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ON SOME PROPERTIES OF ANALYTIC FUNCTIONS

MAMORU NUNOKAWA [#i)I|5#] (BB K%E)

ABSTRACT. Let p(z) be analyticin |z| < 1, p(0) = 1, p(z) # 0in |2z| < 1 and suppose that
|p(2)| takes its maximum and minimum value at points z = 2zp and z = 2; respectively
on the closed disc |z| = |z| = |21] < r (0 <7 < 1). Then we have

p(20) -
and ,

p(z1)

1. INTRODUCTION.
In [2], Jack proved the following theorem.

Theorem A. Let w(z) be analytic in E = {z: |z| < 1} and suppose that w(0) = 0. If
|lw(2)| takes its mazimum value on the circle |z| = < 1 at a point z = 2y, then we have
20w (20) _

w(zp)

where k is real number and k > 1.

Fukui and Sakaguchi [1] generalized Theorem A and gave a simple and geometrical
proof.

Furthermore, Miller and Mocanu [3] generalized Theorem A and obtained the following
theorem.

Theorem B. Let w(z) = Y 5o axz* be analytic in E, n € N, w(z) # 0. If zg = roe'®
(0<ro<1) and
lw(z0)| = max |w(z)|
[z0|<To0

-then
zow'(29) _
w(2o)
and )
14+ RAY () 5
w'(z)

where 1 <n < m.
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It is a purpose of the present paper to obtain some similar but a little different results
from Theorem A and B.

2. MAIN RESULT.
Theorem. Let p(z) be analytic in E, p(0) =1, p(z) # 0 in E and suppose that

max |p(2)] = p(a)]

and
min '< min |p(2)| = Ip(21)l

where 0 < < 1 and |z| = |z1| =r. Then we have

zp'(20)
p(20)

219 (z1) —
o) S0

zop"( o)
P(z) ~

21p"( 1)
P(a) ~

where m and n are real, 0 < m and n < 0.

=m2>0

b]

1+ Re————=

and

1+ Re————

Proof. Let us put

- (23) (55) - (5. -

where R = |p(z)| and A= (R +1)/(R —1). Then we have

A- 9(2))
=R .
w0 =R (5550
When |p(z)| takes its maximum value at a point z = z,, then we have Reg(z) > 0 for
|z| < |20| and Re g(2) = 0. Putting |z| = |20], 2 = |z0|€®® and 0 < § < 27, we have

2p'(z) _ dargp(z)  dlog|p(2)|
p(2) dé do
_2g(2)  2d'(2)
-9(z) A+g(2)
_22¢(2)
A? —g(z)¥

(1)
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Therefore we have

2p(z0) _ 2209 (%)

e ;;.%3y 1. dlp(2)|
- (%7 lm"4wmﬂiw>;o
-(),,

where m is a real and 0 < m. By logarithmic differentiation of (1), we have

W) () ., (@) 229(2)e(2)
P o) T ek A-gRR

14

Then we have

14+ Rezop"(zo) _ Rezop'(zo) z0g"(20) R e2zog'(zo)g(zo)

= 1 — Re=20d %)
P () i) TR GG TR A gl
=m4+1+ Rezog?(z)o) — mRe 9(z0)
—m+1 +Rezogl (Zo).
()

From the hypothesis, we have
- Reg(z) >0 for |z| < |2|

and _
Reg (ZO) = 0,
then from the geometrical property of g(z), we have .
'
1+ Refg'%ﬁ—o-—)- > 0.
' 9 () -

This shows that
Zop" (Zo) >

1+Re—p—,®-—_m

On the other hand, let us put : :
p(z) =1\ [1+1 >
Hz) (m@+0(1—l’ ©)
where 0 < [ = min, <|,| |p(2)| < 1, then we have ‘ v '
., (B+h(2) : '
_ | (@2

'p&)l(B—M@) - @

where B = (1+1)/(1 — ). From the hypothesis of the theorem, we have
Reh(z) >0 for |z| < |z|

and
Re h(zl) =0.
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From (2), we have
zp/(2) _ 2zH(2) | 3)
p(z)  B*-h(2)*

By the same reason as the above, we have on the circle |z| = |z;]e® and 0 < 0 < 27

(%&)..."°

and from the geometrical property, we have

dargp(z)
RSS2 A < .
( do z=z) - 0

This shows that
217 (21) 111/ (Zl)
p(z1) p(z1)
where n is a real number. From (3), we have
@) _ W), ()
7D TG

22K/ (2)h(z)

1+ oGP

and therefore we have
le’( 1) zlh”(zl) 221’1’(21)’1(21)
1+ Re————= +1+Re —Re
p) W () = h(z)?
Z]_h”(zl)
h’(Zl) nRe h(21)
zlh”(zl)
W(z)
Applying the same reason as the above, we have
21 h”(21)
W(z1) ~

=n+1+Re

=n+1+4Re

1+ Re————=2>0

and this shows that o )
2 21

1+Re————=>n
4 (21)

where n is a real number and n < 0. This completes the proof. O
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