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To each factor Nt we associate an invariant $\mathrm{O}\mathrm{b}_{\mathrm{m}}‘(\mathrm{M})$ to be called the intrinsic modular
$obstructi\mathrm{o}r\iota$ as acohomological invariant which lives in the “third” cohomology group:

$\mathrm{H}_{\alpha,\mathrm{n}}^{\mathrm{o}\mathrm{u}\mathrm{t}}$ (Out (M) x $\mathbb{R},$ $\mathrm{H}_{\theta}^{1}(\mathbb{R},$ $\mathrm{u}(\mathrm{G})),$ $\mathrm{u}(\mathrm{C})$ )

where $\{\mathrm{G}, \mathrm{B}, \theta\}$ is the flow of weights 011 M. If $\alpha$ is an outer action of acountable discrete
group $G$ on N[, then its modulus $\mathrm{m}\mathrm{o}\mathrm{d} (\alpha)\in \mathrm{H}\mathrm{o}\mathrm{m}(G, \mathrm{A}\mathrm{u}\mathrm{t}\theta(\mathrm{C}\dot{)}),$ $N–\alpha^{-1}(\mathrm{C}\mathrm{n}\mathrm{t}_{\mathrm{r}}(\mathrm{A}f))$ and
the pull back

$\mathrm{O}\mathrm{b}_{\mathrm{m}}(\alpha)=\alpha^{*}(\mathrm{O}\mathrm{b}_{\mathrm{m}}(\mathrm{M}))\in \mathrm{H}_{\alpha^{{}_{\lrcorner}\mathrm{P}}}^{\mathrm{o}\mathrm{u}\mathrm{t}},(G\mathrm{x}\mathbb{R}, N, \mathrm{u}(\mathrm{C}))$

to be called the modular obstmction of aare invariants of the outer conjugacy class of the
outer action $\alpha$ .

We prove that if the factor $\mathrm{M}$ is approximately finite dimensional and $G$ is amenable,
then the invariants uniquely determine the outer conjugacy class of $\alpha$ and the every in-
variant occurs as the invariant of $\mathrm{a}\mathrm{r}\mathrm{l}$ outer action cz of $G$ on M.

\S 1. Introduction

Let $G$ be acountable discrete group. Amap $\alpha$ : $g\in G\mapsto\alpha_{g}\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{M})$ is
called an outer action of $G$ on the factor $\mathrm{M}$ if $\alpha$ satisfies

$\alpha_{g}\circ\alpha_{h}\equiv\alpha_{gh}$
$\mathrm{m}\mathrm{o}\mathrm{d}$ Int(M), $g,$ $h\in G$ ;

$\alpha_{1}=\mathrm{i}\mathrm{d}$ and $\alpha_{\mathit{9}}\not\equiv \mathrm{i}\mathrm{d}$
$\mathrm{m}\mathrm{o}\mathrm{d}$ Int(M) unless $g=1$

where $1\in G$ is the identity of $G$ . If $\dot{\alpha}_{\mathit{9}}$ is the class of $\alpha_{g}$ in Out(M), then
the map $\dot{\alpha}$ : $g\in G\mapsto,\dot{\alpha}_{g}\in \mathrm{O}\mathrm{u}\mathrm{t}(\mathrm{M})$ is an injective homomorphism. Two
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outer actions $\alpha \mathrm{a}\mathrm{l}\mathrm{l}\mathrm{d}/\mathit{3}$ of G on the salue factor M are called outer. conjugate
if there exists an automorpltism $\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{M})$ such that

$\dot{\beta}_{g}=$
.

$.g\dot{\sigma}^{-1}$ , $g\in G$ ,

where $\dot{\sigma}\in \mathrm{O}\mathrm{u}\mathrm{t}(\mathrm{M})$ is the class of ain $\mathrm{O}\mathrm{u}\mathrm{t}_{1}(\mathrm{M})$ .
With the successful completion of the cocycle conjugacy classification of

amenable discrete group actions on AFD $\mathrm{f}\mathrm{a}\mathrm{c}\mathrm{t},\mathrm{o}\mathrm{r}\mathrm{s}$ by many hands over more
than two decades, [C3, C6., Jl, $\mathrm{J}\mathrm{T},$ $\mathrm{O}_{1}\mathrm{S}\mathrm{T}1,$ $\mathrm{S}\mathrm{T}2,$ KwST, KtST], it is only
naturally to consider the outer conjugacy classification of alnenable discrete
group $\mathrm{o}11\mathrm{t}_{J}\mathrm{e}\mathrm{r}$ actions on AFD factors. In $\mathrm{f}\mathrm{a}\mathrm{c}\mathrm{t}_{\}$ the work on the program has
been already started by the pioneering works of Connes, [Cnn 3, 4, 5, 6].
Jones [J1] and Ocneanu [Ocn].

