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Rankin-Selberg convolution for Cohen type
Fisenstein series

Y.Mizuno(Osaka.univ.)

1 Introduction

In this report , we give a meromorphic continuation and a functional
equation of a convolution product of two Cohen type Eisenstein series . Co-
hen type Eisenstein series is a real analytic automorphic form of half integral
weight with respect to I'g(4) with a parameter ¢ . When the parameter is
fixed at a certain value , this convolution product appears as one of factors in
an explicit formula of Koecher-Maass series associated with Siegel-Eisenstein
series given by Ibukiyama and Katsurada[l-K]. :

On a proof , the convolution product is a convolution of the Mellin
transformation of automorphic forms , we want to apply the Rankin-Selberg
method . In this case , Cohen type Eisenstein series is 1ot rapid decay as
y = Imz to infinity . So we use the Zagier’s method which gives Rankin-
Selberg method for the automorphic functions which are not of rapid de-
cay -[Z]. This method gives , for a SL,(Z) invariant function G(z) on the
upper half plane which satisfies an increasing condition such that G(z) =
G(z)-Xi, iy log™ (y)(z = z + iy) is rapid decay as y — oo , define R(s)
by R(s) = [¢° [} G(z)y*~2dzdy. Then this integral converges absolutely for
Re(s) sufficiently large , and by applying the unfolding method for a inte-
gral over the truncated domain , R(s) can be expressed by sum of rational
functions of s and integrals using Eisenstein series E(z, s) = 3 Cled)=1 ,—c—z{;—l,;
over certain domain . Then analytic proerties of E(z, s) gives a meromorphic
continuation and a functional equation of R(s) . S.Gupta|[G] generalized it
for invariant functions respect to congruence subgroup which satisfies the
same type increasing condition at each cusps . '



In section 2 , we apply their method for an automorphic form G(z) respect
to congruence subgroup I’ (G(7z) = (cz+d)*G(2) for v € T', k is not nesesaly
zero) which satisfies the same type increasing condition at each cusps of I' .
And in section 3 , as an application , we give a meromorphic continuation
and a functional equation of a convolution product of Cohen type Eisenstein
series .To obtain the functional equation , we use the plus condition of Fourier
coefficients of Cohen type Eisenstein series and Kohnen’s method on modular
forms belonging to plus space .

2 Rankin-Selberg method for the automor-

phic forms which are not of rapid decay
Let H = {z = z + iy € C : y > 0} be the complex upper half plane and
I= ( 1 0). g=(z b) € SLy(R) acts on z € H by gz = 282 _ Let T

01 d
be a congruence subgroup which satisfies that

| 1l a 11
+ _ . —
Iel and I‘OO—I‘H{(O 1),aeR} <(0 1)>.

Let {z,,...,7s} be the set of representative of non equivalent cusps of T .
Take some g € SLy(R) such that g ico = z; and put

I‘.-=Fﬂg{:l:((l) ‘;);aeR}g“ , F?=Fﬂg{((1, :);aeR}y“.

T; is independent of a choice of such g € SLy(R) . By the assumption - € T’
, we.can take and fix such g; € SL2(R); g i0o = z; so that

1 1)
1‘?=gi<(0 1)>ge‘

for each i (especially we put z; = ico, gy = I) .

Fix two integers k and p . For z € H, g = ( Z 3) € SLy(R), put

v(g,2) = %Z—LI‘;");- Let x be a character of I' . We assume that x satisfies
x(—I) = (—1)* for above k and x(I'{) = {1} for all i .
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Then we define Eisenstein series associated to the cusp z; by

Ei(z,5,x) = > x()v(grty, z)Im(g; v2)".
yer;\I'

This series converges absolutly for Re(s) + 2% > 1.
Further for another cusp z; , we put

Ei,j(z) S:X) = V(gjv Z)Ei(gjz) 8, X)-

Then this has a period 1 and has a Fourier expansion . Especially its constant
term can be written as

— p _ _

60,13 (Y, 8, X) = 813y" + pii(s — —5=, Xy P,
where d;; is the Kronecker delta , and ¢; (s, x) is a certain function . Then
we put
®(s, x) = (pi;(s, X)) 1<ii<t-

Theorem 1 We use assumptions and notations as above .

Let £(z) be a continuous function on H which satisfies the following two
conditions (a) and (b) .

(o)
2 k
£(7%) = XN, 2)E(2) = X e gl €(2),
forall z€e H,y = ((Cz 3) el.

(b)For eachi (i =1,..,h) , put &(2) = v(gi, 2)"2€(g:2) and
assume that &(z) = ¥:(y) + O(y™) for any N asy — oo,
where ¥;(y) is a function of the form

Cim,- Qi m;
Yi(y) = Z —L—Ty imilog™mi(y) Ciymy, Qiym; € C, Ny, € N 20.

my:finite sum "’

For such function £(2) , define the Rankin-Serberg transformation of £(z)
at the cusp z; by

Ris,8)= [ [ (6z) — i)y dady.
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Then we claim ,
(i)Ri(s, &) converges absolutely for Re(s) sufficiently large .
When we take (it is possible) the fundamental domain D for the action of

I' in the form
D= Do U (U_’;.___lngy),

where Dy is a relative compact open subset in H and
DY ={z=z+iy;0<z<1ly>Y}
for sufficiently large Y , and put

dzdy

then we have a following ezpression .

