at every $\mathfrak{p}$ lying over $p$.
Remark 2.8 The notion of supersingularity is equivalent to the usual one, i.e.,
$X$ is isogenous to the product of supersingular elliptic curves over an alge
braically closed field.

Let $I_{1}$ (resp. $I_{2}$ ) be the set of the primes $\mathfrak{p}$ stable under the involution $*$

(resp. the set of representatives of the quotient by the $\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}*\mathrm{o}\mathrm{f}$ the primes $\mathfrak{p}$

unstable under the $\mathrm{i}\mathrm{n}\mathrm{v}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}*$ ). Set $r_{i}$ the number of $I_{i}$ , then $r_{1}+2r_{2}$ is the
number of the whole of the prime ideals of $L$ lying over $p$ .

$\mathrm{D}_{\mathfrak{p}}(X)$ (resp. $\mathrm{D}_{\mathfrak{p}}(X)\oplus \mathrm{D}_{\mathfrak{p}^{\mathrm{e}}}(X)$ ) has the Manin symmetry condition for $\mathfrak{p}$ $\in I_{1}$

(resp. $\mathfrak{p}$ $\in I_{2}$), i.e., $\mathrm{D}_{\mathfrak{p}}(X)$ (resp. $\mathrm{D}_{\mathfrak{p}}(X)\oplus \mathrm{D}_{\mathfrak{p}}*(X)$) is isogenous to the following
form

$\oplus(A_{\lambda}\oplus A_{d_{\mathrm{p}}-\lambda})\oplus(A_{d_{\mathfrak{p}}/2})^{\oplus s}$ . (7)

For an abelian variety with endomorphism structure, we are able to draw $r_{1}+r_{2}$

pictures of Newton polygons of Dieudonne $\mathcal{O}_{t}\mathfrak{p}$-modules. We denote by $X^{t}$ the
dual abelian variety of $X$ and define the endomorphism structure on $X^{t}$ by
$\theta(z^{*})^{t}$ . If we write $X^{t}$ , it is supposed to have this endomorphism structure.
Proposition 2.9 $\mathrm{D}_{\mathfrak{p}}(X)^{t}\simeq \mathrm{D}_{\mathfrak{p}^{\mathrm{r}}}(X^{t})$.

Definition 2.10 A polarization on $(X, \theta)$ is apolarization $\eta$ : $Xarrow X^{t}$ satis-
ping $\theta(z^{*})=\eta^{-1}0\theta(z)^{t}\circ\eta$ for all $z\in \mathcal{O}_{L}$ . In other words, apolarization on
$(X, \theta)$ is an $\mathcal{O}_{L}$-linear polarization on $X$ .
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Let us translate the notion of polarization on $(X, \theta)$ to that of quasi-polarization
o$\mathrm{n}$ $\mathrm{D}_{\mathfrak{p}}(X)$ . For each $\mathfrak{p}$ , apolarization $\eta$ on $(X, \theta)$ induces homomorphism $\varphi_{\mathrm{p}}(\eta)$ :
$\varphi_{\mathfrak{p}}(X)arrow\varphi_{\mathrm{p}}(X^{t})$ , which induces the homomorphism D$\mathfrak{p}$

(77) : $\mathrm{D}_{\mathfrak{p}}(X^{t})arrow \mathrm{D}_{\mathfrak{p}}(X)$ .
Let $\langle$ , $\rangle_{\mathfrak{p},\eta}$ be the image of D$\mathrm{p}$

(q) by the injection

$\mathrm{H}\mathrm{o}\mathrm{m}_{A_{\mathfrak{P}}}(\mathrm{D}_{\mathrm{p}}(X^{t}), \mathrm{D}_{\mathrm{p}}(X))rightarrow \mathrm{H}\mathrm{o}\mathrm{m}o_{\mathfrak{P}}(\mathrm{D}_{\mathrm{p}}(X^{t})\otimes_{\mathit{0}_{\mathfrak{P}}}\mathrm{D}_{\mathrm{p}}*(X^{t}), O_{\mathfrak{P}})$ . (8)

Then the quasi-polarization \langle , $)_{\mathrm{p},\eta}$ and \langle , $\rangle_{\mathrm{p}\eta}*$, satisfy the nontrivial relation
given by the identity (ii) of the following proposition.

Proposition 2.11 The $O_{\mathfrak{P}}$ -bilinear form (, $\rangle_{\mathrm{p},\eta}$ induced by a polarization $\eta$ on
$(X, \theta)$ is non-degenerate and satisfies

(i) $\langle\int x, y\rangle_{\mathrm{p},\eta}=(x,$ $\mathfrak{v}y\rangle_{\mathfrak{p},\eta}^{\sigma}$ , $( \mathfrak{v}x, y\rangle_{\mathrm{p},\eta}=\langle x, \int y)_{\mathrm{p},\eta}^{\sigma}-1$,

(ii) \langle x,$y\rangle_{\mathrm{p},\eta}=-\langle y,x\rangle_{\mathfrak{p}\cdot,\eta}$.

Given afield $K$ of characteristic $p$, let $S_{n,L}(K)$ be the category of supersingu-
lar abelian varieties over $K$ with endomorphism structure and $S_{n,L}(K)\otimes \mathbb{Z}_{p}$

the category with the same objects as $S_{n,L}(K)$ and the morphisms defined by
$\mathrm{H}\mathrm{o}\mathrm{m}_{L}(\mathrm{Y}, X)\otimes_{\mathrm{Z}}\mathbb{Z}_{p}$ for $X$ , $\mathrm{Y}\in O\mathrm{b}(S_{n,L}(K)\otimes \mathbb{Z}_{p})$ . In this section, we suppose
$K$ is an algebraically closed field. For an abelian variety $X$ over $K$ of dimension
$n$ , the cup product induces the $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ map

tr $:\wedge^{2n}H_{\mathrm{c}rys}^{1}(X/W(K))\simeq W(K)[-n]$ . (9)

A. Ogus proved the following result, which he called Torelli’s theorem (Theorem
6.2 and Lemma 6.4 in [21]).

Theorem 2.12 Assume $n\geq 2$ . The functor $(\mathrm{D}, \mathrm{t}\mathrm{r})$ gives a bijection between the
set of isomorphism classes of $S_{n,\mathrm{Q}}(K)$ and of supersingular Dieudonri rnodedes
of genus $n$ with trace map. Besides, for two objects $X$ , $\mathrm{Y}$ of $.S_{n,0}(K)$ , we have

$\mathrm{H}\mathrm{o}\mathrm{m}(X, \mathrm{Y})\otimes_{\mathrm{Z}}\mathrm{Z}_{p}\simeq \mathrm{H}\mathrm{o}\mathrm{m}_{A}(\mathrm{D}(\mathrm{Y}),\mathrm{D}(X))$ . (10)

We remark that this theorem gives an anti-equivalence between $S_{n,\mathrm{Q}}(K)\otimes \mathbb{Z}_{p}$

and the category of supersingular Dieudome’ modules of genus $n$ without $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$

map if $n\geq 2$ .
The purpose of this section is to show an analogue in case with endomor-

phism structure. Let $X$ be an object of $S_{n,L}(K)$ . By the above theorem, we
obtain the injection $\theta:O_{L}\otimes \mathbb{Z}_{p}arrow \mathrm{E}\mathrm{n}\mathrm{d}_{A}\mathrm{D}(X)$ . Using $O_{L}\otimes \mathbb{Z}_{p}=\oplus_{\theta}O_{\mathrm{p}}e_{\mathrm{P}}$ with
idempotents $e_{\mathrm{p}}$ , we get the decomposition

$\mathrm{D}(X)=\oplus_{\mathfrak{p}}\mathrm{D}(X)_{\mathfrak{p}}$
(11)

with $\mathrm{D}(X)_{\mathrm{p}}=e_{\mathrm{p}}\mathrm{D}(X)$ . Since the $O_{L}$-action commutes with A, $\mathrm{D}(X)_{\mathrm{p}}$ becomes
aDieudonne module. Moreover, $\mathrm{D}(X)_{\mathrm{p}}$ has to be supersingular. By the above
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theorem, X is decomposed as $\prod_{\mathfrak{p}}X_{\mathfrak{p}}$ such that $\mathrm{D}(X_{\mathfrak{p}})\simeq \mathrm{D}(X)_{\mathfrak{p}}$ . Since $\mathrm{D}(X_{\mathfrak{p}})$

has aleft $\mathcal{O}_{\mathfrak{p}}$ -action, we get aDieudonne $\mathcal{O}_{\mathfrak{P}}$ -module $\mathrm{D}_{\mathrm{p}}(X_{\mathfrak{p}})$ . $\mathrm{D}_{\mathfrak{p}}(X_{\mathfrak{p}})$ is not
other than $\mathrm{D}_{\mathfrak{p}}(X)$ constructed as above. Set

$\mathfrak{n}=\frac{n}{r_{1}+2r_{2}}$ . (12)

Then $\dim X_{\mathrm{p}}=\mathfrak{n}$ for all $\mathfrak{p}$ .
There exists a $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ map $\mathrm{t}\mathrm{r}_{\mathfrak{p}}$ completing the following diagram

$\mathrm{E}\mathrm{n}\mathrm{d}_{A_{\mathfrak{P}}}\mathrm{D}_{p}(X_{\mathrm{p}})\underline{\nu_{\mathrm{p}}}\frac{2\mathfrak{n}}{d_{\mathfrak{p}\Lambda}}\mathrm{D}_{\mathfrak{p}}(X_{\mathfrak{p}})arrow \mathrm{t}\mathrm{r}_{\mathrm{p}}\simeq$

$\mathcal{O}_{\mathfrak{P}}$

$\downarrow$
$\downarrow$

$\downarrow N_{L_{\mathrm{p}}/\mathrm{Q}_{\mathrm{p}}}$ (13)

$\mathrm{E}\mathrm{n}\mathrm{d}_{A}\mathrm{D}(X)$ $arrow\nu$ $2\mathfrak{n}\Lambda \mathrm{D}(X_{\mathfrak{p}})$

$rightarrow \mathrm{t}\mathrm{r}\simeq W(K)$ .

where $\nu_{\mathfrak{p}}$ and $\nu$ are the reduced norms.
Let $g_{\mathfrak{p}}=\mathfrak{n}/d_{\mathfrak{p}}$ (resp. $2\mathfrak{n}/d_{\mathfrak{p}}$ ) if $d_{\mathfrak{p}}$ is odd (resp. even).

Theorem 2.13 Suppose $g_{\mathfrak{p}}\geq 2$ . The functor $(\mathrm{D}_{\mathfrak{p}}, \mathrm{t}\mathrm{r}_{\mathfrak{p}})$ defines the bijection
between the set of isomorphism classes of $\{X\in S_{\mathfrak{n},L}(K)|X=X_{\mathfrak{p}}\}$ and ofDieudonn\’e $\mathcal{O}_{\mathfrak{P}}$ -modules of genus $g_{\mathfrak{p}}$ with trac map. Therefore $\oplus_{\mathfrak{p}}\mathrm{D}_{\mathfrak{p}}(-_{\mathfrak{p}})$ gives
an anti-equivalence be rween $S_{n,L}(K)$ @ $\mathbb{Z}_{p}$ and the category of direct sums of
Dieudonn\’e $\mathcal{O}p$ -modules without trace map, except for $\mathfrak{p}$ -components of which $\mathit{9}\mathrm{p}$

is one.