In this article, we complete the outer conjugacy classification of discrete
aanenable group outer actions on AFD factors. The cases of tyPe $\mathrm{I},$ $\mathrm{I}_{1},$ $\mathrm{I}_{\infty}$

and $\mathrm{m}$ with additional technical assumption were already completed by Jones,
[J1], and Ocneanu, [Ocn], so the case of $\mathrm{t},.\mathrm{v}\mathrm{p}\mathrm{e}\mathrm{m}$ will be mainly considered
although the technical assumption in the case of type $\mathrm{m}$ placed in the work
of Ocneanu [Ocn] must be removed.

\S 2. Modified Huebschmann Jones Ratcliffe Exact Sequence

We recall the Huebschmann-Jones-Ratcliffe exact sequence, [Hb, Jl, Rc]:

$1-\mathrm{H}^{1}(Q, A)\mathrm{H}^{1}(\underline{\pi^{\mathrm{r}}}G, A)arrow \mathrm{H}^{1}(N, A)^{G}-$

—H $(Q,A)–arrow \mathrm{H}^{2}(G,A)arrow\Lambda(G, N, A)\mathrm{H}^{3}(Q,A)\mathrm{H}^{\mathrm{i}3}(G,A)\delta_{\underline{\mathrm{H}\mathrm{J}\mathrm{R}}}\underline{\pi_{C_{\mathrm{I}}}^{*}}$,

where either i) $G$ is aseparable locally compact group acting on aseparable
abelian von Neumann algebra $\mathrm{C}$ with $A=\mathrm{U}(\mathrm{C})$ and $N$ aBorel normal
subgroup, or $\mathrm{i}\mathrm{i}$) $G$ is adiscrete group and $N$ anormal subgroup. In this
section, we show that there is another exact sequence related with HJR-exact
sequence, which we call modified $\mathrm{H}\mathrm{J}\mathrm{R}-\mathrm{e}\mathrm{x}\mathrm{a}\mathrm{c}\mathrm{t}_{l}$ sequence. This ntodified HJR-
exact sequence is not only necessary $\mathrm{t},\mathrm{o}$ describe invariants to outer conjugacy
of outer actions but also necessary to construct model outer actions with
given invariants.

Let $L$ and $\Lambda f$ be normal subgroups of a $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{t}_{\mathrm{J}}\mathrm{e}$ group $H$ with $H\triangleright L\triangleright M$

and $H/L\simeq Q$ and $H/M\simeq G$ . Let $\Lambda(\overline{H}, L, A)$ be the characteristic invariant
in [ST2] where $\overline{H}=H\cross \mathrm{R}$ .

Definition 2.1. A subset $\{[\lambda, \mu]\in \mathrm{A}(\tilde{H}, L,A);-[\lambda|_{M,l}\iota|_{\mathrm{A}I}\rceil\in\Lambda(H\wedge\Lambda\prime f\eta_{-)}\Gamma_{l}^{\backslash }$

$\lambda|_{h^{l}\Gamma\cross 1\mathrm{R}}=1\}$ of $\Lambda(\tilde{H}, M, A)$ is denoted by $\Lambda$ ( $H$ , L. $-\# I,$ $\wedge 4$ ).
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A homomorphism ${\rm Res}$ : $\mathrm{H}^{\underline{9}}(H, \mathrm{T})\mapsto\Lambda(f\tilde{J},$L, JI, A) is the $follo^{l}wi_{\Gamma l}c\mathrm{J}co^{l}m-$

posecl map of canonical incl tsions:

$\mathrm{H}^{\underline{\mathrm{o}}}(H, \mathrm{T})arrow \mathrm{H}^{2}(\overline{H}, \mathrm{T})arrow \mathrm{H}_{\alpha}^{r_{1}}\sim(\overline{H}, A)\underline{\Gamma \mathrm{C}^{\backslash }\mathrm{S}}\Lambda(\tilde{H}, L, A)$ .

Definition 2.2. A cocycle $c^{\iota}\in \mathrm{Z}_{\alpha}^{s\prime}(\tilde{Q}, A)$ will be called $stantda7^{\cdot}d$ if it is of the
$f\dot{o}\tau m$ :for $\tilde{p}=(p, s),\tilde{q}=(q, \mathrm{t}),\tilde{r}=(r, u)\in\overline{Q}$ ,

$c(\tilde{p},\overline{q}, ’\overline{r})=\alpha_{p}(d_{\mathrm{c}}(s;q, r))c_{Q}(p, q, r)$

uzith $c_{Q}\in \mathrm{Z}_{\alpha}^{\mathrm{d}}.(Q, A),$ $d_{c}|(\cdot, q, r)\in \mathrm{Z}_{\theta}^{1}(\mathbb{R}, A)$ satisfying $\partial_{Q}(d_{c})=\partial_{\theta}(c_{Q})$ .

