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1 Introduction

A metapopulation (such as barnacles) consists of many habitats for sessile
adults and the planktonic larvae. The larvae are produced from all the local
habitats, which are mixed in a common larval pool. The larvae then return
to settle on vacant space in a local habitat. The local population is regulated
by the death rate of adults in each habitat depend and by the settlement
rate into vacant space. The settlement rate into a habitat on the amount
of vacant space provides the density dependent competition among adult
organisms and it leads to population regulation.

Under those observations, Iwasa and Roughgarden [1)[2] have proposed a
mathematical model. And they examine it numerically or quantitatively.

In this paper, we consider the case that two kinds of species and two local
hatitats exist. We define some new threshold parameters. Using them, we
argue the existence of the steady states and their stability.

2 The model and steady states

Let P;; be the density of adults of species ¢ living in local hatitat j. In the
following we use the index ¢, j to indicate the species ¢ and the local hatitat j.
Then the dynamics of F;; is determined by the loss of adults due to mortality
pi; and the settlement of larvae into the local habitat:

9 P®) = =Py (0) + (s — SOV 2.)

The second term of (2.1) is the rate of larval settlement which is proportional
to the accessibility c;; and the vacant space, total space minus occupied space

60



Q; — S;(t), where the occupied space is defined as

S;(t) : Z%J i 4 (2.2)

and -;; is the area occupied by a single individual. The number of larvae of
species ¢ in the larval pool, denoted by L;, follows

%Li(t) = ZCH t) + Zmu (1) (2.3)

j=1

The first and second term of (2.3) are the loss of larvae due to mortality v;
and the settlement. The third term is the sum of production of larvae by
adults living in each local habitat with fertility m,;.

The steady states are solved as roots of the hatitat derived from (2.1)-
(2.3):

0 = —m; P+ cii(Q; — S5)L;, | (2.4)
2
0 = —uLi—Y cy(Q;—8;) L*+Zm1, % (2.5)

j=1

S; = Z'Yzj ij) (26)
i=1
where 7,7 = 1,2. The symbols with an asterisk indicate the values at a
steady state. It is easily seen that the trivial steady state, the absence of
organisms, exists for all arbitrary parameters.
For the sake of simplicity, we introduce o;; as abbreviation defined as

T2 Cij
Mg
«;; represents the expected basal area of a larva of species ¢ that settles

in local hatitat 7. By the use of this notation and the elimination of P,
(2.4)-(2.6) are reduced to a hatitat of L} and S;:

a,-j =

0 = {’Ur,, + Zcz] } {\I} (SI’S2) } (27)

S; = Za” — S¥) L, (2.8)
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where i,j = 1,2. The functions ¥; introduced in (2.7) are given by
2 majci
> Q- &)
j=1 "V
(&1, &2) = 3 .
vit+ (@5 — &)
j=1

We shall show the existence of the non-trivial steady state for species 1 such
that only species 1 is present. And the case for species 2 can be shown along
the same manner. ,

Let L} > 0 and L3 = 0, then (2.7)-(2.8) are reduced to

Uy(S1,83) =1, (2.9)
S; :C!U(Q]—S;)L;, j :1,2 (210)
Here we adopt the following assumption:

Assumption 1. ¥, 7 = 1,2, are strictly monotonically decreasing functions
with respect to both variables.

We introduce new parameters which represents the expected number of
larvae reproduced by a larva:

2
m;Cij
> Qj

i Pad
5 —.
v; + 5 ¢i; Qj
=1

Ry; is called the basic reproduction number for species ¢. Hence we can prove
the next threshold theorem:

Ryi = 9,(0,0) =

Theorem 2. Under Assumption 1, if Ry O 1, only the trivial steady state
exists. And if Roy > 1, the non-trivial single-species’ steady state uniquely
erists.