R08) = S [, 66)(Euler5 0~ sosturs )i

+ [ [ &2 — 5@))aoss(u, 5, x)dn

+ / /D L ¥i()wisi(s — E:Z_—p,x)y‘““"‘"du }
+ [ [ €@E(z s x0du
- / /D _Viw)ydp.

(#4)If we assume further that each Eisenstein series Ei(2, 3, X) (i=1,.,h)
can be meromorphically continued to all s-plane,then so is R;(s, &) and we
have a following functional equation .

’ - Rh(ssg)

= ®(s—a,x)R(l — s+ 2a,§).

Proof is same as in Gupta[G] .



3 An application for Cohen type Eisenstein
series '

We apply above result in case

['="To(4) = {( . g ) € SLy(Z) : ¢ = 0(mod 4)},

and {(z) = F1(2)F,(z) where Fj(z)(j = 1,2) are Cohen type Eisenstein series
defined as follows .
For each 0 € C , an odd integer k , define Eisenstein series E(k, o, z) as

E(k g, Z “/2 Z Z 4C edk(4cz+d)k/2|4cz+d|_g
d-—loddc——oo d
here for y = * ° € T'o(4) t
where for y= | , o(4) , we pu
. 0(’)’2) -1 4c /2 \
i) = o = ' (5) ez +d)? | 6(z) = ¥ e2min*
i =) b

is well known automorphic factor of I'y(4) . This E(k, 0, z) converges abso-

lutely and uniformly for —k+20—4 > 0. And put E*(k, 0, z) = E(—L)(—2iz)*/?

. Then Cohen type Eisenstein series is defined by
F(k,0,2) = E(k,0,z) + 2527 (e(k/8) + e(—k/8))E*(k, 0, 2).
This satisfies
F(k,0,7v2) = j(v,2) *F(k,0,2) v €To(4)
aﬁd has a Fourier expa.nsion as

Flk,o,2) =4+ 3 cld,o, Ky eldoyra(y, 255, ),
d=—o00

where e(z) = e*™* and 74(y, @, ) is same as in [I-S] . Td(y,a,ﬂ) relate to
the Whlttaker function Was(y) = y*e fw(y, i + a+ 8,3 — a+ ), where

w(y, a, f) = p(p) g Jo- (1 +u)* WP ~le ¥ du as
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Ta(y, @, f) =¥

(2m)°T(0) e~ (2y) P (dmdy) T ¥ W Wacs espes (dmdy),
X (@m)Pr(B)HaPte i (2y) (4 dly) T W oo piem (4mldly),
(2m)*+PT(a) "' T(B) '[(a+ B — 1)(41ry)1'°‘—ﬂ

It is known that , W, g(y) is continued holomorphically to whole (a, 8) €

C?, and
lim,,_,oosup(a'p)exly"‘egwa s(y)—1=9
for any compact subset K in C? .

Fourier coefficient ¢(d, 0, k) is explicitly calculated in [I-S] and it is proven
in [I-S]p10 that Fourier coefficients satisfy the plus condition ; if (— 1)+d =
2,3(mod 4) then ¢(d,o,k) = 0.

For odd integer k; and 0; € C (j =1 2) , we put F;(z) = F(k;,04,2) .
Theorem 2 Ifk; = kg(mod 4) —kj+20;—4>0(3=1,2),

Q(s) = 227 ~°I'(s + —)C(2 + — kl + —)Roo(s R F)

(['(s) is gamma function and {(s) is Riemann zeta function) can be mero-
morphically continued to all s-plane and satisfies

Q) =01 — = — —— 8).

(proof)We will check the conditions in Theorem 1 for I' = I'o(4) , and
&(2) = Fi(2)Fa(2) -

R e o — a
( Ic: .:.l)dl"ﬂ F()RE 7= ( : 3) € To(4)

Fy(y2)Fa(vz) =

is the condition (a) if we put p = ks, k = 8551, and x = id(mod 4) . As the
set of representative of non equivalent cusps and the element g € SLy(R)
which transforms ico to each cusps , we take {ic0,0,3} and

en(3 )3 ) (2 1)
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Each Eisenstein series E;(z,s) = E;(z, s,id) associated to cusp have a
meromorphic continuation to whole s-plane by Fourier expansion .