We will $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{e}\mathrm{n}\mathrm{f}_{r}\mathrm{r}\mathrm{a}\mathrm{t}_{\iota}\mathrm{e}$ on $\mathrm{t},1_{1}\mathrm{e}$ subgroup $\mathrm{Z}_{\alpha,\aleph}^{3}(\overline{Q}_{\tau}A)$ of all standard cocycles
in $\mathrm{Z}_{\alpha}^{3}(\tilde{Q}, A)$ . The index $\dot{‘}‘ \mathrm{s}$”stands for “

$\mathrm{s}\mathrm{t}_{1}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{r}\mathrm{d}’$

’ We then set,

$\mathrm{H}_{\alpha.\mathrm{s}}^{s\downarrow}(\tilde{Q}, A)=\mathrm{Z}_{\alpha,\mathrm{s}}^{\mathrm{d}}.(\overline{Q}, A)/\partial_{\overline{Q}}(\mathrm{C}_{\alpha}^{2}(Q, A))$.

The coboundary group $\mathrm{B}_{\alpha.\mathrm{s}}^{3}(\tilde{Q.}, A)=.\partial_{\tilde{Q}}(\mathrm{C}_{\alpha}^{2}(Q, A))$ is asubgroup of the usual
third coboundary group $\mathrm{B}_{\alpha}^{3}(\overline{Q}, A)=\partial_{\overline{Q}}(\mathrm{C}_{\alpha}^{2}(\tilde{Q}, A))$.

The fixed cross-section 5 : $Q\mapsto G$ allows us to consider the fiber product

$\mathrm{H}_{\mathfrak{a},\mathrm{s}}^{3}(\tilde{Q}, A)*_{\epsilon}\mathrm{H}\mathrm{o}\mathrm{m}_{G}(N, \mathrm{H}_{\theta}^{1})$

consisting of those pairs $([c], \nu)\in \mathrm{H}_{\alpha,\mathrm{s}}^{3}.(\overline{Q}, A4)\cross \mathrm{H}\mathrm{o}\mathrm{m}_{G}(N, \mathrm{H}_{\theta}^{1})$ such that

$[d_{c}.(\cdot, q, \cdot/\cdot)]=\nu(\mathfrak{n}_{N}(q, \prime r))$ in $\mathrm{H}_{\theta}^{1}$ , $q,$ $r\in Q$

where $5(q)\epsilon(r)=\mathfrak{n}_{N}(q_{\dot{l}}r)_{5}(qr)$ . The group $\mathrm{H}_{\alpha_{\backslash }\mathrm{s}}^{3}(\overline{Q}, A)*_{5}\mathrm{H}\mathrm{o}\mathrm{m}_{G}(N, \mathrm{H}_{\theta}^{1})$ will
be $\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{o}\mathrm{t},\mathrm{e}\mathrm{d}$ by $\mathrm{H}_{\alpha,\mathit{5}}^{\mathrm{o}\mathrm{u}\mathrm{t}}(G\cross \mathbb{R}_{!}.N, A)$ for $\mathrm{s}\mathrm{h}\mathrm{o}\mathrm{r}\uparrow|$ . The suffix $\downarrow‘\epsilon’$

’ is placed to
indicate that this fiber product depends heavily on the cocycle $\mathfrak{n}_{N}$ hence on
the cross-section 5.

Definition 2.3. The $\mathrm{H}J\mathrm{R}$-map $\delta_{\mathrm{H}11\mathrm{H}}$ for a pair $(H, L)$ with $Q=H/L$ induces
a map $\delta:\Lambda(\tilde{H}, L, M, A)\mapsto \mathrm{H}_{\alpha,\epsilon}^{\mathrm{o}\mathrm{u}\mathrm{t}}(G\cross \mathbb{R}, N, A)$ by

$\delta([\lambda, \mu])=(c_{[\lambda,\mu]}, \nu_{[\lambda.\mu]})$

rnhere $\delta_{\mathrm{H}\mathrm{J}\mathrm{R}}([\lambda, \mu_{l}])=\mathrm{r}_{[\lambda,\mu]}$, and $\nu[\lambda.\mu](n)=[\lambda(l, \cdot)]$ for $.\mathrm{s}om,e_{d}l$ with $\pi_{G}(l)=n$

and the quotient map $\pi_{G}$ : $H\mapsto G$ .
For $[(c, \nu)]\in \mathrm{H}_{\alpha,\epsilon}^{0\prime 1\mathrm{t}}(G\mathrm{x}\mathbb{R}, N, A)$ , it, is of the $\mathrm{s}\mathrm{t},\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{r}\mathrm{d}$ form

$c(\tilde{p},\tilde{q},\tilde{r\cdot})=\mathrm{c}_{Q}(p, q, r)\alpha_{p}(d_{c}(s;q, r))$
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and take $\dot{\zeta}_{\nu}$ (., 71) $\in \mathrm{Z}_{\theta}^{1}(\mathbb{R}.A)$ with $\nu(n)=[\zeta_{\nu}(\cdot, n)]$ in $\mathrm{H}^{1}(\mathbb{R},$A). By the
definition of $\mathrm{t}_{1}\mathrm{h}\mathrm{e}$ fiber product $\mathrm{H}_{\alpha.\mathrm{k}\mathrm{s}}^{\mathrm{d}}.(\check{Q}, A)*_{6}\mathrm{H}\mathrm{o}\mathrm{m}_{G}(N, \mathrm{H}_{\theta}^{1})$ , there is sorne
f $\in \mathrm{C}_{\alpha}^{2}(Q,$A) such that

