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A SUBCLASS OF ANALYTIC
FUNCTIONS WITH TWO FIXED POINTS

OH-SANG KWON AND JUN-EAK PARK

ABSTRACT. Making use of operator of fractional calculus a subclass ¢ (a, 3, 1,7, 7, 6, t; 20)
of univalent functions with fixed point in the unit disk E is introduced and obtained
coefficient-estimates distortion theorem. Lastly we investigated Hadamard product prop-
erty and linear combination function of ¢ (o, 8, 1, 1,7, 6, t; 20).

1. INTRODUCTION
Let A denote the class of functions of the form
o0
(L.1) f&)=2-3 an"(an 2 0),
n=2

which are analytic in unit disc E = {z: |z| < 1}. Silvermann ([4]) studied the class of
functions of the form

f(R=a1z- Z_anz" (an 2 0),

n=2

where either

(1.2) f(z0) =20(-1 <20 <1;20#0) or f'(20)=1(-1<2z <1).
Recently, Uralegadi and Somanatha([6]) studied the class of functions of the form
- (1=1) £(z0)
(1.3) f(2)=a12—- Z anz" (a, = 0) with __z—o_ +tf'(2) =1,
0
n=2 : A '

where —1 < 20 <1, 0 <t < 1. A function f(2) is sé.id to be convex of order «, if

LAV po<a
?R{1+ ) }>a( €EE:0<ax<l).

We denote by C*(a) the class of convex functions of order a (0 < o < 1).
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We now recall the fallowing definition of a generalized fractional operator introduced
by Srivastava et al([5]).

Definition 1 For real numbers n(n > 0),v and 4, the generalized fractional integral
operator I "’7’ of order 7 is defined for a function f(z), by

7 f(z) =

" F(n+y,—6m1 - -i—)f(ﬁ)dé,

where f(z) is an analytic function in a simply-connected region of the z-plane containing
the origin with the order

f(z) =0 (|2I%),(z = 0), (¢ < max{0,7,~8} — 1),

(1.4) (a,b,¢;2) = Z (a) (b) i— (2 € D),

- n=0
and (v), being the pochhammer symbol defined by
FPv+n)
(v)n (,v) ?

if n = 0 then (v), =1landifn € N = {1,2,---} thenv, = v(v+1)--- (v +n—1),
provided further that the multiplicity of (z — £)"~! is removed requiring log(z — £) to
be real (z —§) > 0.

Definition 2 For real numbers 7(0 < 7 < 1), <, and §, the generalized fractional

derivative operator Jg;;'" of order 7 is defined for a function f(z), by
(1.5)

JIT f(z) = f—(TL_fﬁdz{ "’/ (z—n)" "F('r 7, —6; l—n,l—-—)f(s)d«s}

where f(z) is an analytic function in a simply-connected region of the z-plane containing
the origin, and the multiplicity of (z — £)~" is removed as Definition 1 obove.

It follows readily form Definition 2, Jg;;"‘f (2) =D7f(2) (0 <n< 1), where oprator
D} is fractional derivatives operator which is defined by Owa([2]). Furthermore, in
terms of Gamma functions, we have the following Lemma.

Lemma 3. ([5])) If0<n<landn>+—3§~-2, then

Fn+1)I'(n—vy+4d+2) -
1. b = n=y,
(1.6) Joz"z I‘(n—'7+l)F(n—n+6+2)z
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Lemma 4. If the form of a function f(z) defined by (1.2) and satisfying (1.3), then
(1.7)
LE-NEB=140) 4ot jmndp () =g, - § LE=DOG=1+9)
F@-v+9) Bif@)=a=3, T(3—~+0)

n—1
V,a,2""",

n=2

' L(n+1)M(n—vy+6+2
where we denote ¥, (n,%,6) = A=y DT (r=—nFo+D "

proof. By Lemma3, we get a (1.7). O
We will define the following definition.

Definition 5 A function f(z) defined by (1.2) and satisfying (1.3) is said to be in
the class ¢ (a, B, 4, 1,7, 6,t; 2p) if

T'(2—y)[(3—n+46 .7._1J11,'7, ( ) _
— z z ay
(1.8) NEE)

pr I 1 90 f (2) + a1 = (L + ) @

<B,z€ E,

where

0<n<1l,n—06<3~y-06<30<p<1,0<a<1,0<B<landa<a.

