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Integral means of holomorphic mappings in C”"
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Let f(z) and g(z) be holomorphic functions in the unit disk U with f(0) =g(0)=0.
The function g(z) is said to be subordinate to the function f(2) if there exists a function
W(z) holomorphic in U such that lw(z) |s|z| for zeUand g(2) = f(¥(2)). Let g(2) be

a holomorphic functioninU. For 0 <p<o and O0sr <1, letusput
| . o }
Mr@) =45 f |cp(xe'9)| de ) .

Then we have the theorem

Theorem A (The subordination theorem of Littlewood [2], p.191)
Suppose that f and g are holomorphic in U and f(0) =g(0) =0 andthat g is
subordinate to /, then we have

M,r,8) s M,r, f) (0<p<oo, 0sr<1)
The purpose of this note is to extend this theorem to the case of C".

§1. Preliminaries

Let us denote a point z of the sace C" by the column vector
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and z" denotes the conjugate transposed vector of z. The normof zis denoted by
|z]: =2z . Denoted by B,(r,z,) the ball in C" with radius r and center z, ,i.e,
B,(tz) :={z€C" | |z-2,| <r },
and letB : = B,(1,0), S(r): = dB,(r,0) (the boudary of B,(7,0))and S:=S(r).
For z € C", we will use the following differential forms and operators for the proof

of our theorem;

dz, dz,
dz, dz,

w():=dz, A+ andz, ( n-times)
n@: =/i-:1 (- 1)/"‘zjdz1 A AdZ;_ AdZ, A Aadz,  (Leray form)

(n

do(z):= @) A () + (- D™0(2) AN@)}. (gln) = = 3 >

mn{n
Let z=7%, r:=|z|and|¢]|=1. Thenwe have
g_ldt.vl + oo +§|dz;n+Cld§—l+ e +§nd§_n=o'

Thus do (2) =r*"-'d o (¥) , and the form d S ({): = %do(t) is the normalized

rotation invariant surface measure on S$, where

v(s) = (nz_ni')! (the areaof S).

dv(2):=-—— w(2) A ©(z) (the volume elememt of C").

(21)

Then we get

dv(z):= o) ANE)} A r¥-idr

(2)



=d o (C) A r-ldr

Let us set

R
—a— :(..a.. . ...a.._) s - azgl
az 6:1’ ) azn ’ azx —a;
oz,
az ' n’ 62
A= = —
462'az 4,;1 02,07,
a'l : - 62
47,0z, 0Z,0z,
62
H:= =
07’9z
N
07,07, 07,02,

Let #(z) be a real function in a domain D in C" . The function u(z) is séid to be
subharmonic in D if the following three conditions -hold :
(1) -0 Su@@ < o
(2) u(z) is upper semicontinuous in D
(3) For any point 2, € D, we can take an r > 0 such thét

B(rz,) < D and

z 1 d
uzp) = (S) 20 u(€) do(t)

Suppose that u(z) is a function of the class C? in D. Then

subharmonic }

uz) is {plurisubharmonic

2
Au=4 a‘u 20
{ 9z 392
H@w) = 6(2"3* (complex hessian) is positive definite.

Thus the plurisubharmonic function is subharmonic.
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The mapping function f(z) from a domainin C" to C" is denoted by the column

vector

£i@)
f@= &+ |
f@
The mapping f(2) is said to be holomorphic if each component functions
f{z) (j=1-n) are holomorphic. Let H,, be the family of holomorphic mappings from
B, to C, andsuppose that f(z) and g(z) are belongingto H,, andthat f(0)=g(0)=0.
The mapping g(z) is said to be subordinate to f(z) if there exists a holomorphic

mapping ¥(z) from B, to B, suchthat |¥(2)| < |z| (ze€ B,)and g(2) = f(¥(2)).

For a mapping f(z) € H,,, we set

b
M,,(r,f):={;(}g3fsr|f(z)|Pdo(z)} (0<r<1.0<p< .

§ 2. Theorems for subharmonic functions
For the ball B, (z,,7) CC", let us put

1 r:- Iz—zor

T I P i

Then the following theorems hold :
Theorem B ( [3], p.32, Theorem 1.16 )

Let @(z) be a continuous function on S(7.2,) . Let us put

u(@) : = f K( &, 2)p(E)do(E) (z € B(rzg)
S (r,zg)

Then the function «(z) is the solution of the problem of Dirichlet for B(r,z,) with

the boundary value ¢(2).



107

Theorem C ( [3], p.52, Theorem 2.7 )
Let ¢(z) be a subharmonic function on a domain D in C, and u(z) is not equal

to -c0, Suppose that B(z,,7) < D. Let us put

Vo)t = K@) o KCE D0EOE) + %5 D)

where X4 denotes the characteristic function forA. Then V(x) is subharmonic in D

and harmonic in B (7,z,) , and wehave u(x) £ V(x) in B(rzy) .

Main Theorem. Let ¢(z) be a subharmonic functionin B and let y(z)

be a holomorphic mapping from B to B such that R\Il(z)ﬂ s |z|. Thenwe have

[ ewedow s [ otado
§.(r.0) s

n( 1.0}

As the corollary of our theorem , we obtain the Subordination Theorem of -

Littlewood for C”".

Corollary 1. Let f and g be holomorphic mapppings of H,,,,,;
such that f(0) =g(0) =0. Suppose that & is subordinate to f, then we have

MS(r.g) s M/r,[) (0<p<o, 0s5r<1)

From Corollary 1, we get the following :
Corollary 2. Let the functions f(z) and g(z) be the same as in

Corollary 1, then we have
L s < k fB | f@ [Pav(2)

where K is a constant.
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