$d_{c}(s;q, r)=\theta_{5}(f(q, r))f(q, r\cdot)^{*}\zeta_{\nu}(s_{j}\mathfrak{n}_{N}(q, r\cdot))$ , $q_{1}r\cdot\in Q,$ $s\in \mathbb{R}$ .

The function $(g, h)\in G\cross G\mapsto \mathfrak{n}_{N}(\pi(g), \pi(h))\in N$ is coboundary with
$n_{N}(g)\in N$ wlnere $n_{N}(g)=\epsilon(\pi(g))g^{-1}$ and $\pi$ is the $\mathrm{q}\mathrm{u}\mathrm{o}\mathrm{t}_{1}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ map : $G\mapsto Q$ .
Hence there exists $a(g, h)\in A$ for $g,$ $h\in G$ such that

$(_{\nu}(s;\mathfrak{n}_{N}(\pi(g), \pi(h)))=\theta_{s}(a(g, h))a(g, h)^{*}(_{\nu}(s;\mathrm{n}_{N}(g))$

$\mathrm{x}r\mathrm{y}_{q\iota}((_{\nu}(.\mathrm{s};\mathrm{n}_{N}(h)))\zeta_{\nu}(.\mathrm{s};\mathrm{n}_{N}(gh))^{*}$.

So that the ergodicity of the flow $\theta$ can yields that

$\pi^{*}(c_{Q})\partial_{G}(\pi^{*}(f)a)^{*}\in \mathrm{Z}^{3}(G, \mathrm{T})$ .

Definition 2.4. The m.ap $\partial$ : $\mathrm{H}_{\alpha.\mathrm{s}}^{\mathrm{o}\mathrm{u}\mathrm{t}}(G\cross \mathbb{R}, N, A)\mapsto \mathrm{H}^{3}(G, \mathrm{T})$ is defined by

$\partial([c])=[\pi^{*}(c_{Q})\partial_{G}(\pi^{*}(f.)a)^{*}]$ ,

and the $\mathit{7}nap$ Inf $\dot{\uparrow,}|\mathrm{s}$ jttst the cornposition, $\inf\circ\partial$ of. inf and $\partial \mathrm{i}$ where $\inf i_{l1}\mathrm{s}$ the
inflation map of. $\mathrm{H}^{3}(G, \mathrm{T})$ to $\mathrm{H}^{3}(H, \mathrm{T})$ .

We can show that those maps yields an exact sequence as follows.

Theorem 2.5 [Modified JHR-Exact Sequence]. Suppose that $\{\mathrm{C}, \mathbb{R}, \theta\}$

is an $ergod,ic$ flow and a homomorphism $\alpha:g\in H\mapsto’\alpha_{g}\in \mathrm{A}\mathrm{u}\mathrm{t}_{\theta}(\mathrm{C}),$ the
$gr\cdot \mathit{0}\tau\iota p$ of $a\tau/_{l}tom,or^{\eta}phi_{J}.\mathrm{s}m.\mathrm{s}$ of $\mathrm{C}c,omm,utin,g\tau \mathit{1}J?.,th\theta$ . $A_{\ell}\mathrm{q}_{1}\mathrm{s}um,e$ the follornirt.g:

i) a pair of normat subgroup $M\subset L\subset H$ is given;
$\mathrm{i}\mathrm{i})$ the $.9ubg7^{\cdot}or\iota pL$ , hence $M$ as $?\mathit{1}\mathit{1}e_{J}ll$, act.c; trivially on, $\mathrm{C},$ $i_{l}.e,.,$ $L\subset \mathrm{K}\mathrm{e}\mathrm{r}(\alpha)$ ;

$\mathrm{i}\mathrm{i}\mathrm{i})$ with $G=H/M,$ $N=L/M$ and $Q=H/L_{f}$ let $\pi_{G}$ : $H\mapsto G,$ $\pi:G\mapsto Q$

and $\dot{\pi}=\pi\circ\pi_{G}$ : $H\mapsto Q$ be the quotient maps such that

$\mathrm{K}\mathrm{e}\mathrm{r}(\pi_{G})=\mathrm{A}1$, $\mathrm{K}\mathrm{e}\mathrm{r}(\pi)=N$ and $\mathrm{K}\mathrm{e}\mathrm{r}(\dot{\pi})=L$ ;

$\mathrm{i}\mathrm{v})$ Fix a cross-section, a $Q\mapsto G$ of the map $\pi$ and. choose cross-sections
4: $G\mapsto,$ $Han,d\dot{\mathrm{a}}Q\mapsto H$ in $\mathrm{t}\mathrm{s}\iota/,ch$ a $\tau\downarrow$) $ay$ that $\dot{\epsilon}=\epsilon_{H}\circ\epsilon$ .