Let $M$ be asuperspecial Dieudonne $\mathcal{O}_{\mathfrak{P}}$ -module. Set $\mathcal{O}_{\mathfrak{p}}’=W(k’)\otimes_{W(k)}\mathcal{O}_{\mathrm{p}}$

with

$k’=\{$
aquadratic extension over $k$ $d$ :odd,

(14)
$k$ $d$ : even,

and if $K$ contains $k’$ ,

$H:=\mathrm{E}\mathrm{n}\mathrm{d}_{A_{i\beta}}(A_{d/2})\simeq\{$

$O_{\mathfrak{p}}’[\mathrm{f}, \mathfrak{v}]/(\mathrm{f}-0)$ $d$ : odd,
$O_{\mathfrak{p}}$ $d$ : even. (15)

From now on, $K$ is supposed to contain $k’$ .
When $d$ is odd, there exists aconjugation $\mathrm{m}\mathrm{a}\mathrm{p}-:Harrow H$ sending $a+b\mathrm{f}$

to $a^{\sigma}-b\mathrm{f}$ . We define the norm map Nm : $Harrow \mathcal{O}_{\mathfrak{p}}$ by Nm(x) $=\overline{x}x$ , which is
surjective.

Let us define an $H$-module attached to $M$ as

$\tilde{M}=\{$
$\{x\in M|(\mathrm{f}-0)x=0\}$ $d$ : odd,
$\{x\in M|(\mathrm{f}-\pi^{d}\tau)x=0\}$ $d$ : even,

(12)

which is called the skeleton of M. Then $\tilde{M}$ is free as $\mathcal{O}_{\mathfrak{p}}’$-module.
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Definition 2.14 An $involution*onL_{\mathrm{p}}$ is define as

(1) the involution naturally induced by the $\mathrm{i}\mathrm{n}\mathrm{v}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}*\mathrm{o}\mathrm{n}$ L for $\mathfrak{p}$
$\in I_{1}$ , and

(2) the trivial one for $\mathfrak{p}$
$\in I_{2}$ .

Lemma 2.15 A quasi-polarization (, $\rangle_{\mathrm{p},\eta}$ on $M$ induces a quasi-polarization on
$\overline{M}$

$\langle$ , $)_{\mathrm{p}}$ : $\tilde{M}\otimes_{O_{\acute{\mathrm{p}}}}\tilde{M}arrow O_{\mathrm{p}}’$ (17)

satisfying either of the folloing conditions, depending on the parity of $d$ .

(1) If $d$ is odd,

(i) (, $\rangle_{\mathrm{p}}$ is an alternating $O_{\mathrm{p}}’$ -bilinear form,

(ii) $( \int X,$ $y\rangle_{\mathrm{p}}=(x,$ $\mathfrak{v}y\rangle_{\mathrm{p}}^{\sigma}$ , $\langle \mathfrak{v}x, y\rangle_{\mathrm{p}}=\langle x, \int y\rangle_{\mathrm{p}}^{\sigma^{-1}}$

(2) If $d$ is even, $\langle$ , $\rangle_{\mathrm{p}}$ is skew-hermitian, $i.e.$ , $\langle x, y\rangle_{\mathrm{p}}=-(y,x\rangle_{\mathrm{p}}^{*}$ .

The above pairing (: $\rangle_{\mathrm{p}}$ on $\tilde{M}$ induces apairing on At:

(, $\rangle_{\mathrm{p}}$ : $M\otimes Marrow O_{\mathfrak{P}}$ , (18)

by extending $W(K)$-bilinearly. We note that this is apairing as a $W(K)$-module.
For $M$ aquasi-polarized submodule of aquasi-polarized superspecial Dieudonne
$O_{\mathfrak{P}}$-vaodule $N$ , we can define apairing $\langle$ , $\rangle_{\mathrm{p}}$ on $M$ , which is $W(K)$-bilinear.

We $\mathrm{s}\mathrm{a}\mathrm{y}*\mathrm{i}\mathrm{s}$ unramified (resp. ramified), if $L_{\mathrm{p}}$ is an unramified (resp. rami-
fied) extension $\mathrm{o}\mathrm{v}\mathrm{e}\mathrm{r}*$-invariant subfield of $L_{\mathrm{p}}$ .

Proposition 2.16 Let {At, $\langle$ , $\rangle_{\mathrm{p}}$ } be a quasi-polarized superspecial Deudonn\’e
$O_{\mathfrak{P}}$ -module. Then we have a decomposition:

$M\simeq M_{1}\oplus M_{2}\oplus\cdots\oplus M_{m}$, ( $M_{\dot{1}}$ , $M_{\mathrm{j}}\rangle_{\mathrm{p}}=0$, $\dot{l}f$ $:\neq j$, (19)

with indecomposable quasi-polarized Dieudonnti $\mathit{0}_{\mathfrak{P}}$ -modules $M\dot{.}$ . Here $M_{\dot{1}}$ are
given as follows.

(1) For odd $d$ , each $M\dot{.}$ is either

(i) $M\dot{.}=A_{\mathfrak{P}}x\simeq A_{d/2}$ such that $\langle x, \int x\rangle_{\mathrm{p}}=\pi^{r}\epsilon$ , $\epsilon^{\sigma}=-\epsilon\in O_{\mathrm{p}}’-\pi O_{\mathrm{p}}’$

or

(ii) $M_{\dot{1}}$ $=A_{\mathfrak{P}}x\oplus A_{\mathfrak{P}}y\simeq A_{d/2}^{\oplus 2}$ such that $( \mathrm{x}, y\rangle_{\mathrm{p}}=\pi^{r}, \langle x, \int X)_{\mathrm{p}}=\langle y, \int y\rangle_{\mathrm{p}}=$

$\langle x, \int y\rangle_{\mathrm{p}}=(y,\int x\rangle_{\mathrm{p}}=0$.

Here $x$ , $y$ are in the skelton $\tilde{M}$ .
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(2) For even d and non-trivial $*$ , the description of $M_{i}$ depends on the rami-
fication $of*$ :

(a)
$-\epsilon\in \mathcal{O}_{\mathfrak{p}}-\pi \mathcal{O}_{\mathfrak{p}}(x\in\tilde{M})if*isunramified,M_{i}=A_{\mathfrak{P}},x\simeq A_{d/2}$

such that $\langle x, x\rangle_{\mathrm{p}}=\pi^{r}\epsilon$ , $\epsilon^{*}=$

(b)
$\epsilon\in \mathcal{O}_{\mathfrak{p}}-\pi \mathcal{O}_{\mathfrak{p}}(x\in\tilde{M}).Inihiscase,rhaastobeoddif*isramified,M_{i}=A_{\mathfrak{P}}x\simeq A_{d/2}suchthat\langle x,x\rangle_{\mathfrak{p}}$

.

$=\pi^{r}\epsilon$ , $\epsilon^{*}=$

$(\mathit{2}’)$ For even $d$ and $trrivial*$ , we have $M_{i}=A_{\mathfrak{P}}x\oplus A_{\mathfrak{P}}y\simeq A_{d/2}^{\oplus 2}$ such that
$\langle x, y\rangle_{\mathfrak{p}}=\pi^{r}(x, y\in\tilde{M})$ for any $i$ .

Assume $K$ is aperfect field containing $k’$ . Let $X$ be asupersingular abelian
variety of dimension $n$ over $K$ with endomorphism structure. Assume $X=X_{\mathfrak{p}}$ .
Set $g=n/d$ (resp. $2n/d$) if $d$ is odd (resp. even).

Proposition 2.17 Let $X$ be as above. There exist a superspecial abelian variety
$\mathrm{Y}$ and $\mathcal{O}_{L}$ -linear isogeny $\varphi$ : $\mathrm{Y}arrow X$ satisfying the following universal property:
for any superspecial abelian variety $Z$ and any $\mathcal{O}_{L}$ -linear isogeny $\psi$ : $Zarrow X$ ,
there is, up to isomorphism, a unique $\mathcal{O}_{L}$ -linear isogeny, $\phi$ : $Zarrow \mathrm{Y}$ such that
$\psi=\varphi\circ\phi$ .

This proposition essentially follows from the lemma below. Its proof is similar
to that of [16, Lemma 1.8].

Lemma 2.18 For two superspecial Dieudonne $O_{\mathfrak{p}}$ -modules contained in a cer-
tain Dieudonne $\mathcal{O}_{\mathfrak{p}}$ -module, their intersection and sum are also superspecial.

This lemma is an analogy of [15, Lemma 1.3]. We can prove this in the same
way.

Notation 2.19 By the above lemma, we have the biggest superspecial Dieud-
onne’ $O_{\mathfrak{P}}$-module So (M) contained in $M$ and the smallest one $S^{0}(M)$ containing
$M$ , in $M\otimes \mathit{0}_{i\beta}$ frac Oq, for any supersingular Dieudonne $\mathcal{O}_{\mathfrak{P}}$ -module $M$ .

Define aleft $A_{\mathfrak{P}}$-ideal by

$I=\{$
$(\mathrm{f}, \mathfrak{v})$ $d$ : odd,
$(\mathrm{f}, \pi^{\frac{d}{2}}, \mathfrak{o})$ $d$ : even.

(2)

For convenience, we set

$q’=\{$
$q^{2}$ $d$ : odd,
$q$ $d$ : even.

(21)

By definition, we have the following proposition.

Proposition 2.20 We obtain $\mathrm{f}^{g-1}S(M)=S_{0}(M)$ and $\int^{g-1}S^{0}(M)=S_{0}’(M)$ .
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Remark 2.21 When d is even, $I^{1_{2}^{\mathrm{a}}1}M$ is superspecial.

When $*\mathrm{i}\mathrm{s}$ ramified, we denote by $O_{\mathrm{p}}’$ the unramified quadratic extension of
$\mathcal{O}_{\mathrm{p}}$ . In the other cases, we set $O_{\mathrm{p}}’=O_{\mathrm{p}}$ for convenience. Set

$R=\{$
$O_{\mathfrak{P}}/\pi^{d}$ $d$ : odd,
$O_{\mathfrak{P}}/\pi^{d}\tau$ $d$ : even,

(23)

Definition 2.22 A rigid PFTQ over $K$ is afiltration of quasi-polarized Dieud-
onne’ $O_{\mathfrak{P}}$-module $\{M_{0}\subset M_{1}\subset\cdots\subset M_{g-1}\}$ such that

(i) $M_{g-1}\simeq A_{d/2}^{\oplus g}$ and $M_{g-1}^{t}= \int^{g-1}M_{g-1}$ ,

(ii) $IM_{\dot{1}}$ $\subset M_{-1}\dot{.}$ and $M_{\dot{1}}/M_{-1}\dot{.}$ is afree $R$-module of rank i,

(iii) $I^{:}M.\cdot\subset M_{\dot{\iota}}^{t}$ ,

(iv) $M\dot{.}=M_{0}+\mathrm{f}^{g-1-\dot{|}M_{g-1}}$ . The last condition is called rigidity.

Proposition 2.23 Suppose $K$ is perfect. Assume $p$ is odd. For any principally
quasi-polarized supersingular Dieudonni $O\mathfrak{P}$ -module of genus $g$ , there is a rigid
PFTQ $\{M_{0}\subset M_{1}\subset\cdots\subset M_{g-1}\}$ such that $M_{0}\simeq M$ .

