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THE SUBORDINATION THEOREM FOR
A-SPIRALLIKE FUNCTIONS OF ORDER o

OH SANG KWON AND SHIGEYOSHI OwWA

ABSTRACT. We proved a subordination relation for a subclass of the class of \-spirallike
functions of order a.

1. Introduction
Let A denote the class of the form

w .
flz)=z+ Z anz"
n=2
which are analytic in the unit disk U = {2 : |2| < 1}. And let S denote the subclass of
A consisting of analytic and univalent function f(z) in unit disk U.

A function f(z) in S is said to be convex if

- {200 Gen)

And we denote by K the class of all convex functions:
Definition 1.1. A function f(z) in S is said to be A-spirallike of order ¢, (0 < & < 1),

if

(1.2) Re {e"’\z—%%l} >acosh (z€U),

for some real A (|)\| < -g) The class of the functions is denoted by Sg(}).
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Definition 1.2. If f(z) = Z an2™ and g(z) = anz” are analytic in U, then
n=0

their Hadamard product, f * g is functlon defined by the power series

(1.3) (f *g)(z) = Z anbnz™.

n=0

The function f * g is also analytic in U.

Definition 1.3. Let f be analytic in U, g analytic and univalent in U and f(0) =
g(0). Then by the symbol f(z) < g(z) (f subordinate to g) in U, we shall mean that
f(U) c g(U). |

Definition 1.4. A éequence {bn}32, of complex numbers is said to be a subordi-

nating factor sequence if whenever f(z) = Z axz®, a; =1 1s regular, univalent and
: k=1
convex in U, we have

(14) ibkakzk < f(z) inU
k=1 .

Lemma 1.5. The sequence {bn}2., is subordinating factor sequence if and only if

n=1

(1.5) : Re[1+22bnz]>0 (zeU)

The above lemma is due to (Wilf [2]).

In this paper, we prove a subordination relatlon for a subclass of the class of A-

spirallike functions of order a.

2. Main results

Before proving our next resuits, we need the following the Lemmas.

o !
Lemma 2.1. If f(z2) = z + Zanz" is analytic with (2 _ 1’ < 1-pf for

= f(z)
)

0<B<1andzeU. Then f(z) € Sg(A) for |A| < cos™! (
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, _
Proof. We may write z]{(iz)) —1=(1- B)w(z), where |w(z)| < 1for z€ U. Thus

inzf'(2)| _pooi 1= Bw(z

Re { L ] =Rele™(1 + (1 - B)u(2))]
=cos A + (1 — B)Re{e"w(2)}
>cos A — (1 — B)|ePw(z)|

>cosA—(1-0)>acosA

for |A] < cos™! — z, and the proof is complete.

zf'(z)
fl2)
Proof. Set 5=1-(1-a)cos\ in Lemma 2.1.

Lemma 2.2. If -1

< (1 - a)cos A, then f € S"‘()\)

Theorem 2.3. Let f(z) =z + Zanzn. If

n=2

o .
,,.n-1 _
(2.1) E {1 + 7 ___asec)\} lan| < 1,

n=2

then f(z) € Sg(A).

Proof. By Lemma 2.2, it suffices to show that ;((z;) 1‘ < (1-a)cos . We have
, do(n-1ap"| D (n- 1)|an||z|ﬂ—1
Zf (Z) 1‘ _ In=2 < n=2
T T & ‘
z+ Y anz" 1—Z|an||z"|" 1
n= 'n.-—2
Y (n—1)lay|
< n= —
1- Z |an|
n=2

Thus last expression is bounded above by (1 — a) cos A, if

(2.2) i(n —1)]an| < (1 — a)cos A (1 - i |an|> .

n=2 n=2
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which is equivalent to

(2.3) i {1 + ;L:Cl! sec)\} lan| < 1.

n=2

Remark 1. Taking A = 0 in (2.1), we obtain a sufficient condition for f(z) to be
starlike of order a (H. Silberman [1]).

oo
Let us denote by G()\, a), the class of functions f(2) = z+ Z an2™ whose coefficients

n=2

satisfy the condition (2.1).
Theorem 2.4. Let f € G(A\,a). Then

(1-a)+secA

(2.4) 2(2(1-—a)+sec)\)(f*g)(z) <g(z) forzeU

for every function g(z) in the class K.

In purticular

2(1 — ) +secA

(2.5) Ref(z) > - (1 — a) +sec )

forzeU.

(1—a)+secA
h t
The constant 5 T—5) + sec \)

connot be replace by any larger one.

Proof. Let f(z) =z + Zanz" be in G(A,a) and let g(z) = z + chz" be in K.

n=2 n=2
Then
(1 — a) +sec _ (1—a)+secA = n
(26) 2(2(1 — a) +sec ) (fx9)(z) = 2(2(1 — @) +sec\) (z + gancnz ) '

Thus, by definition 1.4, the assertion of our theroem will hold if the sequence

{1 - a) +secA}a,\™
(27) ( 2(2(1 - a) +sec ) )

n=1

is a subordinating factor sequence, with a; = 1. In view of Lemma 1.5, this will be the
case if and only if

[ o]

(1-a)+sech
1+22-:41 32(1—a) +sech) ™

(2.8) Re

z"]'> 0 forzeU.
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N (1-a)+sech
ke 1-i_ZQ( —a) +sec A n’

(1-a)+secA sec/\ n
= 1 -
ke +2(1~—a)+sec/\z+2(1—a +sec)\z an2
(1—a)+sech 1)sec A n
> - - —
21 2(1—a)+sec)\r 2(1—a +Sec)\z lan|r™ (l2| = 1)
(1—a)+secA 1-a
z1- - 2.
= T 2(T—a)+sech  2(1-a)fsech (by (2.1))
> 0.

2(1 - ) +secA
(1-a)+sech

Thus (2.8) holds ture in U. Thus prove the first assertion. That Ref(z) > —

for f(z) € G(\, a) follows by taking g(z) = i - in (2.4).
To prove the sharpness of the constant {(1 — a) + secA}/2(2(1 — &) + secA), we
consider the function ' |

| 1-o) il
(210) fo(z) =z - (1 — a) +Sec)\22 for (I)\l < '2')a

which is a member of the class G()\, a). Thus from the relation (2.4), we obtain

: (1 - a)+secA z
(2.11) 2(2(1 — a) +sec ) folz) < 11—z

If can be verified that

. (1-a)+sech _ 1
(2.12) HES ke '[2(2(1 — o) +sec ) folz)| = 2

(1 - o) +secA
2(2(1 — a) +sec )
Taking A = 0, we obtain the following corollary.

This shows that the constant

is best possible.

o0
Corollary 2.5. Let f(z) =z + Z anz™ is regular in U and satisfies the condition

n=2

(2.13) i le alanl <1

n=2
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then for every function g in K, we have

(2.14) T/ * () < 9la)

2a

2—-a
= % € U. The constant ——2(3 ~%a)
Remark 2. Putting o = 0 in Theorem 2.4, we get the result in S. Singh (3].

In particular, Ref(z) > —32__ is best possible.
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