Set $\tilde{H}=H\cross \mathbb{R},\tilde{G}=G\mathrm{x}\mathbb{R}$ and $\overline{Q}=Q\cross \mathrm{R}$ . Let A d.enote $th\theta$ un $‘,\iota O’*..vgr\cdot \mathit{0}\cdot up$

$\mathrm{U}(\mathrm{C})$ of
$\cdot$

$\mathrm{C}$ and $\mathrm{H}_{\theta}^{1}$ be the first $coh,omo\mathfrak{l}_{1}o(\lrcorner..\iota/group$ $\mathrm{I}- \mathrm{I}_{\theta}^{1}(\mathbb{R}_{\tau}A)$ of. the ergodic flow.
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Under the above setting, there is a narural $ex\iota\iota ctsequer|_{r}c\epsilon$) which sits next $t_{\mathit{1}}o$

the Huebshmann-Jones-Ratcliffe $e\alpha\cdot a\mathrm{c}t$ sequence:

$\mathrm{H}^{2}(H, \mathrm{T})\underline{\mathrm{R}_{\mathrm{P}}.\grave{.}}\Lambda(\overline{H}, L, \Lambda I, A)\underline{\delta}\mathrm{H}_{a,\epsilon}^{\cap\prime 1}\mathrm{t}(G\mathrm{x}\mathbb{R}_{\backslash }N, A)\underline{1_{\mathrm{t}1}\mathrm{f}}\mathrm{H}^{3}(H, \mathrm{T})$

$||$ $|$ $\partial\rfloor$
$||$

$\mathrm{H}^{2}(H, \mathrm{T})\underline{\mathrm{r}\mathrm{e}\mathrm{s}}$ $\Lambda_{\alpha}(H, M, \mathrm{T}^{\tau})$

$\underline{\delta_{\mathrm{H}\mathrm{J}\mathrm{R}}}$

$\mathrm{H}^{3}(G, \mathrm{T})$ $\underline{\inf}\mathrm{H}^{3}(H, \mathbb{T})$

We prove t.he following lemma in the sante way as in [J1] by using dimen-
sion shifting t.heorem in cohomology theory.

Lemma 2.6. Let A denote the $unita7\psi gro\mathrm{t}\iota p\mathrm{u}(\mathrm{C})$ of an abelian separable
.von Neumann algebra $\mathrm{C}$ or the torus group T. Let abe an action of $a$

countable $d|j,|\mathrm{s}\mathrm{t}’jr\cdot ete,$ $gro\mathrm{r}/,pG$ on C. To each $\mathrm{r}\in \mathrm{Z}_{\alpha}^{3}(G, A)$ , there corresponds $a$

countable group $H=H(c)$ and a normal subgroup $M=\Lambda^{2}I(c)$ such that:
i) the $gr\cdot \mathit{0}\prime upG$ is $ident’ified\prime n\prime ith$ the qttotient group $H/\Lambda I$ ;

$\mathrm{i}\mathrm{i})$ there $co?^{\tau}responds$ a characteristic cocycle

$(\lambda, \mu)=(\lambda_{\mathrm{c}l},\iota_{c})\in \mathrm{Z}_{\alpha}(H, M, A)$

$,9?\mathit{1}_{l}\mathrm{C}h$ that
$[\mathrm{c}]=\delta_{\mathrm{H}\mathrm{J}\mathrm{R}}([\lambda, \mu])$

in the $\mathrm{H}\mathrm{J}R$ -exact sequence $r\cdot elati\prime ve$ to $\{H, M, A\}$ ;
$\mathrm{i}\mathrm{i}\mathrm{i})$ the group $\mathrm{A}I$ is abelian.

Definition 2.7.. We call the group $H(c)$ the resolution group of the cocycle
$c\in \mathrm{Z}_{\alpha}^{3}(G, A)$ and the $character\dot{\eta}stic$ cocycle $(\lambda_{c}, \mu_{c})\in \mathrm{Z}_{\alpha}(H, M, A)$ a resolu-
tion of the cocycle $c$ . We also call the map $\pi_{G}$ : $H(c)\mapsto G$ resolution map
$a7\iota d$ the pair $\{H(c)\backslash \pi_{G}\}$ a resolution system.