Furthermore, by specializing the parameters o, 8, u, 1,7, 6, t, we obtain the following
subclasses studied by various authors,

(1) ¢ (a, 8,u4,m,1,6,1;0) = P*(a, B, p,n)( Jochi [1]);
(2) ¢(a,8,1,1,1,6,1;0) = P*(, B, p) (Owa and Aouf (3]);

The main purpose of this paper is to investigate coefficient-inequalites, distortion
theorem and radius problem of functions in the class ¢ (o, 8, 1,7,7,0,t; 20) . And, we
obtain Hadmard product property and linear combination function.

2. A Coefficient Theorem

We begin by starting our first result as,
Theorem 2.1. A function f(z) is in the class ¢ (a, B, u,M,7,t,0; z0) if and only if
(2.1)
(= <]

2{(1+ 18) rEe- &)PS’+;)+6)\P"—[(1—t)+tn]z€"1}anS(l+p.)ﬂ(1—a),
n=2

where U, (u,7,4) is in (1.7).

proof. Suppose that f(z) is in the class ¢ (a, 3, 4,7,7,t,08; 20) , 80 that condition (1.8)
readily yields.

(2—y)I'(8=n+98) v~ Y50
RS () — e

<pB
M—g—f(u—gy—ud'g.l.‘,,?:"’w 2’7“1J’7’7’ f(2)+a-(1+pa
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Using Lemma 4, we obtain that

_ § I(2-y)['(3=n+8

n—-1
3=373)  UnlnZ

% <B(z€E).
K {"'1 - 22 g%%@‘l’nanz"‘l} +a1-(1+p)a
Since |R(z)| < |z|, for any z, we have
> B EC 9 g0, 2
(2.2) % n=2 < ﬁ.

X T(2-7)(3~n+6 -
(1 + /J') (a'l - a) - an=:2 ‘STZ%:(YﬁgLZQnanzn 1

Choose values of 2 on the real axis so that %3{5’5""—612’7‘1%,’:’6 f(2) is real, upon
clearing the denominator in (2.2) and letting z — 1 through the real values, we get

I e s MNP (RN TR
n=2 .

‘o0
Finally, substituting a; =1+ Y [(1 —t) + tn]an|20|*! in (2.3), we get (2.1).
n=2 ’
Conversely, assume that the inequality (2.1) holds true. Consider

AT @2=-yT (@3- 0) ~-
e e O

g ‘ L@ ;&)E$;g+ 9) PR e - (1+p) a|

—

—~T(2-7r(3-n+9)
(e s aa

nanlzln-—l
n=2

- (WP - )+ pu Y L EE A Dy oo

n=2

= :4;2 (1+ub) Nz;gif;gw)@nan— (1+p)B(a1—a) <0,

by the hypothesis. Hence, a function f(z) is in the class ¢ (a, B, 4,7,7,t,0;20). O

o0
Corollary 2.2. Let the function f(z) = a12— Y an2™ defined by (1.3) be in the class
. n=2
@ (o, B, 4y M,7,0,t; 20) . Then

(1+p)B(1-a)
24 n .
(24) s (1+pB) S 2; 3273.; U+ (1-a1)
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The assertion (2.1) of Theorem?2.1 is sharp extremal function being

(2.5) £(2) = a1z ~ (1+u)8(1-a) .

z .
F2-y)I'(3—-n+d
(1+ﬂ',3) (P?g-»(y+57;+)\yn+1—al

o0
Wherea; =1+ Y [(1 —t) +tn]anzy~!

n=2

3. Distortion Theorem

Theorem 3.1. Ifa function f (2) is in the class ¢ (a, 8, 1,0, 7, 0,t; 20) withn > 7, then

6D @Izal- EDE LR Ee 0

and

2-7B-n+81+uB(ar-a)
3.2 z)| <aqlz|+ z|°.
proof. In view of inequality (2 1) and the fact that \Iln(n,vy,é) is non-decreasing for
n 2 v, we have .
(1+#)ﬁ(01 - a)
Fr2-yr@-n+6) '(n+1)I'(n—vy+0+2)
>
,;2 (1+1B) (3 v +6) Fn—y+1)I'(n- n+5+2)
2(3 =4 +8) (1 + uf)
>
T (2-70B-n+4) 2 an
Therefore, we obtain

[o ) o0
f@2alzl = 3 anle® 2 anle = 2> D an

n=p+1 n=p+1
2-7B=-n+8)(1+pphla—a),
2 alel - 23— +0)(1+uh) T

2-7B-n+8(1+p)Blai-0)
&9 ,;“”- 2(3- 7+5)(1+uﬁ)1 !

n=2

and we have

E-VB-1+8(+pBm-a)
Simillary, .