Proof. We prove this lemma by induction. Set $N=\mathit{9}(M)$ . There is asu-
perspecial Dieudonne $O\mathfrak{P}$-module $N’$ of genus 2such that $N=N’\oplus N’$ and
for some superspecial Dieudonne’ $O\mathfrak{P}$ -module $N’$ of genus 2containing $N’$ , we
have $N^{\prime\prime\prime t}=\pi^{n}N$”’ ($n<dg$ if $d$ is odd and $2n<dg$ if $d$ is even) and $N$ is not
in $\pi N$”$’$ . We can choose the generators $x$ , $y$ of $N’$ such that

\langle x, $x \rangle_{\mathrm{p}}=\langle x, \mathrm{f}x\rangle_{\mathrm{p}}=\langle y,y\rangle_{\mathrm{p}}=\langle y, \int y\rangle_{\mathrm{p}}=0$ . (23)

There is aself-dual complex

$C^{\cdot}$ : $0arrow A_{\mathfrak{P}}\pi^{n}yarrow Marrow A_{\mathfrak{P}^{X}}arrow 0$ . (24)

Since { $x$ , $M\cap A_{\mathfrak{P}}y\rangle\in O_{\mathfrak{P}}$ , we get $MnAyy$ $=A\mathfrak{P}\pi^{n}y$. Hence $M’=H^{1}(C.)$ is a
principally quasi-$|\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{d}$ supersingular Dieudonne’ $O_{\mathfrak{P}}$-module of genus $g-2$ .
By induction, $M’$ has arigid PFTQ $\{M_{0}’\subset\cdots\subset M_{g-3}’\}$. Let $M_{g-1}$ be the
submodule in $M\otimes \mathit{0}_{\mathfrak{P}}$ free $O_{\mathfrak{P}}$ ) generated by $x$ , $\pi^{n}\int^{-g\dagger 1}y$ and $\int^{-1}M_{g-3}’$ . Put
$M_{i}=M+ \int^{g-1-:}M_{g-1}$ . Then these satisfy all conditions of the definition of
rigid PFTQ. 1
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2.1 Moduli of rigid PFTQs
In this section, we investigate a local chart of the moduli space $D_{g}$ of principally
quasi-polarized supersingular Dieudonne $\mathcal{O}_{\mathfrak{P}}$ -modules of genus $g$ in the similar
way as in [16, Chapter 7].

In the case when $d$ is odd, we can do almost in the same way as in [16].
Let $N_{g}$ be the moduli space of all of rigid PFTQs. If $d$ is odd, $N_{g}$ is smooth
and irreducible, but not so if $d$ is even. In this section, we restrict ourselves
to investigating the case that $d$ is even, $*\mathrm{i}\mathrm{s}$ not trivial and $p$ is odd. Let
$S$ be areduced $\mathrm{f}\mathrm{c}$-scheme. Let $W(\mathcal{O}_{S})$ be the sheaf of Witt rings [26]. Set
$\mathcal{O}_{\mathfrak{P}}=W(\mathcal{O}_{S})\otimes_{W(k)\mathfrak{p}}\mathcal{O}$ , $R_{S}=R\otimes \mathcal{O}s$ and $A\mathfrak{P}$ $=W(\mathcal{O}s)\cdot$ $H$ . In this section,
we abbreviate $M^{(p^{:})}$ to $M$ (i.e., for example $\mathrm{f}:Marrow M$ means $\mathrm{f}$ : $M^{(q)}arrow M$)
and $\mathcal{O}_{\mathfrak{P}}|_{U}$ , $A_{\mathfrak{P}}|_{U}$ to Op, $A_{\mathfrak{P}}$ for any open subscheme $U$ of $S$ . We can define
Dieudonn\’e $\mathcal{O}_{\mathfrak{P}}$ -modules over $S$ in an analogeous way as in [16, 5.4].

Definition 2-24 A rigid PFTQ over $S$ is afiltration $\{M_{0}\subset M_{1}\subset\cdots\subset M_{g-1}\}$

of Dieudonn\’e $\mathcal{O}_{\mathfrak{P}}$ -modules over $S$ such that

(i) $M_{g-1}\simeq A_{d/2}^{\oplus g}$ and $M_{g-1}^{t}=\mathrm{f}^{g-1}M_{g-1}$ ,

(ii) $IM_{i}\subset M_{i-1}$ and $M_{i}/M_{i-1}$ is alocally ffee $Rs$-module of rank $i$ ,

(iii) $I^{i}M_{\dot{l}}\subset M^{t}.\cdot=:M^{i}$ ,

(iv) $M_{i}=M_{0}+\mathrm{f}^{g-1-:_{M_{g-1}}}$ (rigidity).

Definition 2.25 For aDieudonne $\mathcal{O}_{\mathfrak{P}}$ moduli $M$ over $K$ , the $a$ -number of $M$

is the length of $M/IM$, denoted by $a(M)$ .

Let $\tilde{\Phi}$ be the set of $H\otimes o_{\mathrm{p}}O_{\mathrm{p}}’- \mathrm{b}\mathrm{a}\mathrm{e}\mathrm{i}\mathrm{s}\Theta=\{x_{0},x_{1}, x_{2}, \ldots,x_{g-2}, x_{g-1}\}$ of
$\tilde{M}_{g-1}\otimes 0_{\mathfrak{p}}\mathcal{O}_{\mathfrak{p}}’$ such that for all $i$ , $j$ , $\langle x_{i}, \int^{g-1}x_{g-1-j}\rangle_{\mathfrak{p}}=\epsilon\delta_{ij}$ with $\epsilon$ as in
Proposition 2.16 (2). We call an element of $\tilde{\Phi}$ a standard basis.

Definition 2.26 For a given standard basis $\Theta=\{x_{0}, x_{1}, \cdots, x_{g-1}\}$ , $U^{\Theta}$ is the
set consisting of rigid PFTQs $\{M_{0}\subset\cdots\subset M_{g-1}\}$ with basis $\Theta$ of $M_{g-1}$ such
that $M_{0}$ has a basis of following type:

$w_{i}= \sum_{j\geq i}\alpha_{ij}\int^{i}x_{j}$

with $otij=1$ and $\alpha_{ij}\in A_{\mathfrak{P}}$ .

Now we want to show that any rigid PFTQ

$\mathfrak{M}=\{M_{0}\subset\cdots\subset M_{g-1}\}$

is contained in $U^{\Theta}$ for some $\Theta$ . This is shown by several steps
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Claim 1:For given $\mathfrak{M}$ , there is abasis $\ominus=\{x_{0}, \cdots, x_{g-1}\}\in\tilde{\Phi}$ such that the
natural map $M_{0}arrow \mathrm{A}\mathrm{p}\mathrm{x}\mathrm{o}$ is surjective.
Proof. Let $\{\mathrm{M}\mathrm{o}\subset\cdots\subset M_{g-1}\}$ be arigid PFTQ. We take abasis $\Theta’=$

$\{x_{0}’, \cdots, x_{g-1}’\}$ a $\Phi\sim$ . Since $M^{0}/M^{1}\simeq R$ and $M^{1}=M^{0} \cap\int M_{g-1}$ , there is an
element $v$ of $M^{0}$ generating $M^{0}/M^{1}$ . Then $v$ can be written as

$v=\gamma_{0}x_{0}’+\gamma_{1}x_{1}’+\cdots+\gamma_{g-1}x_{g-1}’$

and $\gamma.\cdot\not\in\pi O_{\mathfrak{P}}$ for some $i$ .
We define $\Theta$ by setting $x_{0}=x’.\cdot,$ $x_{g-1}=x_{g-1-:}’$ , $x:=x_{0}’$ , $x_{g-1-:}’=x_{g-1}’$ and

$x_{j}=x_{j}’$ for all $j\neq 0$ , $i,g-1-i,g-1$ . By dividing $v$ by $\gamma_{i}$ , we have $w_{0}$ which
generates $M^{0}/M^{1}$ and has $x_{0}$-coefficient1. 1
Claim 2:For given $\mathfrak{M}$ and abasis $\Theta=\{x_{0}, \cdots, x_{g-1}\}\in\tilde{\Phi}$ satisfying the
condition that the map $M_{0}arrow A_{pmathit{0}}$ is surjective, we can define aderived rigid
PFTQ $\overline{\mathfrak{M}}$ of genus $g-2$ .
Construction and proof. From the surjection $M_{0}arrow A_{\mathfrak{P}}x_{0}$ , we have the self-dual
complex

$C_{0}^{\cdot}$ : $0 arrow A_{\mathfrak{P}}\int^{g-1_{X_{g-1}}}arrow M_{0}arrow A_{\mathfrak{P}}x_{0}arrow 0$ .
Since $\langle x_{0}, M_{0}\cap A_{\mathfrak{P}}x_{g-1}\rangle_{\mathrm{p}}\in O_{\mathfrak{P}}$, we have $M_{0} \cap A_{\mathfrak{P}}x_{g-1}=A_{\mathfrak{P}}\int^{g-1}x_{g-1}$ , which
implies $M_{0}’:=H^{1}(C_{0}^{\cdot})$ is aprincipally quasi-polarized supersingular Dieudonne’
$O_{\mathfrak{P}}$-module of genus $g-2$ . We have also acomplex

$C_{+1}\dot{.}$

. : $0arrow A_{\mathfrak{P}^{\int^{g-2-:}}}x_{g-1}arrow M_{\dot{|}+1}arrow A_{\mathfrak{P}}x_{0}arrow 0$ .

Put $M_{\dot{1}}’$ $:=H^{1}(C_{+1}.\cdot.)$ . Note $M_{0}’=H^{0}(C_{0}^{\cdot})=H^{1}(C_{1}.)$. Since $\langle\int^{:+1}x_{0}$ , $M_{+1}.\cdot\cap$

$A_{\mathfrak{P}}x_{g-1}\rangle_{\mathrm{p}}\in O_{\mathfrak{P}}$, we have $M.\cdot+1\cap A\mathfrak{P}^{X}g-1=(M_{0}+\mathrm{f}^{g-2-:_{M_{g-1})\cap A}}\mathfrak{P}^{X_{g-1}}=$

$A_{\mathfrak{P}} \int^{g-2-:}x_{g-1}$ . Therefore $M’\dot{.}$ is aquasi-polarized supersingular Dieudonn\’e $O_{\mathfrak{P}^{-}}$

module of genus $g-2$ .
We show that $\overline{\mathfrak{M}}:=\{M_{0}’\subset\cdots\subset M_{g-3}’\}$ is arigid PFTQ of genus $g-2$ . First

of all, we show that $M_{g-3}’$ is asuperspecial. We have $M_{g-2}=M_{0}+ \oint M_{g-1}=$

$A_{\mathfrak{P}}w_{0}+ \int M_{g-1}$ , because $M_{0}/M^{1}=R<\overline{w}_{0}>\mathrm{a}\mathrm{n}\mathrm{d}M^{1}=M\mathrm{o}\cap \mathrm{f}M_{g-1}$ . Hence
$\mathrm{k}\mathrm{e}\mathrm{r}(M_{g-2}arrow A_{\mathfrak{P}}x_{0})=\int M_{g-1}$, so we obtain $M_{g-3}’=A\mathfrak{P}$ $<\mathrm{f}^{x_{1}}$ , $\cdots$ , $\mathrm{f}^{x_{g-1}}>$ ,
which is superspecial. Next, we show that the rigidity: $M_{\dot{1}}’$ $=M_{0}+ \int^{g-3-:}M_{g-3}’$ .
In fact,

$M’ \dot{.}=\mathrm{k}\mathrm{e}\mathrm{r}(M_{+1}.\cdotarrow A_{\mathfrak{P}}x_{0})/A_{\mathfrak{P}}\int^{g-2-:_{X_{g-1}}}$

$= \mathrm{k}\mathrm{e}\mathrm{r}(M_{0}+\int^{g-2-:}M_{g-1}arrow x_{g-1})/A_{\mathfrak{P}}\int^{g-2-i_{X_{g-1}}}$

$=\mathrm{k}\mathrm{e}\mathrm{r}(M_{0}arrow A\mathfrak{P}xo)/M\mathit{0}\cap A\mathfrak{P}\mathrm{f}^{g-2-:_{x_{g-1}}}+\mathrm{f}^{g-3-:_{M_{g-3}’}}$

$=M_{0}’+ \int^{g-3-:}M_{g-3}’$ .