Corollary 2.8. Let $\{\mathrm{C}, \mathbb{R}, \theta\}$ be an ergodic flow and $G$ a discrete countable
group acting on $tf\iota e$, flow $\{\mathrm{C}, \mathbb{R}, \theta\}\uparrow)i_{l}a\alpha$ . Let $N$ be a $77,O\uparrow m,al|\mathrm{S}’nbgm^{i}|/_{1}p$ of $G’$

such that $N\subset \mathrm{K}\mathrm{e}\mathrm{r}(\alpha)$ . Then with $Q=G/N$ the quotient group of $G$ by $N$

and 5: $Q\mapsto G$ a cross-section of. the quotient map $\pi$ : $G\mapsto Q$ , for any pair

$([c], \nu)\in \mathrm{H}_{\alpha.5}^{\mathrm{o}\mathrm{u}\mathrm{t}}(G\cross \mathbb{R}, N, A)$

there exist a $\mathrm{r},\mathit{0}\tau\iota r|,table$, discrete group $H$ and $a.9urj\prime e,c,t\dot{l,}vehom,omorphi,|\mathrm{s}m$

$\pi_{G}$ : $H\mapsto Ga’ 1_{l}d\chi\in\Lambda_{\pi_{G}^{*}(\alpha)}(H\mathrm{x}\mathbb{R}, L, \Lambda/I, A)$ such that,

$([c], \nu)=\delta(\chi)$
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$wher/arrow e_{\lrcorner}L=\pi_{\overline{c_{\mathrm{I}}}^{1}}(N),$ $\mathbb{J}I=\mathrm{K}\mathrm{e}1^{\cdot}(\pi_{G})$ and $\delta$ is the modified $\mathrm{H}\mathrm{J}R$-map $i_{J}n$ TheO-
rem 2.5 associatecl with the exact sequence:

1 -i $\mathbb{J}\prime I-arrow L\underline{\pi_{G}\backslash }G-_{5}\underline{\pi}-,$
Q $-arrow 1$ .

$\mathrm{J}’Iore,over\cdot$, the kernel $\Lambda f=\mathrm{K}\mathrm{e}.\mathrm{r}(\pi_{G})$ is chosen to be abelian. Hence if G is
ame7l,able, in $add?_{l}.tion$ , then H is amenable.

\S 3. Outer Actions of aDiscrete Group on aFactor

Let $\mathrm{M}$ be aseparable factor. Associated with $\mathrm{M}$ is the characteristic
square:

1 1 1

$\downarrow$ $\rfloor$
$\downarrow$

1—– $\mathbb{T}$ – $A$ $\underline{\partial_{\theta}}\mathrm{B}_{\theta}^{1}(\mathbb{R}, 44)-1$

$\backslash |$ $\mathrm{J}$
$\backslash |$

.

1—— $\mathrm{U}(\mathrm{J}\forall 1)$ $-arrow$ $\tilde{\mathrm{u}}(\mathrm{M})$ $\underline{\prime^{\mathrm{I}}1_{\theta}}*\mathrm{z}_{\theta}^{1}$ (R. A) $-*1$
$\mathrm{A}\mathrm{d}\downarrow$ $\tilde{\mathrm{A}}\mathrm{d}\downarrow$ $\downarrow$

1 –lnt(M) $-\mathrm{C}\mathrm{n}\mathrm{t}_{1}(\mathrm{M})\underline{\dot{\partial}_{\theta}}arrow \mathrm{H}_{\theta}^{1}(\mathbb{R}, A)-1$

$|$ $\downarrow$ $\rfloor$

1 1 1

where $A=\mathrm{U}(\mathrm{C})$ is the unitary group of the flow $\{\mathrm{C}, \mathbb{R}, \theta\}$ of weights on
$\mathrm{M}$ , which is Aut(M) $\cross \mathbb{R}$-equivariant. Applying the previous section to the
groups

$H=\mathrm{A}\mathrm{u}\mathrm{t}_{1}(\mathrm{M}),$ $M=\mathrm{I}\mathrm{n}\mathrm{t}(\mathrm{M})$ , $G=\mathrm{O}\mathrm{u}\mathrm{t}(\mathrm{M})$ , $N=\mathrm{H}_{\theta}^{1}(\mathbb{R}, A)$

$Q=\mathrm{O}\mathrm{u}\mathrm{t}_{\tau.\theta}(\overline{\mathrm{M}})=\mathrm{O}\mathrm{u}\mathrm{t}(\mathrm{M})/\mathrm{H}_{\theta}^{1}(\mathbb{R}, A)=\mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{M})/\mathrm{C}\mathrm{n}\mathrm{t}_{\mathrm{r}}(\mathrm{M})\dot{l}$

we obtain the intrinsic invariarrt and the intrinsic modular obstruction:
$\Theta(\mathrm{M})\in\Lambda_{\mathrm{m}\mathrm{o}\mathrm{d} \mathrm{x}\theta}$ (Aut(M) $\cross \mathbb{R},$ $\mathrm{C}\mathrm{n}\mathrm{t}_{\mathrm{r}}(\mathrm{M}),$ $A$);
$\mathrm{O}\mathrm{b}_{\mathrm{m}}(\mathrm{M}):=\delta(\Theta(\mathrm{M}))\in \mathrm{H}_{1\acute{\mathrm{n}}\mathrm{o}\mathrm{d}\mathrm{x}\theta,\mathrm{s}}^{01}\mathrm{t}(\mathrm{O}\iota 1\mathrm{t}_{\mathrm{J}}(\mathrm{M})\mathrm{x}\mathbb{R}_{\}\mathrm{H}_{\theta}^{1}(\mathbb{R}, A),$ $A)$ .

