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On a strongly starlikeness criteria

Mamoru Nunokawa, Shigeyoshi Owa,
Hitoshi Saitoh, and Norihiro Takahashi

Abstract

H.Silverman [Internat. J. Math. Math. Sci. 22(1999), 75-79] investigated and obtained some
results for the properties of functions defined in terms of the quotient of the analytic representations
of convez and starlike functions. In this paper, we obtain a sufficient condition of functions for
strongly starlikeness of order 3. :

1 Introduction

Let S denote the class of functions f(z) normalized by f(0) = f'(0) — 1 = 0 that are analytic
and univalent in the open unit disk U = {z € C: |z| < 1}. A function f(z) € S is said to be

starlike of order « if and only if
zf’(z)}
Req{—=—=7% > a
{75

for some @ (0 £ a < 1), and for all z € U. The class of starlike functions of order o is denoted
by §*(). Further, a function f(z) € S is said to be convex of order « if and only if

zf”(Z)}

Redl4+ =3 > «

{1+ 75

for some o (0 S @ < 1), and for all z € U. Also we denote by C(a) the subclass of S consisting
of all convex functions of order o in U.

On the other hand, a function f(z) in S is said to be strongly starlike of order 3 if it satisfies

{5} < 5

for some (0 < B £ 1), and for all z € U. We say that f(2) € 88*(,6) if f(2) is strongly
starlike of order £ in U.

Silverman [2] investigated the properties of functions defined in terms of the quotient of the
analytic representations of convex and starlike functions. Let G, be the subclass of S consisting
of functions f(z) € S which satisfy
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(2
SION S
7

f(2)

< b (2€ )

for some real b.
For this class G, Silverman obtained the following rsult.

Theorem A ([2]). If0< b <1, then
2
wcs (vrvm)
The result is sharp for all b.

In this paper, we consider the strongly starlikeness for functions f(z) belonging to'G,.

2 Strongly starlikeness

To discuss the étrongly starlikeness of functions f(z) in G, we have to recall here the following
result by Nunokawa [1]. '

Lemma. Let p(z) be analytic in U with p(0) = 1 and p(2) # 0 (z € U). Suppose that there
exists a point zg € U such that

larg ()l < 38 (2] < lal)
and
jacg(p(=))| = 35,

where 3 > 0. Then we have /(z0)
2P \20 .
——L = iKp,
o) P
where

K2 (a+%) when  arg(p(z)) = gﬂ

N =

and 1 1
< - - =_T
K £ 5 (a + a) when  arg(p(2o)) 2ﬂ,

where p(zo)ﬁ = Zia and a > 0.

Our main result is contained in
Theorem 1. If f(z) belongs to the class Gy(g) with

s
O = T

0<pB<£1),



then f(z) € 8§*(B).
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Proof. Let us define the function p(z) by
p(z) = z;(i;)
Then it follows that
L)
) _, _ )
zf'(2) p(2)?
f(2)

If there exists a point z; € U such that
T
lasg(p(2))l < 5B for 2| <=
and

s
jacg(p(an))| = 26,
then , applying Lemma, we have that |

Zop'(zo)
P(20)?

= s 1 | _ -8
B I’Kﬂ (iz'a)f" = Fltle

1
1—
(a A4 —-——a1+ﬂ).

g(a) = a'? 4+ _aliﬂ (a >0,0< g1

2

[T e

Define the function g(a) by

Since

7(@) = (1= B)a? = (1+5)),

g(a) takes its minimum value at a = -i_tﬁ This implies that

5 ﬁg< 1+p
=2 1-p4
4697+ 639)")
p

T V- a T a
which contradicts our condition f(z) € Gyg) of the theorem. Thus we complete the proof of
the theorem.

zop' (%)
p(20)?

Considering the case of 3 = 1 in the proof of Theorem 1, we have
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Corollary 1. If f(2) € G, withb = =, then f(2) € SS*(1), or f(z) is strongly starlike in U.

2

Taking § = % in Theorem 1, we have

Corollary 2. If f(z) € G, with b=
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