The rigidity implies that $IM’\dot{.}\subset M_{-1}’\dot{.}$ and $I^{:}M’:\subset M^{\prime i}$ . Finally $M’\dot{.}/M_{-1}’\dot{.}\simeq$

$R^{\oplus:}$ follows from the exact sequence

$0arrow H^{1}(C_{\dot{1}}^{\cdot})arrow H^{1}(C_{\dot{|}+1}^{\cdot})arrow R^{\oplus:}arrow 0$
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induced by the commutative diagram:

$C_{i}^{\cdot}$ $0arrow A_{i}\mathrm{p}\mathrm{f}^{g-1-i_{X_{g-1}}}$ $arrow$ $M_{i}$ $arrow A;\mathfrak{p}x_{0}arrow$ 0
$\downarrow$ $\downarrow$ $1$

$C_{i+1}^{\cdot}$ $0arrow A_{\mathfrak{P}}F^{g-2-i_{X_{g-1}}}arrow M_{i+1}$ $arrow Aq 0$ $arrow$ 0
$\downarrow$

$\downarrow$ $\downarrow$

$0arrow$ $R$ $arrow R^{\oplus i+1}arrow$ 0 $arrow 0.1$
$\underline{\mathrm{C}\mathrm{l}\mathrm{a}\mathrm{i}\mathrm{m}3}$ : Under the same notation and assumptions as the above claim 2, for
an standard basis $\overline{\Theta}=\{\overline{x}_{1}, \cdots,\overline{x}_{g-2}\}$ of genus $g-2$ such that $\overline{\mathfrak{M}}\in U^{\overline{\Theta}}$, we can
construct abasis $\Theta’$ of genus $g$ from the data $\mathfrak{M}$ , $\mathrm{O}-,\overline{\Theta}$ such that $\mathfrak{M}\in \mathrm{U}^{\Theta’}$ .
Construction and proof. By the hypothesis, $M_{0}’$ is generated by following forms

$w_{t}’= \sum_{j=\dot{1}}^{g-2}\alpha_{ij}’\overline{x}_{j}$ with $\alpha_{i,i}’=1$ and $\alpha_{ij}’\in A_{\mathfrak{P}}$ (25)

for $i=1,2$ , $\cdots$ , $g-2$ . Then $M_{0}$ is generated by $w_{0}$ , $\mathrm{f}^{g-1}x_{g-1}$ and the lifts $w$:
of $w_{\dot{1}}’$ . If we put

$\ominus=\{x\mathit{0}, \cdots, x_{g-1}\}:=\{x_{0},\overline{x}_{1}, \overline{x}_{2}, \cdots,\overline{x}_{g-2}, x_{g-1}\}\in\tilde{\Phi}$ ,

then we can see that $M_{0}$ has abasis $\{w_{0}, w_{1}, \cdots, w_{g-1}\}$ which are written as

$w:= \sum_{j\geq}\dot{.}\alpha_{ij}x_{i}$
. I

Summing up the proceeding claims, we have the following.

Lemma 2.27 For any rigid PFTQ $\mathfrak{M}=\{M_{0},$\cdots ,$M_{g-1}\}$ , there eists a stan-
dard basis $\Theta$ such that $\mathfrak{M}\in U^{\Theta}$ .

Lemma 2.28 Let $\mathfrak{M}=$ {Mo, $\subset,$ $M_{g-1}$ } be a rigid PFTQ. If $\mathfrak{M}\in U^{\Theta}$ , then $M^{:}$

is generated by $\mathrm{f}^{i}w_{0}$ , $\int^{i-1}w_{1}$ , \cdots , $\mathrm{f}w_{i-1}$ , $w_{i}$ , Wi , \cdots , $w_{g-1}$ as an Ay-module.

Corollary 2.29 For any rigid PFTQ $\mathfrak{M}=\{M_{0}\subset\cdots\subset M_{g-1}\}\backslash$ ’we have $a$

short exact sequence:

$0 arrow M^{i-1}/M^{i}M^{i}/M^{i+1}\oint_{arrow}arrow Rarrow 0$.

Proof. Since we have $M^{i}=M_{0}\cap \mathrm{f}^{i}M_{g-1}$ , the injectivity of $\mathrm{f}$ is clear.
By Lemma 2.27, there is astandard basis $\Theta$ such that $\mathfrak{M}\in U^{\Theta}$ . From the

above lemma, $M^{i}/M^{i+1}$ is afree $R$-module generated by $\mathrm{f}^{i}w_{0}$ , $\int^{i-1}w_{\mathrm{I}}$ , $\cdots$ , $\mathrm{f}w:-1$

and Wi. Hence the cokernel of $M^{i-1}/M^{i}M^{i}/M^{i+1} \int_{arrow}$ is afree $R$-module of rank
1generated by $w_{i}$ . 1
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Lemma 2.30 $U^{\Theta}$ is an open subscheme $ofN_{g}$ and $U^{\Theta}$ depends only on $\Theta \mathrm{m}\mathrm{o}\mathrm{d} \mathfrak{p}$

Proof. For agiven $\Theta\in\tilde{\Phi}$ , the condition $\{M\mathit{0}\subset M_{1}\subset\cdots\subset M_{g-1}\}\in U^{\Theta}$ is
equivalent to the property that the natural maps

$\mathrm{c}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(M^{:-1}/M^{:\mathrm{f}:+1}arrow M^{:}/M)arrow\int^{:}M_{g-1}/\mathrm{f}^{:+1}M_{g-1}arrow R(X$:

are surjective for all $i$ . This is an open condition and depends only on $x$:modulo
$\mathfrak{p}$ . 1

We denote 4modulo $\pi$ by $\Phi$ . Then $\#\Phi$ is finite. In fact 4is containd in
the set of subsets with $g$ elements of $\tilde{M}_{g-1}\otimes o_{\mathrm{p}}O_{\mathrm{p}}’/\pi(\tilde{M}_{g-1}\otimes o_{\mathrm{p}}O_{\mathrm{p}}’)$ which
is finite.

The above lemma says that for $\Theta$ $\in\Phi$ , we have an open subscheme $U^{\Theta}$ of
$N_{g}$ .

Proposition 2.31 $\prod_{\ominus\in\Phi}U^{\Theta}arrow N^{g}$ is a finite open covering.

Let $\mathfrak{U}_{m}^{\Theta}$ be the category of pairs of filtrations of Dieudonne’ $O\mathfrak{P}$ -modules

$\{M_{0}’\subset\cdots\subset M_{g-3^{j}}’M_{m}\subset\cdots\subset M_{g-1}\}$ (26)

such that

(a) $\{M_{0}’\subset\cdots\subset M_{\mathit{9}^{-3}}’\}$ is arigid PFTQ and $M_{0}’$ has generators $\{w’.\cdot\}$ as in
(25),

(b) $\{M_{m}\subset\cdots\subset M_{g-1}\}$ is afiltration of quasi-polarized Dieudonne $\mathit{0}_{\mathfrak{P}^{-}}$

modulo such that

(b1) $M_{g-1}$ is superspecial,

(b2) $IM.\cdot\subset M_{-1}\dot{.}$ $(m<i<g)$ and $M.\cdot/M_{\dot{|}-1}$ is alocally free #-module
of rank :,

(b3) $\Gamma M_{\dot{1}}$ $\subset M^{:}:=M_{\dot{1}}^{t}$ $(m\leq:<g)$ ,

(b1) $M_{\dot{1}}$ $=M_{m}+ \int^{g-1-:}M_{g-1}$ $(m<:<g)$ ,

(c) there is asurjection $M_{m}arrow A_{\mathfrak{P}}x$ and an isomorphism

At;$-1\simeq M_{\dot{1}}$ $\cap M/A_{\mathfrak{P}}\int^{g-1-:}y$ $( \max(m, 1)\leq i\leq g$ -2) (27)

compatible with the filtrations where M is the submodule generated by
$x_{1}$ , \ldots , $x_{g-2}$ , y in $M_{g-1}$ ,

(d) $IM\dot{.}\cap M/A_{\mathfrak{P}}\mathrm{f}^{g-:}y\subset M_{\dot{|}-2}’$ $( \max(m, 2)\leq i\leq g$ -2) under the isomor-
phism (27).

For the natural truncation map $t_{m}$ : $\mathrm{u}_{m-1}^{\Theta}arrow \mathfrak{U}_{m}^{\Theta}$ , we have the following
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Lemma 2.32 Fix an element $v_{m}\in M_{m}$ with $x$-coefficient1. There is a bijec-
tion from the set

$t_{m}^{-1}(\{M_{0}’\subset\cdots\subset M_{g-3}’; M_{m}\subset\cdots\subset M_{g-1}\})$ (28)

to the set consisting of
$v=v_{m}+ \beta_{g-m}\int^{g-m-1}x_{g-m}+\cdots+\beta_{g-2}\mathrm{f}^{g-m-1_{X_{g-2}}}+\beta\int^{g-m-1}y\in M_{m}$

(29)

modulo $\int^{g-m}M_{g-1}$ satisfying the following (A) and (B).

(A) $(\mathrm{f}-\pi^{d}\mathrm{z})v\mathrm{m}\mathrm{o}\mathrm{d} A\mathfrak{P}y$ $\in M_{m-3}’$ and (a $-\pi^{\frac{d}{2}}$ ) $v\mathrm{m}\mathrm{o}\mathrm{d} A_{\mathfrak{P}}y\in M_{m-3}’$ only
when $m\geq 3$ ,

(B) $\langle v, I^{m-1}v\rangle_{\mathfrak{p}}\in \mathcal{O}_{\mathfrak{P}}$ .

(When $m=1,$ (29) means $v=v_{1}+ \beta\int^{g-2}y\in M_{1}.$ )

Lemma 2.33 Assume $m\geq 3$ . Under the notations of the above lemma, (A)
and (B) is equivalent to (A) and $(B’)\langle v, \pi^{d}\tau^{(m-1)}v\rangle_{\mathfrak{p}}\in O_{\mathfrak{P}}$ .