Choosing across-section $g\in \mathrm{O}\mathrm{u}\mathrm{t}(\mathrm{M})\mapsto\alpha_{g}\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{M})$, we obtain $\{u(g, h)\in$

$\mathrm{U}(\mathrm{M})$ : $g,$ $h,$ $\in \mathrm{O}\mathrm{u}\mathrm{t}(\mathrm{M})\}$ such that

$\alpha_{g}\circ\alpha_{h}=\mathrm{A}\mathrm{d}(u(g, h))\alpha_{qt}.’$ . $g$ . $l_{l}\in \mathrm{U}\mathrm{u}\mathrm{t}(\mathrm{b}[)$ ,
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we obtain a3-cocycle $c\in \mathrm{Z}^{3}$ (Out(M), $\mathrm{T}$ ):

$c(g, h_{\backslash }k,)=\alpha_{g}(u(h_{\dot{J}}k))\cdot\iota\iota(g_{\backslash }hk)\{u(g, h)u(gh, k)\}^{*}$, $g,$ $h$ , A6Out(M).

Its cohonxology class $[c]\in \mathrm{H}^{3}$ (Out(M), T) does not depend on the choice
of the cross-section $\alpha:.q\in \mathrm{O}\mathrm{u}\mathrm{t}(\mathrm{M})$ $\mapsto\gamma y_{\mathit{9}}\in \mathrm{A}_{11}\mathrm{t}_{1}(\mathrm{M})$ nor on the choice of
$\{u(g, h)\}$ . The intrinsic obstruction Ob(M) $=[c]$ of $\mathrm{M}$ is, by definition the
cohomology class $[c]\in \mathrm{H}^{3}$ (Out(M), $\mathrm{T}$).

The following proposition states that the intrinsic $\mathrm{o}\mathrm{b}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{c}\mathrm{t}_{1}\mathrm{i}\mathrm{o}\mathrm{n}$ , which is
$\mathrm{t},\mathrm{l}\mathrm{l}\mathrm{e}$ invariant considered in $[\mathrm{J}\mathrm{l},\mathrm{O}\mathrm{c}\mathrm{n}]_{\backslash }$ is reduced from the intrinsic modular
invariant.

Proposition 3.1. The irrtrinsic obstruction Ob(M) of the factor $\mathrm{M}$ is the
$i_{l}^{l}m,age,$ $\partial(\mathrm{O}\mathrm{b}_{\mathrm{m}}(\mathrm{M}))$ of the $i,ntrin|\mathrm{s}irjm,od\tau Alarobstr\eta J_{l}\mathrm{r}_{J}^{1}t^{l}ion\mathrm{O}\mathrm{b}_{\mathrm{m}}(\mathrm{M})$ of $\mathrm{M}unde,r$

the map

$\partial:\mathrm{H}_{\mathrm{m}\mathrm{o}\mathrm{d} \cross\theta.\mathrm{H}}^{\mathrm{o}\mathrm{u}\mathrm{t}}$(Out(M) $\mathrm{x}\mathbb{R},$ $\mathrm{H}_{\theta}^{1},$ $A$ ) $\mapsto \mathrm{H}^{3}$ (Out (M), $\mathrm{T}$).

Let, $\alpha$ be an $\mathrm{o}\mathrm{l}\mathrm{l}\dagger,\mathrm{e}\mathrm{r}$ action of $G$ on $\mathrm{M}$ of type $\mathrm{m}$ . Let $[c^{\alpha}.]\in \mathrm{H}^{3}$

.
$(G, \mathrm{T})$ be

the obstruction Ob(o) and $c’\in \mathrm{Z}^{3}(G, \mathrm{T})$ represent $[c^{\alpha}]$ which is obtained by
fixing afamily $\{u(g, h)\in \mathrm{U}(\mathrm{M}) : g, h\in G\}$ such that

$\alpha_{\mathit{9}^{\mathfrak{a}}}\alpha_{h}=\mathrm{A}\mathrm{d}(u(g, h))\circ\alpha_{gh}$ , $g,$ $h\in G$ .

alld by setting

$c^{\alpha}(g., h, k)=\alpha_{\mathit{9}}(\tau\iota(h_{\dot{J}}k))u(g, hk)\{u(g, h)u(gh, \ )\}’\in \mathrm{T}$, $g,$ $fl,,$ $k\in G$ .