Some components of the matrix ®(s,id) which we need for a functional
equation are given by

2% ((2(1 = s))((1—s) — §)m (=) _ka—k
Boo,oo(8) = 1-—2-2 ¢(25)T'(s — g)w—zs k= 2

1—220((2(1 - s))I'((1 —s) — g)ﬁ—(l—s)'
1-2-2 ((2s)I'(s — &)mr—s
To check the condition (b) , and to obtain a Dirichlet series expansion of

Rankin-Selberg transformations , we use a Fourier expansion of (2z) iF (k,o,9:2) (3
0, 1) which can be obtained by a method of Kohnen [K]. Next result is proven
in [I-S] . ‘

Po0,0(8) = Poor(s) = 27%

Proposition 1 (I-S,Lemmad3.1) For any function f(z) on H , define

(W) = F D25 (1)) = 3 1)
Then for F(z) = F(k,0, ) , | |
FlaW, =2 (1) FlU, 1)
(FIUE) = 5FC +FEED) 2)

Using these relations , we obtain Fourier expansion of (2z)%F(Ic, 0,9:i2) .
Proposition 2 If F(z) = F(k,0,z) = Y3 _. c(d,y)e(dz) then

(22)"°F(g:2) = e(k/8)(—1)*"~V/82®+D2 37 o(d,y/4)e(dz/4)
d=i(mod 2)

(pI‘OOf)FOI‘ 1= 0, 1 ’ pUt Fi(z) = Ed_——_i(mod 2) C(d, y/4)e(dx/4) Then (2)
implies F|Uy(2) = F°(2)....(2) . By definition of W and (1), (2') , we obtain

(—2i2) 3 F(goz) = (—1)**-1/8gk+ /2 0 () (3)
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This proves the case i = 0 . Next by definition ,

F(z) + F'(z) = F(3) ()

Fz + %) — F(4z) — F\(42) (5)
So
(~2iz)3 F(g12)

. 1 1
= (—2zz)k/2F(—Zz'+§)
= (2 (F() - F(-3)  (8())
= (-22)}@F (D)~ F(-1))  (use (&) for F{(—))
= (—1)("2‘1)/82('°+1)/2(F(§)—F°(z)) (use (3) for each terms)
= (~)E-DEEELG)  by(4)

this gives the case i = 1.
If we take

¢°°(y) = 01(0, y)CZ(O» y) ) ¢1(y) =0

_ 2
1K) [ ()00 2,0, 4/4)2 00, u79),
i=1

where c;(0,y) is 0-th Fourier coefficient of Fj(z) , then by the facts on
74(y, a, B) stated above and I-S Corollary 2.4;

Yo(y) = e(

c¢(0,y) = ya/2 +23k/2—3a+7/2(_1)(1:2_.1)/8,"P(](':fa_ —k;c//zz)r_‘(;)/cz()i?z-; ’i ;?—) 1)y1—0/2+k/2

, the condition(b) in theorem is satisfied . Thus each Rankin-Selberg
transformation at each cusps R;(s, F1F3)(j = 00,0, 1) is continued meromor-
phcally to all s-plane and these become

ROO(S, Fl_F;) = Z C(d, aJi, kl)c(d, g9, kz)Id(s, 01,09, ’Cl, kz)

d#0
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ki = ko) P11y -1/ kit1)/2 401
) [I(~1)%i-2782 4

i=1

X Z C(d, 01, kl)c(da 02, kZ)Id(s)017021 kl;k2)

d#0,d=i(mod 2)

Ri(s, iF3) = e

(i=0,1) for Re(s) sufficiently large , where

kg (00} o1+

kl 01 ) +8—2 dy

14(s, 01,09, k1, k2) =/0°° Td(y:_z_ - )74y,
— | By oyt t )- s

ky+k
X/(; y 2t W—as';(d)k 121 ;(y)W-_ma(jﬁa - _%(y)dy

| Tty lr(za—_kz) for d > 0
N(%)-1T(%Q) ", ford<0

So by Theorem 1, we obtain

'Roo(37 FI—FT2)
2
= kg) H(__]_)(k?—l)/82(ki+1)/24—h%b-——a(boo,o(s + kl 1‘ k2))
i=1
+k _kitk o
+ rools + B E R (125 B 5— FiF)
_-e-BER) e Pl ’—;Z) ((2—2s— 8 — &)
B 22 n-.-BiR T(s+B) O ((2s+ B+ By
ky ky
X Roo(l — 8 — ?1 - —éz-,Fle),

in the second equation , we use k; = ky(mod 4).

4

We set k; = 0; = 2k; where x; € Z + 1,> 2 is a half integer for j = 0,1
,and observe by the formula of Fourier coefficients in [I-S] that if o € R then



e(£)c(d, 0, k) € Rfor d # 0, then Dirichlet series D2n1 ,(8)®D;,.,_(s) which
appers in an explicit formula of Koecher-Maass series for Siegel-Eisenstein
series ([I-K]) is equal to '

(- 1yttt I_I I (2 1)((2&- ~1)
x BV (25 — ky — K + D) Reo(s — k1 = k2 + LFF).

*IG)

By the explicit form in [I-K] and Theorem 2 , we can check the functional
equation of Koecher-Maass series of Siegel-Eisenstein series .
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