Remark 2.34 $When*is$ trivial, the very similar argument shows that (A) and
(B) is equivalent to (A) and $(B$ ’

$)$ $\langle x, \pi^{d}z^{(m-2)}\int v\rangle_{\mathfrak{p}}\in \mathcal{O}_{\mathfrak{P}}$ .

Let $v_{m}=x+ \zeta y+\sum\zeta\dot{.}x_{i}$ be as in Lemma 2.32. We can find $\mu_{g-m}$ , \cdots , $\mu_{g-2}$

such that by choosing $\lambda_{1}$ , \cdots , $\lambda_{g-m-1}$ , $\lambda_{1}’$ , \cdots , $\lambda_{g-m-1}’\in A_{\mathfrak{P}}$ , we obtain

$\{$

$( \mathrm{f}-\pi^{d}\tau)v_{m}(\mathrm{m}\mathrm{o}\mathrm{d} A_{\mathfrak{P}}y)-\sum_{j<g-m}\lambda_{j}v_{j}’$
$= \sum_{j\geq g-m}\mu_{j}\mathrm{f}^{g-m_{X_{j}}}$

,

$( \pi^{\frac{d}{2}}-0)v_{m}(\mathrm{m}\mathrm{o}\mathrm{d} A_{\mathfrak{P}}y)-\sum_{j<g-m}\lambda_{j}’v_{j}’$ $= \sum_{j\geq g-m}\mu_{j}^{\sigma^{-1}}\mathrm{f}^{g-m_{X_{j}}}$ . (30)

In fact, we can take $\mu_{j}$ and $\lambda_{j}$ satisfying the first equation and $\lambda_{j}\in A_{\mathfrak{P}}\int$.
Multiplying $\pi^{-_{\mathrm{F}\mathfrak{h}}^{d}}$ , we get the second equation.

Lemma 2.35 When $m\geq 3$ , (A) is equivalent to the following equations

$\{$ $\overline{\frac{\beta}{\beta}}\overline{\frac{\beta}{\beta}}\sigma^{-1}j-jj-j\sigma$

$=\overline{\alpha}_{g-m,j}\overline{\tau}-\overline{\mu}_{j}$,
$=\overline{\alpha}_{g-m,j}\overline{\tau}’-\overline{\mu}_{j}^{\sigma^{-1}}$

$(g-m\leq j\leq g-2)$ (31)

with variables $\overline{\tau}$ and $\overline{\tau}’$ , and $(B’)$ is equivalent to the following equation. When
$m<g-1$ ,

$2 \overline{\beta}=-2\sum_{1\leq i<m}\overline{\zeta}\dot{.}\overline{\beta}_{g-1-:}-\overline{\epsilon^{-1}\langle v_{m},\pi^{d}\tau(m-1)_{v_{m}\rangle_{\mathrm{p}}}}$ (32)
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and when m $=g$ –1, taking $v_{g-1}=x$ ,

$2 \overline{\beta}=-\sum_{:\leq g-2}\overline{\beta}.\cdot\overline{\beta}_{g-1-:}$
. (33)

In case of m $=2$ , there are two equations coming from

(v, $\int v\rangle_{\mathrm{p}}\in O_{\mathfrak{P}}$ and $(v,\pi^{\mathrm{Z}}v)_{\mathrm{p}}d\in O_{\mathfrak{P}}$ ; (34)

explicitly, when $g>3$ , we have two equations

$\{$
$\overline{\sqrt}+\overline{\beta}^{\sigma}2\overline{\beta}$

$=-\overline{\zeta}_{1}\overline{\sqrt}^{\sigma}g-2-\overline{\zeta}_{1}^{\sigma}\overline{\sqrt}g-2-\epsilon^{-1}\langle v_{2}$, $\int v_{2})_{\mathrm{P}}$ ,
$=-2\overline{\zeta}_{1}\overline{\beta}_{g-2}-\epsilon^{-1}\langle v_{2}, \pi^{d}\sigma v_{2}\rangle_{\mathrm{p}}$ ,

(35)

and when g $=3$, taking $v_{2}=x$ , we get

$\{\begin{array}{l}\overline{\beta}+\tilde{\beta}\mathit{2}\overline{\beta}\end{array}$

When m $=1$ , we have

$=-\overline{\beta}_{1}\overline{\beta_{1}}$ ,
(33)

$=-\overline{\beta}_{1}\overline{\beta}_{1}$ :

2 $3=-\epsilon^{-1}\langle v_{1}, v_{1}\rangle_{\mathfrak{p}}$ . (37)

Remark 2.36 In the even case, different from the odd case, there are two
equations in (A). Only $\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{n}*\mathrm{i}\mathrm{s}$ non-trivial, we need the second equation for
$m=2$ in each case. Otherwise, the second equation for $m=2$ is automatically
satisfied, i.e., ($v,\pi^{d}\tau v\rangle_{\mathrm{p}}=0$, because $\langle x, y\rangle_{\mathrm{p}}=-(y,x\rangle_{\mathrm{p}}-\cdot$

Lemma 2.37 We have equalities as sets:

$M^{:}\cap A_{\mathfrak{P}}<x:,x:+1$ , \cdots , $x_{g-1}.>=O\mathfrak{P}[\mathrm{f}]<w:$ , \cdots , $w_{g-1}>$

$=A_{\mathfrak{P}}<w:$ , $\cdots,w_{g-1}>$ .

Proof. The first equality implies the second one, because the first term is an
$A_{\mathfrak{P}}$-module. It is obvious that the first term contains the middle term. We
shall prove the first term is contained in the middle term by induction. For
$i=g-1$ , this is obvious. Assume that it holds for $i+1$ . Put $M(:)=A_{\mathfrak{P}}<$

$x:,x:+1$ , $\cdots \mathrm{X}\mathrm{o}-1>$ . Since $M^{:}\cap M(i)/M^{:+1}\cap \mathrm{M}(\mathrm{i})=R<\overline{w}_{\dot{1}}$ $>$ , we get

$M^{:}\cap M(:)=O_{\mathfrak{P}:}<w>+M^{:+1}\cap M(:)$ .

Take element $v$ of $M^{:}\cap M(i)$ . Then $v=aw:+m$ with $a\in O_{\mathfrak{P}}$ and $m\in M^{:+1}\cap$

$M(i)$ . There is $b \in O_{\mathfrak{P}}\int$ such that $m=bw:+m’$ with $m’\in M^{:+1}\cap M(i+1)$ .
By the hypothesis of induction, we have $m’ \in O_{\mathfrak{P}}[\int]<w:+1$ , $\cdots$ , $w_{g-1}>$ , which
implies $v \in O_{\mathfrak{P}}[\int]<w:$ , $\cdots$ , $w_{g-1}>$ . 1
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Since we have $(\mathrm{f} -\pi^{\frac{d}{2}})w_{i-1}\in M^{i}\cap A\sigma \mathfrak{p}$ $<x_{i}$ , $\cdots$ , $x_{g-1}>$ , we can write as

$(\mathrm{f}-\pi^{\frac{d}{2}})w_{i-1}=\tau_{i,i}w_{i}+\tau_{i,i+1}w_{i+1}+\cdots+\tau_{i,g-1}w_{g-1}$

for some $\tau_{i,j}\in \mathcal{O}_{\mathfrak{P}}[\int]$ . We note that $\overline{\tau}$ in Lemma 2.35 is equal to $\overline{\tau}_{1,g-m}$ . Then
we also have

$(\pi^{d}\tau-\mathfrak{v})w_{i-1}=\tau_{i,i}’w_{i}+\tau_{i,i+1}’w_{i+1}+\cdots+\tau_{i,g-1}’w_{g-1}$

with $\overline{\tau_{i,j}’}=\overline{\tau_{i,j}}$ .
We can write $w_{i}$ as

$w_{i}= \int^{:}x:+\sum_{j>i}\sum_{k=i}^{j-1}\beta_{i,j}^{(k)}\int^{k}x_{j}$ ,

i.e., $\alpha_{i,j}=\sum_{k=i}^{j-1}\beta_{i,j}^{(k)}\mathrm{f}^{k}$ . Note that $\alpha_{i,j}$ make sense modulo $\int^{i-j}A\mathfrak{P}$ in the definition

of $U^{\Theta}$ . We can choose $\beta_{i,j}^{(k)}$ such that $\beta_{i,j}^{(k)}\in\omega(R)$ for all $i+j<g-1$ , with
“Teichm\"uller lift” $\omega$ : $Rarrow O_{\mathfrak{P}}$ and

$\langle w_{i}, w_{g-1-j}\rangle_{\mathfrak{p}}=\delta_{ij}\epsilon$ .

Lemma 2.38 We have $\overline{\tau}_{i,j}=\overline{\tau}_{g-j,g-i}if*is$ trivial and $\overline{\tau}_{i,j}=-\overline{\tau}_{g-j,g-:}if*$

is not trivial

Definition 2.39 We define a set J consisting of maps J:{1,2, \cdots , g $-1\}arrow$

{0,1, \cdots ,$\frac{d}{2}\}$ satisfying

(1) $J(i)=J(g-i)$ ,

(2) $J(i) \leq\frac{d}{2}-J(i+1)$ for $i\leq[_{2}^{L^{-\underline{1}}}]$ ,

and $if*is$ trivial

(S) $J(1)= \frac{d}{2}-J(2)$ .

Definition 2.40 For J $\in J$ , we define $t_{i,j}(1\leq i,j\leq g$ –1) in the following
way:

(0) $t_{i,j}=0$ if $i>j$ ,

(1) $t_{i,i}=J(i)$ for all $i=1$ , $\cdots$ , $g-1$ ,

(2) $tij= \frac{d}{2}-J(i+1)$ for all $i<j<g-1-i$ ,

(3) $t_{i,g-1-i}= \frac{d}{2}-J(i)$ (resp. $\frac{d}{2}$) $if*is$ non-trivial (resp. trivial),

(4) $t_{i,g-i}=0$ ,
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(5) $t_{i,j}=t_{g-j,g-i}$ .

Definition 2.41 For $J\in J$ , $N_{g}^{J}$ is the moduli space of rigid PFTQs $\{M0\subset$

, $\cdots$ , $M_{g-1}\}$ satisfying the image of the map

$\mathrm{f}-\pi^{d}\pi$ ; $\mathrm{c}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(M^{:-2}/M:-1arrow M^{:-1}/M^{:})arrow \mathrm{c}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(M^{:-1}/M:arrow M^{:}/M^{:+1})\simeq R$

is contained in $\pi^{d}\tau^{-J(:)}R$ .

Definition 2.42 We set
$d(J):= \sum_{:+j\leq g}t:,\mathrm{j}$

.

Proposition 2.43 Let $J$ be an element of J. $N_{g}^{J}$ is a smooth scheme of di-
mension $d(J)$ . Choose on irreducible component $N_{\mathit{9}}^{J,.\tau}.|$ of $N_{\mathit{9}}^{J}$ and set

$N_{\mathit{9}}’= \prod_{J\in J}N_{g}^{J,n}|.$
.

Then we obtain a quasi-finite surjective morphism

$N_{g}’arrow D_{g}$ .