C-7@=n+H)(1+mB@=-a)

|f(2)|5a1|z|+ 2(3—’)’+5)(1+#ﬁ) | I .

The proof is complete. O
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Theorem 3.2. If a function f (2) is in the class ¢ (o, 8, 1, 1,7, 6,t; 20) , then

, '2-1r@E-n+9) —~_(+whla—a) o
30 |52 @] > RO o ap o= el

and

C-PTE=n+8) [ 1. QW Ba1—0) | a0
09 |5rs )‘— T(3-7+9) {allzl MECEY)) o }

for z € Do where Dy equals to E if y < 1, and Dy equals to E* if1 <y < n.

proof. By using in equality (1.8) and Theorem 2.1, we obtain that
‘ T (3-7y+9)
1"(2—7)1‘(3—17-%—6) F'@3-~+9)

T'(2-)C(3 5 1 _
2ol - MQZ : r&) (7+;)+ ) 9nan 2 01 |2 - Jof* & +g)5$) 2,

TIPS (2)

n=2

n=2

which is equivalent to (3.4). Simillary, We obtain that

05| LLE=DL@=n+8) [ iy A+ B@i=a) 2
5241 )] <FEPECIED fg, oy LR 0) e

The proof is complete. O

>01 lzl yr‘(2 7)I‘(3 n+6)‘1’nan|z|‘n

30

Corollary 3.8. Let a function f (z) be in the class ¢(a, 8, u,1,7,06,t;20) with n > 7.
Then, in view of Theorem 3.1, f(z) is included in a disk with its center at origin and

radius r given by

_ 2-7B-n+8)(1-+p)B(a1-0)
(3.0 e T T B e R

and J&’Z"s f(2) is included in a disk with its center at origin and radius R given by

| F(3—v+39) (L+up)B(a1—a)
(3.1 S ey n+5){a+ (1 + uB) }

4. Radius of convexity
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Theorem 4.1. Let f(z) be in the class ¢ (o, 8, 4, 1,7, 6,t; z0) . Then f(2) is convex ir
the disk

(4.1)
‘Z‘ <r (ahahu', n37767t; 20)

.
o [ no) B g, 1 [+ W) (1 - o)~ 1[2 — 1) + tn] 7
) AT AI—)

The result is sharp for the function given by

zf''(=z
"(z

proof. It is sufficient to prove that
A simple calculation gives us

<1 for T(a,ﬂ,#,ﬂ,%5,t; ZO) .

o0 oo
2f" (2) - 22 n(n — 1)a,z""! 2n(n —1an|2z”?
n= n=
7 (2) = = < = )
a; — Y, napz™! ay — Y, naplz|”~
n=2 n=2
Clearly %’5)- <1,if
o o0 ‘
(4.3) Zn(n —1an|z" ' < a1~ Znan 2"t
n=2 n=2

- .
Using ay =14 3 [(1 —t)tn]a128™" in (4.3), we are led to
n=2

(4.4) i {n¥2|""t = [(1 - t) + tn] 2" }a, <1

n=2

By Theorem 2.1, we have

. 1+ uB I‘(2.—7)£‘(3—n+5)\p - [(1_t)+tn] P
(4.5) Z{( HB) —TisTs  Un : an < L.