Proof. Substituting (2.10) into (2.9), we obtain the quadratic equation for
Ly

¢(L7) =0, | (2.11)
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P(L}) = vianawLi® + {vi(ea; + a12) + cuQioas + c12Q2011 }
% {1 — Py 1201 1@z )} L

a1+ aip’ oq1 + oy
+(v1 + Q1 + c12Q2)(1 — Ro). (2.12)
From Assumption 1, we have

Cﬁllel a11Q)2
, < ¥4(0,0) = .
' al + a1 ain + alz) 1(0,0) = Fox

Then the coefficient of the first degree of (2.12) is non-negative and

¢(0) = (v1 + c1@Q1 + c12Q2)(1 — Ron) > 0

if Ro1 O 1. Then (2.11) has no positive root. On the other hand, ¢(0) < 0
if Ro; > 1. This leads to the uniquely existence of the positive steady state
and it is uniquely determined as a larger root of (2.11). O

3 Local and global stability of steady states

The local stability is studied by linearizing the basic equation around a steady
state (Pfy, Py, Pyy, Pyy, L}, L}). The linearized matrix is a 6 x 6 matrix and
is given by '

—p11 — e L3y 0 —cunLiva
0 —p12 — ci2Livi2 0
A —ca1 Ly 0 —p21 — ca1Lyva
' 0 —caa LMz 0
mu +cuiliyin mag + ciaLime cunLive:
ca1 L3y ca2Liv12 ma1 + ca1 L5y
0 c11(@Q1 — S7) 0 \
—c12Liv22 c12(Q2 — S3) 0
0 0 co1(Q1 — ST)
— 22 — c22 L3790 0 Co2(Q2 — S3)
2
cielime v - Z c15(Q; — 55) 0
Jj=1 9
maz + ca2 Ljy2e (U ~vy — ZCZJ‘(QJ' - 55) )
—
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From now, we investigate the eigenvalues of matrix A to study the local
stability of steady states. The characteristic equation for the matrix A is

det(A — A) =0, (3.1)
where A denotes the complex number and I the 6 X 6 identity matrix. Sub-
stituting the trivial steady state (Pjy, Ply, Poy, Py, L3, L3) = (0,0,0,0,0,0)

into (3.1) and using standard rules to simplify the determinant of a matrix,
we can rewrite (3.1) as

AR =0, | (32)

where

2

2 _
fid) = (/\ T+ Z%’Qy‘) H()\ + piz) — caQumar (A + pig)
j=1

j=1
—CiaQamaz(A + par). | (3.3)
We need not to assume Assumption 1 to show the following theorem.

Theorem 3. If max;—12 Ro; < 1, then the trivial steady state is locally
asymptotically stable, whereas it is unstable if max;—; 2 Ro; > 1.

Proof. To show the sign of roots is what only we have to do. Without loss
of generarity, we can assume Rg; > Ro2 and py1 > pi2. Then we see that

lim fl()‘) = —00,
A— —00

fi(—p11) = —c11@imar (12 — p11) > 0,
fl(—ﬂl2) = _012Q2m12(1111 - ,u12) < 0.

According to these relations, we have two negative roots of f;(A) = 0 which
lie in (—oo, —py1) and (—puy1, —p12). Next we check the sign of f1(0). Sub-
stituting A = 0 into (3.3), we have

2
f1(0) = pa1p12 <U1 + chij> (1 - Rn).

i=1

Since limy, 100 f1(A) = 400, it follows that the largest root lies in (—pu12,0)
if Rpy < 1 or in (0,+00) if Ry > 1. Therefore all roots are negative if
Rp; < 1, and if Ro; > 1 then (3.3) has a positive root. The remaining cases
are established by applying the similar manner, too. This completes the
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In the following we shall show the local stability for non-trivial single-species’
steady state of species 1. We suppose Rg; > 1. The characteristic equation
(3.1) for (Pyy, Ppy,0,0, L}, 0) becomes the product of two functions just like
(3.2), which are given as follows:

AQ) = (A+w) f[ A+ pi;) +en(Q1 — ST)(A+ pi) (A + puy — ma)
bern(@a — S5+ B+ s — ) n

B = (A +v) f[ At pa;) + e (@1 — S7)(A + pa2) (A + pz — ay)
+C22(Q2]—:132)(/\ + p21) (A + paz — maz), (3.5)

where ui; := p1; +715¢1;L7. Here we introduce another significant parameter

defined by Rg, := W;(St,S5). We remark that S; is the occupied area of

only species 1. This is the reproduction number for species 2 in the condition

that the system is in the non-trivial single-species’ steady state of species 1.
Under Assumption 1, the next theorem holds.