Proof The dimension $\mathrm{o}\mathrm{f}N_{\mathit{9}}^{J}$ is the sum of the number of the parameters defining
$\overline{\tau}.\cdot,j$ . Therefore it is suffices to show that $\mathrm{o}\mathrm{r}\mathrm{d}_{\pi \mathrm{j}}\overline{\tau}.\cdot,\leq\frac{d}{2}-t:,j$ . By Lemma 2.35
and Definition 2.40, we can verify it. In order to show the last statement, we
need more preparations, so we omit it. 1

2.2 Coarse moduli spaces
Let $R$ generally be aring of finite type over $\mathbb{Z}$ with $\mathrm{i}\mathrm{n}\mathrm{v}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}*$ . Let $A_{g,d,N,R}$ be
the functor mapping locally noetherian scheme $S$ to the set of abelian schemes
$X$ over $S$ of dimension 9with injective ring homomorphism $R$ $arrow \mathrm{E}\mathrm{n}\mathrm{d}s(X)$,
$R$-linear polarization of degree $d^{2}$ which Rosati involution induces $*\mathrm{o}\mathrm{n}R$ and
level structure $\sigma_{1}$ , $\cdots$ , $\sigma_{2g}$ : $\mathbb{Z}/N\mathbb{Z}arrow X[N]$ , i.e., these are injective and the
images generate $X_{\overline{s}}[N]$ at each geometric point $\overline{s}\in S$ .

The functor $A_{g,d,N,R}$ has acoarse moduli scheme $A_{g,d,N,R}$ . Moreover if
$N\geq 3$ it has afine moduli space. This can be proved as in [17, Theorem 7.10,
Appendix to Chapter 1,2].

We denote by $S_{g,d,N’\mathcal{R}}$,the supersingular locus of $A_{g,d,N,R}$ , i.e., the reduced
closed subscheme of $A_{g,d,N,R}$ whose closed points consist of supersingular points.
Here we use the fact that supersingularity is aclosed condition [13, Corollary
2.3.2].

Return to our situation, i.e., let 72 be $O_{L}$ and the polarization principal. $S_{n,L}$

denotes the coarse moduli space of principally polarized supersingular abelian
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varieties with endomorphism structure. From now on, we are going to investi-
gate the moduli space over $\overline{\mathrm{F}}_{p}$ .

The endomorphism structures on asuperspecial abelian variety

0: $Larrow \mathrm{E}\mathrm{n}\mathrm{d}^{0}(E^{n})$ (38)

are all equivalent by the Skolem-Noether theorem. Since $\mathrm{E}\mathrm{n}\mathrm{d}(E^{n})$ is amaximal
order in $\mathrm{E}\mathrm{n}\mathrm{d}^{0}(E^{n})$ , $\theta$ : $Larrow \mathrm{E}\mathrm{n}\mathrm{d}^{0}(E^{n})$ induces an inclusion $\mathcal{O}_{L}arrow \mathrm{E}\mathrm{n}\mathrm{d}(E^{n})$ .
From now on, we fix a0. Let Abe the finite set of equivalence classes of
polarizations on asuperspecial abelian variety with endomorphism structure $L$

satisfying $e_{\mathfrak{p}} \mathrm{k}\mathrm{e}\mathrm{r}\eta=E^{\mathfrak{n}}[\int^{g_{\mathfrak{p}}-1}]$ .
Let $G$ be aflat finite commutative group scheme over ascheme $S$. We say

$G$ is an $\alpha$-group, if the relative Probenius and the relative Verschiebung vanish
on $G$ . This is equivalent to that $G$ is locally aproduct of $\alpha_{p}$ ([15], p.339). An
$(\alpha, O_{\mathfrak{p}})$ group is an $\alpha$ group with $\mathcal{O}_{\mathfrak{p}}$ -action of which Dieudonne $\mathcal{O}\mathfrak{P}$ moduli
corresponding via Dieudonne functor is afinite $R$-free module. Here $R$ is one
defined in (22). We say that $G$ has an $(\alpha, \mathcal{O}_{\mathfrak{p}})$-rank $r$ , if the corresponding
Dieudonne’ $\mathcal{O}\mathfrak{P}$ moduli is of $R$-rank $r$ .

Definition 2.44 Let $\eta$ be an element of A. A rigid PFTQ at $\mathfrak{p}$ over $S$ with
respect to $\eta$ consists of polarized abelian schemes $(\mathrm{Y}_{i}, \theta, \eta_{i})$ of dimension $\mathfrak{n}$ with
endomorphism structure satisfying $\mathrm{Y}_{i}=(\mathrm{Y}_{i})_{\mathfrak{p}}$ and $\mathcal{O}_{L}$-linear isogenies $\rho_{i}$ : $\mathrm{Y}_{i}arrow$

$\mathrm{Y}4-1(0<i<g_{\mathrm{p}})$ satisfying $\rho_{i}^{t}\circ \mathrm{Y}\mathrm{i}-\mathrm{i}\circ\rho_{i}(0<i<g_{\mathfrak{p}})$ such that

(i) $\mathrm{Y}_{g,-1}=E^{\mathfrak{n}}\mathrm{x}S$,

(ii) $\mathrm{k}\mathrm{e}\mathrm{r}\rho_{i}$ is an (cm, $\mathrm{O}\mathrm{p}$)-group of $(\alpha, O_{\mathfrak{p}})$-rank $i$ ,

(iii) $\mathrm{k}\mathrm{e}\mathrm{r}(\mathrm{Y}_{g_{\mathrm{p}}-1}arrow \mathrm{Y}_{i})=\mathrm{k}\mathrm{e}\mathrm{r}(\mathrm{Y}_{g_{\mathfrak{p}}-1}arrow \mathrm{Y}_{0})\cap \mathrm{Y}_{g_{\mathrm{p}}-1}[\mathrm{f}^{\mathit{9}\mathrm{p}^{-1-\dot{|}]}}(0<i<g_{\mathrm{p}})$,

(iv) $\eta_{g_{\mathrm{p}}-1}=\eta \mathrm{x}S$ ,

(v) $\mathrm{k}\mathrm{e}\mathrm{r}\eta_{i}\subset \mathrm{k}\mathrm{e}\mathrm{r}\mathrm{f}^{:-j}\mathrm{o}^{j}(0\leq j\leq[i/2])$.

Proposition 2.45 The category of rigid PFTQs at $\mathfrak{p}$ with respect to $\eta$ has $a$

fine moduli space $P_{\mathit{9}\mathrm{p}},L,\eta$ ’which is a quasi-projective variety.

Proof. In the same way as the proof of Lemma 3.7 in [16]. 1
Lemma 2.46 $\mathcal{P}_{g_{\mathrm{p}},L,\eta}$ is isomorphic to $N_{g_{\theta}}$ up to inseparable morphism.

Proof. We can show this in asimilar way as in [16, 7.4, 7.5]. 1
Let $P_{g_{\mathrm{p}},L,\eta}^{J,\mathrm{i}\mathrm{r}\mathrm{r}}$ and $P_{g_{\mathrm{p}},L,\eta}’$ be the schemes corresponding to $N_{g_{\mathrm{p}}}^{J,\mathrm{i}\mathrm{r}\mathrm{r}}$ and $N_{\mathit{9}\mathrm{p}}’$

respectively if $d_{\mathfrak{p}}$ is even. When $d_{\mathfrak{p}}$ is odd, we put $P_{g_{\mathrm{p}},L,\eta}’=P_{g_{\mathrm{p}},L,\eta}$ . Finally we
see that $S_{n,L}\otimes\overline{\mathrm{F}}_{p}$ is realized by the quotient of the product of $\{P_{g,,L,\eta}’\}_{\eta\in\Lambda}$ :
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Theorem 2.47 Assume that $p$ is odd only when there is $\mathfrak{p}$ such that $d_{\mathrm{p}}$ is even.
There $e$$\dot{m}ts$ a surjective and quasi-finite morphism

$\prod$ $\prod$ $P_{g_{\mathrm{p}},L,\eta}’arrow S_{n,L}\otimes\overline{\mathrm{F}}_{p}$ . (39)
$\eta\in\Lambda \mathrm{p}\in I_{1}\mathrm{U}I_{2}$

Proof. The surjectivity and the quasi-finiteness follow from Proposition 2.43. 1

The results of the preceding section imply the following.

Theorem 2.48 Assume that $p$ is odd only when $d_{\mathrm{p}}$ is even.

(1) Vllhen $d_{\mathrm{p}}$ is odd, $P_{g}’$ is irreducible and smooth, and we have

$\dim P_{g_{\mathrm{p}},L,\eta}’=d_{\mathrm{p}}[\frac{g_{\mathrm{P}^{2}}}{4}]$ (40)

etyith $g_{\mathrm{p}}=\mathrm{n}/\mathrm{d}\mathrm{p}$ . The generic point of $P_{g_{\mathrm{P}},L,\eta}’$ has $a$-number 1.

(2) When $d_{\mathrm{p}}$ is even $and*$ ($the$ action on $L_{\mathrm{p}}$ in Definition 2.14) is $non- tr\dot{\tau}1Jial$,
we have

$P_{g}’= \prod_{J\in J}\mathcal{P}_{g,,L,\eta}^{J,\mathrm{t}}|.f$

and the dimension of $P_{g,,L,\eta}^{\prime J,.\tau}.|$ is $d(J)$ given in Definition 2.42 with $g_{\mathrm{p}}=$

$2\mathfrak{n}/d_{\mathrm{p}}$ .

(2 ) $When$ $d_{\mathfrak{p}}i$ even $and*is$ trivial, then $g_{\mathrm{p}}=2\mathfrak{n}/d_{\mathrm{p}}$ has to be even and we
have

$P_{gL,\eta}’"= \prod_{J\in J}\mathcal{P}_{\mathit{9}\nu^{L,\eta}}^{\prime J}’|.,ff$

and the dimension $P_{g_{\mathrm{p}},L,\eta}^{\prime J,.\tau}.|$ is $d(J)$ given in Definition 2.42

2.3 Class numbers and mass formulas

In this section, we relate the number of the isomorphism classes of L-linear
polarizations on $(E^{n}, \theta)$ with class numbers of unitary groups or quaternion
unitary groups. By Theorem 2.47, we can see that the number of the irreducible
components of our moduli space is equal to the class number mentioned above.

In this section, all schemes are supposed to be over $\overline{\mathrm{F}}_{p}$ . Let $E$ be asupersin-
gular elliptic curve. Let $E^{n}$ be superspecial abelian variety with endomorphism
structure

$\theta$ : L $arrow \mathrm{E}\mathrm{n}\mathrm{d}^{0}(E^{n})$ . (41)

Set X $=E^{n-1}\mathrm{x}0+E^{n-2}\mathrm{x}0\mathrm{x}E+\cdots+0\mathrm{x}E^{n-1}$ . Then

$\varphi \mathrm{x}$ : $E^{n}arrow(E^{n})^{t}$ (42)
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is aprincipal polarization. Set $B=\mathrm{E}\mathrm{n}\mathrm{d}^{0}(E)\simeq \mathbb{Q}_{\infty,p}$ and $\mathcal{O}_{B}=\mathrm{E}\mathrm{n}\mathrm{d}(\mathrm{f}\mathrm{f})$, which
is amaximal order of $\mathrm{E}\mathrm{n}\mathrm{d}^{0}(\underline{E)}$. If we identify $\mathrm{E}\mathrm{n}\mathrm{d}^{0}(E^{n})$ with Mn (B), then the
Rosati involution by $\varphi_{X}$ is ${}^{t}()$ on $Mn\{B)$ .