T+l

n=2

Hence (4.4) will hold, if
(4.6)

(1+pB) PR — (1 - ) + tn] 25

n2lz"t — (1= t) + tn] 57} < I+wB-0a)

’

or equivalently

(1+ pf) BEECA g 1 (1 4+ p) B(1— @) = 1 [(1 = t) + tn] 25

(4.7) |7"7t < n2(1+p)B(1—a)
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which in turm implies the assertion of the theorem. O
5. Property of Hadamard product

o0
Let the function f; (2) (j = 1,2) defined by f; (2) = a1,z — ) an 2", we define the
n=2
hadamard product f(2)* g(z) by

(5.1) (fi* f2) (2) = 6108122 = Y _ Gn,10n 22"

n=2

Theorem 5.1. Let the functions f;j(z)(j = 1,2) defined by (5.1) be in the class

(a ﬁ,/i,ﬂ,’7,5 i ZO) Wlthp’ > ’Y Then fl(z)*f2(z) isin thec]ass<p('u ,3,#,77,%5 i Zo)
where

(5.2)

v = (a8, 1,17, 8) = ayyay g — G- NB=1+8) A+ w) B (ar1 ~ @) (@12 - @)

23-7+46) (1 + B

proof. Suppose that fi(z) and fa2(z) are in the class ¢ (e, 8, p1,m,7,6,t;20), by using
Theorem 2.1, we have

(5‘3) Z (1 + #:3) g&ﬁ&%gﬁlwnan 1

oy (1+p)B(ary — o) =h
and
o $ L) T oo
' = (1+#)ﬁ(a12-a) <
From (5.3) and (5.4), using Cauchy-Schwarze mequahty, we have
[(2—7)(3-n+8
65) $- (L ps) FeREGAT, i
= (1+p)p (@10 — ) (@12 —a)

Hence, we find the largest v such that

& (14 up) TogEEp g,

An 10,
(5.6) o T+wblaap—v)

Z(l'i'#ﬂ) H&fﬁ%ﬁl\p \/ Gn,10n,2

= (1+p)B

<1,
all—a)(alg—a)
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or equivalently

' a1,101,2 — v
5.7 V0n, 16,2 <
(5.7) 8 Vi1 —a)(ag—a)

So, it is sufficient to find the largest v such that

(5.8) (1+p)By/(a1,1 — @) (a2 — @) < 01,1801,2 — vV .
(1+pB) gy, Vs -a)(mz - o)

33

Hence (5.8) yields v < ay,1a1,9— (11_:“ ﬂ)ﬁ oL1-o)(a1,2 ;) Since ¥, (p,7, ) is non-decreasing
+ n

for u > =, we have |
2-7)B-n+68)(1+p)B(a11 —a)(a1,2 — )

23 =7+6)(1+uB) ’
which proves the assertion of this theorem. 0O

v<ay 01—

6. Linear combination of the function in the class ¢ (o, 3,1, 7,7,d,t; 20)

Theorem 6.1. Let T (o, B, u,n,7v,0) = Gt zqﬂi‘)?é:?)\llnﬂ-al and let us put
(6.1) fn(z)=a12"T(a,ﬁ,Mﬁ7,’7,5)z yn=2,3,--,

and fi(2) = a1z. Then f(2) € @ (a;,B), i, 7,6, t;; 20) if and only if -

(6.2) £(2) =S tatala),z € B,
: n=1

o0
where Y tn=1,t, >0 forn=1,2,3,...

n=1

proof. Let f(2) € ¢ (e, B,14,m,7,6,t;20) . Then, by Corollary 2.2, |a,,| < T (o, B, 1, 1,7,98) .

Let us put ,
(6'3) tn =T(a;:3al"""7"7a5)-1 Un,N=2,3,:-+,
o0
and t; =1 — 3 t,. By assumption, we have t, > 0,n=2,3,--., and t; > 0. Thus
n=2
)
Etnfn( —tlfl +Ztnfn
n=1 n=2
oo 00 .
(6.4) = (1 - Z tn) a1z + Z in {alz -T (a,ﬂa K315, 0) zn}
-n-2 n=2

=a12z — Eanz = f(z
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Conversely, Let us function f(z) satisfy (6.2). Since

f(z) = Ztnfn(z) = tlfl(z) + ztnfn(z)

n=1 n=2

(65) = (1 - Ztn) a1z + Ztn {0.12 -T (a7ﬂ’ Ky 6) Zn} )

n=2 n=2

oo oo
=012 — ZtnT (aaﬂ’ua U P 5) 2" =a1z— Za’nzn

n=2 n=2

which proves the assertion of this theorem. [
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