Theorem 4. If R§, < 1 then the non-trivial single-species’ steady state is
locally asymptotically stable. And it is unstable if Rgy > 1.

This theorem will be shown by the following Lemma 5 and Lemma 6.
Lemma 5. f1(\) = 0 has three negative roots.

Proof. Since almost part of this proof is similar to it of Theorem 3, then we
only check the sign of f;(0). From Assumption 1 and (2.9), we obtain

7, (’711011[/ Ql + #115’1 , ’712012L Qz + #1252) < \Ill(S’l",SS) -1

M1 Kiz
Then itkfollows that

f100) = {vipiipis + crpnpia(Q1 — ST) + craphiap;; (Q2 — S3)}
x {1 _ (’711011L1Q1 + 11 ST m2c12L3Q2 + ,u1252 )} S 0.

)

M1 KPi2

Therefore our claim follows. O
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Lemma 6. If R}, < 1 then three negative roots of fa(A) = 0 are negative,
and if Ry > 1 then two roots are negtive and the largest one is positive.

Proof. By the same manner as the part of the proof of Theorem 3, it is shown
that fo(\) always has two negative roots whether Rj, > 1 or not. Therefore
we only show the sign of the largest root, which is determined by it of f5(0)
since limy_, ;o0 f2(A) = 400 holds. As we substitute A = 0 into (3.5), then
we have

£2(0) = parpian {Uz + H%(Qy’ - S;)} {1_— Ry }-

J=1

So all roots are negative if Rj, < 1. On the other hand, the largest root is
positive if Rj, > 1. This completes the proof. O

From Lemma 5 and Lemma 6, we completes the proof of Theorem 4. We
notice that the same result of Theorem 4 holds for species 2.

Finally, we are going to establish the global stability of the trivial steady
state. We again assume Assumption 1 then we have the following theorem:

Theorem 7. Ifmax{Ro, Ro2} O 1, the trivial steady state is globally asymp-
totically stable.

Proof. Tt is sufficient to show the existence of a Liapunov function. In fact,
it is made as the following:

veen:= Y Zp S, (3.6)

4,5=1,2 Hij i=1

where P = (Py1, Pi2, Pa1, Pag),L = (L1, Lg). The first term of (3.6) represents
the expected number of current larvae which are going to be released by the
current adults and the second term does the number of current larvae. And
(3.6) is defined on the bounded set Q C R®:

Q:={(P,L)eR%P,;>0,80Q,,L; >0,4,5=1,2}.

This set is 'po"sitively.jinvariant with respect to the flow defined by (2.1)-(2.3).
From the Assumption 1, the time derivative of V" along solution of (2.1)-(2.3)

66



is as follows:

V(P(t),L(1)) = ZLi(t){U1+Zc1] - }{‘11(51() 2(8)) — 1}

O ZLi(t) {U,—I—Zc” )}{ROZ— 1}.

By the LaSalle invariance principle, it follows that the trivial steady state is
globally asymptotically stable if max{Ro;, Roz} O 1. o -

4 Discussion

The existence, the local and global stability of steady states are discussed.
Most importantly, we have shown the definite expression of the basic re-
production numbes, Ry;, and the reproduction numbers, Rj; as threshold
parameters. They governs whether or not the steady state is locally or glob-
ally stable. Especially we may call R§; an invasion parameter, for Ry, is the
reproduction number of species ¢ under the other species.

There are still some challenging questions which need to be studied for

system (2.1)-(2.3). We will have to consider the case that Assumption 1 does -

not hold though it is adopted to avoid the non-uniqueness of the non-trivial
steady state. It is of more biologically significance to consider the case of
co-existence. We leave this for future work.
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