Lemma 2.49 If $(E^{n}, \theta)$ has an $L$ -linear polarization $\eta=\varphi_{\mathcal{L}}$ , then 0is equiva-
lent to another endomorphism structure $\theta’$ satisfying

$\theta’(z^{*})=\overline{{}^{t}\theta’(z)}$ . (43)

Proof. By the definition of the $L$-linearity of the polarization,

$\theta(z^{*})=\varphi_{\mathcal{L}}^{-1}\circ\theta(z)^{t}\circ\varphi_{\mathcal{L}}$

$=(\varphi_{X}^{-1}0\varphi c)^{-1}(\varphi_{X}^{-1}0\theta(z)^{t}\circ\varphi_{X})(\varphi_{X}^{-1}\circ\varphi c)$ (44)
$=(\varphi_{X}^{-1}\circ\varphi c)^{-1t}\overline{\theta(z)}(\varphi_{X}^{-1}\circ\varphi_{\mathcal{L}})$ .

9 $:=\varphi\chi^{-1}0\varphi c$ $\in M_{n}(O_{B})$ satisfies $g={}^{t}\overline{g}>0$ [ $12$ , Proposition 2.8]. It is
well-known that for such $g$ , there exists $x\in GLn(B)$ such that ${}^{t}\overline{x}x=g$ . We
can easily see that $x\theta(z^{*})x^{-1}=\overline{{}^{t}(x\theta(z)x^{-1})}$. 1

By this lemma, we can assume $\theta(z^{*})=\overline{{}^{t}\theta(z)}$. $F$ denotes the $*$ -invariant
subfield of $L$ . Then $F$ is atotally real number field. In fact, if $F$ has acomplex
place $v$ , putting $f.=\theta(\sqrt{-1})\in Mn(BR)(\sqrt{-1}\in F_{v}\simeq \mathbb{C})$ , then $f={}^{t}\overline{f}$ (since
$F$ is $*$ -invariant). Hence, we have $-1=f^{t}\overline{f}>0$ , which contradicts. $\mathrm{I}\mathrm{f}*\mathrm{i}\mathrm{s}$

non-trivial, $L$ is aquadratic extension of $F$ . There exists an element $\alpha$ of $L$

such that $L=\mathrm{F}(\mathrm{a})$ and $\alpha^{*}=-\alpha$ . Then $\alpha^{2}=-\alpha\alpha^{*}$ is anegative element of
$F$ , so $L$ has to be atotally imaginary quadratic extension of atotally real field,
i.e., aCM-field. Hence we obtain

Lemma 2.50 If there is an $L$ -linear polarization on (En, 0), the field $L$ has to
be a totally real field or a CM-field. Moreover, $*is$ trivial (resp. non-trivial) if
and only if $L$ is a totally real field (resp. a CM-field).

The centralizer of $9(\mathrm{L})$ in $Mn\{B$) is isomorphic to $Mm(D)$ where $D$ is $L$

(split case) or the division quaternion algebra $L\otimes_{\mathbb{Q}}B$ over $L$ (non-split case)
and

$m=\{$
$\frac{2n}{[L.\mathbb{Q}]}$. if $D=L$ ,
$\frac{n}{[L.\mathbb{Q}]}$. if $D$ :the division quaternion algebra over $L$ .

(45)

The involution ${}^{t}\overline{(}$) on $M_{n}(B)$ induces that on $C_{M_{n}(B)}\theta(L)$ , because we have
$t_{\overline{X}\theta(z)}=\overline{{}^{t}(\theta(z^{*})x)}=\overline{{}^{t}(x\theta(z^{*}))}=\theta(z)^{t}\overline{x}$ for any $x\in C_{M_{n}(B)}\theta(L)$ and for any
$z\in L$ . From now on, we assume that $*\mathrm{i}\mathrm{s}$ trivial if $D$ is adivision quaternion
algebra over $L$ . This holds automatically if the extension $L/\mathbb{Q}$ is non-split at
$p$ . Then the involution on $Mm(D)\simeq C_{M_{n}(B)}\theta(L)$ induced by ${}^{t}\overline{(}$) on $M_{n}(B)$

is equivalent to ${}^{t}\overline{(}$) where the second $-\mathrm{i}\mathrm{s}$ the main involution on $D$ over $F$
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(resp. $*$ ) in case that $D$ is adivision quaternion algebra (resp. $D=L$). In
fact, generally the involution on central simple algebra is uniquely determined
up to equivalence by the involution on the center (Skolem-Noether’s theorem).
When $D$ is adivision quaternion algebra, the center $D$ of $M_{m}(D)$ is identified to
$L\otimes B\cdot 1_{n}$ in $Mm(D)$ . Therefore the involution ${}^{t}\overline{(}$) induces the main involution
on the center $D$ . Also in case that $D=L$, the same thing holds obviously.

For aprime ideal [of $F$ , we consider the set $\{f\in M_{m}(O_{D_{1}})|f={}^{t}\overline{f}\}$ . On
$[$

this set, we define the local equivalence relation denoted $\mathrm{b}\mathrm{y}\approx$ :

$f\approx^{1}f’\#\mathrm{d}\mathrm{f}{}^{t}\overline{g}fg=f’$ , $\exists g\in GL_{m}(O_{D_{\iota}})$ . (46)

Lemma 2.51 Any f $\in M_{m}(O_{D_{\iota}})$ satisfying f $={}^{t}\overline{f}$ is locally equivalent to $a$

representative $f’$ given as follows:
(1) if D $=L$,

(i) if $L/F$ is inert or split at $\mathfrak{l}$ , we can choose $f’=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\mathfrak{l}^{r}\cdot.)$ ,

(ii) if $L/F$ is ramified at [, we can choose

$f’=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\mathcal{L}^{r:}\epsilon:)$ , $\epsilon:\in O_{F_{\mathrm{I}}}^{\mathrm{x}}/N_{L_{\mathcal{L}}/F_{l}}O_{L_{L}}^{\mathrm{x}}$

where $L$ is a place of $L$ lying over [. Here $r$:has to be even;

(2) if D is a quaternion algebra over L $=F$,

(i) if $D$ is split at [, we can choose $f’=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\mathfrak{l}^{r}\cdot.)$ ,

(ii) if $D$ is non-split at [, we can choose $f’=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(4:)$ with $A_{:}=[’$ or
$f’=\mathfrak{l}^{r}\cdot$

.
$(\begin{array}{ll}0 \mathrm{f}-\mathrm{f} 0\end{array})$ .

Let $G$ be afinite subgroup in $E^{n}$ satisfying

G $\simeq G^{D}$ . (47)

Let $\mathcal{E}_{G}$ be the set of local equivalence classes (i.e., for all [, locally isomorphic
to $\epsilon_{\mathrm{t}}$ ) of $\epsilon\in M_{m}(O_{D})$ such that $\epsilon={}^{t}\overline{\epsilon}>0$ and kere $\simeq G$ .

Remark 2.52 If $L/F$ is unramified (in particular, $*\mathrm{i}\mathrm{s}$ trivial), then $\mathcal{E}_{G}$ consists
of one element for any G by the above lemma.

Lemma 2.53 There exists a canonical bijection between the set of the L-linear
isomorphism classes of polarizations $\eta$ on $(E^{n}, \theta)$ satisfying G $=\mathrm{k}\mathrm{e}\mathrm{r}\mathrm{e}$ and

$\bigcup_{\epsilon\in \mathcal{E}_{G}}$ { $f\in M_{m}(O_{D})|f={}^{t}\overline{f}>0$ , $f$ is locally equivalent to $\epsilon$ } $/\approx$ .
(48)

$Here\approx is$ a global equivalence relation, $i.e.$ , $f\approx f’$ means that there exists
$g\in Mm(OD)$ such that ${}^{t}\overline{g}fg=f’$ .
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Proof. The injection $\mathrm{N}\mathrm{S}(E^{n})arrow \mathrm{E}\mathrm{n}\mathrm{d}(E^{n})$ sending $\varphi_{\mathcal{L}}$ to $f_{\mathcal{L}}:=\varphi_{X}^{-1}\circ\varphi_{\mathcal{L}}$ induces
the map from

{polarization on $E^{n}$ with kernel $G$} (49)

to

$\{f\in M_{n}(\mathcal{O}_{B})|f={}^{t}\overline{f}>0, \mathrm{k}\mathrm{e}\mathrm{r}f\simeq G\}$ . (50)

$L$-linearity of $\varphi c$ implies $\theta(z^{*})=f_{\mathcal{L}}^{-1t}\overline{\theta(z)}fc$ . Now $\theta(z^{*})=\overline{{}^{t}\theta(z)}$. Therefore
$fc$ $\in M_{m}(\mathcal{O}_{D})$ . Since $\varphi_{g}*c=g^{t}\circ\varphi_{\mathcal{L}}\circ g$ for $g\in \mathrm{A}\mathrm{u}\mathrm{t}_{L}(E^{n})\simeq GL_{m}(\mathcal{O}_{D})$,

$\varphi_{X}^{-1}0\varphi_{g}*c=\varphi_{X}^{-1}\mathrm{o}g^{t}\mathrm{o}\varphi_{\mathcal{L}}\circ g$

$=(\varphi_{X}^{-1}\mathrm{o}g^{t}\mathrm{o}\varphi \mathrm{x})(\varphi_{X}^{-1}0\varphi_{\mathcal{L}})g$ (51)
$=^{t}\overline{g}(\varphi_{X}^{-1}0\varphi c)g$ .

Hence, we get the injection from

{ $L$-linear polarization with kernel G} $/\mathrm{A}\mathrm{u}\mathrm{t}_{L}(E^{n})$ (52)

to

{f $\in M_{m}(O_{D})|f={}^{t}\overline{f}>0\}/\approx$ . (53)

Every element of the image is locally equivalent to acertain $\epsilon$ $\in \mathcal{E}_{G}$ . This
completes the proof. 1

Let $\Pi_{G}$ be the set of isomorphism classes of polarizations on $(E^{n}, \theta)$ with
kernel $G$ . Let $\Pi_{G,\epsilon}$ be the subset of $\Pi_{G}$ consisting of polarizations corre-
sponding to $f$ in the class $\epsilon$ . We identify $\Pi_{G,\epsilon}$ with $\{f\in M_{m}(\mathcal{O}_{D})|f=$

${}^{t}\overline{f}>0$ , $f$ is locally equivalent to $\epsilon$ } via the above lemma. Of course, $\Pi_{G}=$

$\prod_{\epsilon\in \mathcal{E}_{G}}\Pi G,\epsilon$ . For $\epsilon\in \mathcal{E}c$ , we define algebraic groups $G_{\epsilon}$ and $\tilde{G}_{\epsilon}$ over $F$ by

$G_{\epsilon}(F)=$ {g $\in GL_{m}(D)|^{t}\overline{g}\epsilon g=\lambda(g)\epsilon, \lambda(g)\in F\}$ (54)

and

$\tilde{G}_{\epsilon}(F)=$ {g $\in GL_{m}(D)|^{t}\overline{g}\epsilon g=\epsilon\}$ . (55)

Let $\mathcal{L}_{G,\epsilon}^{\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{e}}$ be the set of free $G_{\epsilon}$-lattices, i.e., $x\mathcal{O}_{D}^{m}$ for some x $\in GLm(D)$ satisfying
the local condition: for each finite place [of F,

$x_{\mathrm{I}}\mathcal{O}_{D_{l}}^{m}=\gamma_{\iota}\mathcal{O}_{D\iota}^{m}$ (56)

with $\gamma_{1}\in \mathrm{G}\mathrm{e}(\mathrm{F}[)$ . We define aglobal equivalence relation on $\mathcal{L}_{G,\epsilon}^{\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{e}}$ by

$x\mathcal{O}_{D}^{m}\sim x’O_{D}^{m}\mathrm{g}^{\mathrm{d}\mathrm{f}}\exists g\in G_{\mathrm{g}}(F)$ , $x\mathcal{O}_{D}^{m}=gx’O_{D}^{m}$ . (57)
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Proposition 2.54 There $e$$\dot{m}ts$ a bijection

$\sim\backslash \mathcal{L}_{G,\epsilon}^{f}oee\simeqarrow\Pi_{G,\epsilon}$ (58)

that sends $xO_{D}^{m}$ to f satisfying

$t_{\overline{X}\epsilon x=\lambda f}$ (59)

for some $\lambda\in F_{+}^{\mathrm{x}}$ .

Proof. We begin with checking the well-definedness. Let $xO_{D}^{m}$ be afree $G_{\epsilon^{-}}$

lattice. By definition, $x_{1}=\gamma_{1}\delta$ for some $\gamma_{1}\in G_{\epsilon}(F_{1})$ and $\delta\in GL_{m}(O_{D_{\ddagger}})$ .
Putting $\lambda=\prod_{1}\lambda(\gamma\iota)$ and $f=\lambda^{-1t}\overline{x}\epsilon x$ , we get $f\in\Pi_{G,\epsilon}$ . Let $x_{1}O_{D}^{m}$ and
$x2$ \^O be two elements of $\mathcal{L}_{G,\epsilon}^{\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{e}}$ . Suppose they are equivalent, i.e., there exists
$g\in G_{\epsilon}(F)$ such that

$x_{1}O_{D}^{m}=gx_{2}O_{D}^{m}$ . (60)

Let $f_{1}$ and $f_{2}$ be the corresponding elements of $M_{m}(O_{D})$ , i.e., satisfying that
$\overline{{}^{t}x\dot{.}}\epsilon x:=\lambda ifi$ for some $\lambda_{:}$ as above. Then $\gamma:=x_{1}^{-1}gx_{2}$ is in $GL_{m}(O_{D})$ by (60).
The equation

$\lambda_{2}\lambda(g)f_{2}=\lambda(g)^{t}\overline{x}_{2}\epsilon x_{2}={}^{t}\overline{x}_{2^{t}}\overline{g}\epsilon gx_{2}={}^{t}\overline{\gamma}^{t}\overline{x}_{1}\epsilon x_{1}\gamma=\lambda_{1}^{t}\overline{\gamma}f_{1}\gamma$ (61)

means that $f_{1}$ and $f_{2}$ are equivalent. Next, we see the injectivity. Let $x_{1}$ , $x_{2}$ , $f_{1}$

and $f_{2}$ be as above. Suppose $f1$ and $f_{2}$ are equivalent, i.e., for some 76
$GL_{m}(O_{D})$ ,

$f_{2}={}^{t}\overline{\gamma}f_{1}\gamma$ . (62)

Put $g:=x_{1}\gamma x_{2}^{-1}$ . It suffices to show $g\in G_{\epsilon}(F)$ , which follows ffom

${}^{t}\overline{g}\epsilon g=\overline{x_{2}}\overline{\gamma}^{l}\overline{x}_{1}\epsilon x_{1}\gamma x_{2}^{-1}t1\mathrm{e}=\lambda_{1}^{t}\overline{x_{2}}^{1t}\overline{\gamma}f_{1}\gamma x_{2}^{-1}=\lambda_{1}^{t}\overline{x_{2}}^{1}f_{2}x_{2}^{-1}=\lambda_{1}\lambda_{2}\epsilon$ .
(63)

We can verify the surjectivity in the following way. Let $f$ be an element of the
right side. Locally there exists 66 $GL_{n}(O_{l})$ such that $f_{l}={}^{t}\overline{\delta}\epsilon_{\iota}\delta$. Then, there
exists $x\in GL_{m}(D)$ such that

$t_{\overline{X}\epsilon x=f}$ . (64)

At any [,

$t_{\overline{X}\iota\epsilon_{l}x_{l}=f_{1}={}^{t}\overline{\delta}\epsilon_{1}\delta}$. (65)

This means that $\tilde{\gamma}_{l}=x_{1}\delta^{-1}$ is in $\tilde{G}_{\epsilon}(F\iota)\subset G_{\epsilon}(F_{1})$ . 1
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Corollary 2.55

$\#\Pi_{G}=\sum_{\epsilon\in \mathcal{E}_{G}}\#$

$(\sim\backslash \mathcal{L}_{G,\epsilon}^{free})$ . (66)

Corollary 2.56 If $Mm(D)$ is not a division quaternion algebra over $F$ , ate get
the isomorphism

$\Pi_{G,\epsilon}\simeq\tilde{G}_{\epsilon}(F)\backslash \tilde{G}_{\epsilon}(\mathrm{A}_{F,f})/\tilde{U}_{\epsilon}$ (67)

that sends $f$ to $(\tilde{\gamma}\mathrm{l})_{\mathrm{l}}$ in the proof of the above proposition. Here $\mathrm{A}_{F,f}$ is the finite
adele ring and

$\tilde{U}_{\epsilon}=$ $\prod$ $\tilde{G}_{\epsilon}(\mathcal{O}_{D_{l}})$ . (68)
$l:finite$ place

Proof. It suffices to show that $(\tilde{\gamma}\mathrm{l})_{\mathrm{l}}$ in the right hand side defines afree $G_{\epsilon^{-}}$

lattice. This follows from Eichler’s theorem [3]. 1
Remark 2.57 Let $\mathcal{L}_{G,\epsilon}$ be the set of $G_{\epsilon}$-lattices i.e., lattices $O$ in $D^{m}$ satisfy-
ing that for all finite places [of $L$ ,

$\mathcal{O}_{\mathrm{I}}=\gamma_{1}\mathcal{O}_{D_{\mathrm{I}}}^{m}$ (69)

with $\gamma_{1}\in G_{\epsilon}(F_{1})$ . Then attaching $\mathcal{O}$ to $(\gamma \mathrm{l})_{1}$ , we get an isomorphism

$\sim\backslash \mathcal{L}_{G,\epsilon}\simeq G_{\epsilon}(F)\backslash G_{\epsilon}(\mathrm{A}_{F,f})/U_{\epsilon}$ (70)

with

$U_{\epsilon}= \prod_{\mathrm{I}:\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{p}1\mathrm{a}\mathrm{c}\mathrm{e}}G_{\epsilon}(O_{D_{\mathrm{t}}})$

. (71)

If the class number of $Mm(D)$ is 1then $\mathcal{L}_{G,\epsilon}^{\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{e}}=\mathcal{L}_{G,\epsilon}$.

Example 2.58 If L $=\mathbb{Q}$ , then for any G, $\mathcal{E}_{G}$ consists of one elements. The
number of elements of

$\sim\backslash \mathcal{L}_{G,\epsilon}^{\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{e}}=\sim\backslash \mathcal{L}_{G,\epsilon}\simeq G_{\epsilon}(\mathbb{Q})\backslash G_{\epsilon}(\mathrm{A}_{f})/U_{\epsilon}$ (72)

is $H_{n}(p, 1)$ (resp. $H_{n}$ (1, $p$))[$12$ , p.140] if $\epsilon_{p}$ is $1_{n}$ (resp.

[-ff-f $\mathrm{f}$ ...
$-\mathrm{f}$

$\mathrm{f}]$ ). (73)
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Lemma 2.59 Let $\eta$ be an $L$ -linear polarization, $\epsilon$ the element of $\mathcal{E}_{\mathrm{k}\mathrm{e}\mathrm{r}\eta}$ associ-
ated to $\eta$ , and x $\in GLm(D)$ , $g_{\eta}:=(\tilde{\gamma}\iota)_{\mathrm{l}}\in\tilde{G}_{\epsilon}(F)\backslash \tilde{G}_{\epsilon}(\mathrm{A}_{F,f})/\tilde{U}_{\epsilon}$ as above. There
is a canonical isomorphism

$\mathrm{A}\mathrm{u}\mathrm{t}_{L}(E^{n}, \eta)$ $\simeq g_{\eta}\tilde{U}_{\epsilon}g_{\eta}^{-1}\cap\tilde{G}_{\epsilon}(F)$ (74)

that maps g to $xgx^{-1}$ .

By Corollary 2.56 and Lemma 2.59 the sum

$\sum\frac{1}{\#\mathrm{A}\mathrm{u}\mathrm{t}_{L}(E^{n},\eta)}$ , (75)
$\eta\in\Pi_{G.e}$

is equal to

$\mathrm{m}(\tilde{U}_{\epsilon}):=\sum_{g_{\eta}\in\overline{G}_{e}(F)\backslash \overline{G}_{e}(\mathrm{A}_{F.f})/\overline{U}_{e}}\frac{1}{\#(g_{\eta}\tilde{U}_{\epsilon}g_{\eta}^{-1}\cap\tilde{G}_{\epsilon}(F))}$
(76)

on the same assumption as in Corollary 2.56.
Recall ageneral formula of G. Prasad [25, Section 4]. Let $G$ be an abs0-

lutely quasi-simple simply connected algebraic group over atotally real alge
braic number field $F$ . Assume that $G_{v}$ is compact for any archmedian place $v$ .
Let $P= \prod_{1:\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}}{}_{\mathrm{p}1\mathrm{a}\mathrm{c}\mathrm{e}}P_{\mathrm{l}}$ be aproduct of paraholic subgroups $P_{1}$ . Then by G.
Prasad’s mass formula, we can calculate explicitly

$\mathrm{m}(P):=\sum_{g:\in G(F)\backslash G(\mathrm{A}_{F.f})/P}\frac{1}{\#(g_{\dot{1}}Pg_{\dot{1}}^{-1}\cap G(F))}$ . (77)

On account of this mass formula, we have agood lower (and upper) bound of
the class number:

$\# Z(\tilde{G}_{\epsilon}(F))\cdot \mathrm{m}(\tilde{U}_{\epsilon})\leq\#$ $(\tilde{G}_{\epsilon}(F)\backslash \tilde{G}_{\epsilon}(\mathrm{A}_{F,f})/\overline{U}_{\epsilon})$ . (78)

There are many examples of explicit calculations of mass formulas for $\epsilon=1$ ,
see [8, Theorem 5.6] for $L=\mathbb{Q}$, [7, Proposition 9] in the case that $D$ is a
quaternion algebra over atotally real algebraic number field $L=F$. And there
are afew examples of explicit calculations of class numbers, see [9, \S 1 p.29] in
the case that $L$ is an imaginary quadratic field remaining $p$, $m=2$ and $\epsilon=1$ ,
and [7, Part $\mathrm{I}\mathrm{I}$ , p.696] (resp. [6]) in the case that $D$ is aquaternion algebra over
$\mathbb{Q}$ and $m=2$ (resp. $m=3$).
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