Then we have the obstruction Ob(o) $=[c^{\alpha}]\in \mathrm{H}^{3}(G, \mathrm{T})$ of $\alpha$ .
For the modular obstruction of $\alpha$ , choose $\{\cdot w(p, q) : p_{7}q\in Q\}\subset\tilde{\mathrm{u}}(\mathrm{M})$ so

that
$\alpha_{p}\circ\alpha_{q}=\overline{\mathrm{A}\mathrm{d}}(?l\}(p, q))\circ\alpha_{pq}$ , $p_{\dot{J}}q\in Q$ ,

where $\alpha_{p}$ means $\tilde{\alpha}_{\epsilon(p)}$ and $\epsilon$ is asection of the quotient map: $Q\mapsto(j$ . We
write $\alpha_{\overline{p}}\in \mathrm{A}11\mathrm{t}_{1}(\overline{\mathrm{M}})$ for $\alpha_{p^{\mathrm{Q}}}\theta_{\mathit{8}},\tilde{p}=(p, \prime \mathrm{s})\in\tilde{Q}=Q\mathrm{x}$ R. Then for each triple
$\tilde{p}=(p, s),\tilde{q}=(q, t),\tilde{7^{\cdot}}=(r, u)\in\overline{Q}$ , the cocycle $c=c$’ representing $\mathrm{O}\mathrm{b}_{\mathrm{m}}(\alpha)$

is given by:

$c^{\alpha}(\overline{p}_{\}\tilde{q},\overline{r})=\alpha_{\overline{p}}(\ell w(q, r))w(p, qr)\{w(p, q)w(pq, r)\}^{*}$

$=\alpha_{p}(\theta_{s}(w(q, r\cdot))w(q, r\cdot)^{*})\alpha_{p}(w(q, r))u\{(p, qr\cdot)\{w(p, q)w(pq, r)\}^{*}$

$=\alpha_{\mathrm{p}}(d(s;q, r))\mathrm{c}_{Q}(p, q, r)$ ,
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where
$d(|\mathrm{s};q_{1}r)=\theta_{s}(7l)(q, r))’\iota \mathit{1}’(q, r^{i})^{*}$ .

$c_{Q}(p\backslash q, r\cdot)=\alpha_{p}(u\}(q, ?\cdot))w(p, q7^{\cdot})\{!w(p, q)_{11’}(pq, 7^{\mathrm{a}})\}^{*}$

The $G$-equivariant llomolnorphism $\nu$ : $N\mapsto \mathrm{H}_{\theta}^{1}(\mathbb{R}, A)$ is given by $\nu_{\alpha}(\prime m)=$

$\dot{\partial}_{\theta}(\alpha_{m})\in \mathrm{H}_{\theta}^{1}(\mathbb{R}, A),$ $777\in N$ . Then we obtain the modular obstruction
$\mathrm{O}\mathrm{b}_{\mathrm{m}}(\{’)|)$ of $\mathrm{r}\mathrm{y}$ ;

$\mathrm{O}\mathrm{b}_{11\mathrm{t}}(\alpha)=([c_{Q}(p, q, r)\alpha_{p}(d(s;q, r))], \nu_{\mathrm{C}l})\in \mathrm{H}_{\alpha.\epsilon}^{\mathrm{o}\mathrm{u}\mathrm{t}}(G\cross \mathbb{R}, N, A)$ .

where $\mathrm{H}_{\alpha_{\iota}\epsilon}^{\mathrm{o}\mathrm{u}\mathrm{t}}$ $(G\cross \mathrm{R}. N, A)=\mathrm{H}_{11\mathrm{O}\mathrm{C}1(\alpha)\cross\theta}^{3},$. $\mathrm{S}(\tilde{Q}. A)*_{t}.\mathrm{H}\mathrm{o}\mathrm{m}c(N, \mathrm{H}_{\theta}^{1}(\mathbb{R}, A))$ .
We colne to state the main theorem as follows:

Theorem 3.2 [Outer Conjugacy]. Let $G$ be a countable discrete group
and $\mathrm{M}$ a separable infinite $f\dot{a}ctor$ with, flow of weights $\{\mathrm{C}, \mathbb{R}, \theta\}$ . Suppose that

$\alpha$ : $g\in C_{\tau}\mapsto\alpha_{g}\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{F}\mathrm{Y}\mathrm{E})$ is an outer action of. $G$ on M. Set $N=N(\alpha)=$
$\alpha^{-1}(\mathrm{C}\mathrm{n}\mathrm{t}_{\mathrm{r}}(\mathrm{M})),$ $Q=G/N$ and fix a $cr\cdot oss$-section5 : $Q\mapsto G$ of the quotient
rnap $\pi$ : $G\mapsto Q$ .

i) The rnodular obstruction:

$\mathrm{O}\mathrm{b}_{1\mathrm{I}1}(\alpha)\in \mathrm{H}_{\alpha.\mathrm{s}}^{\mathrm{o}\mathrm{u}\mathrm{t}}(G\cross \mathbb{R}, N, A)$

$i.\mathrm{q}$ an $?,\cdot n\prime lJar\dot{i,}ant$ for the $\mathit{0}?/,te,rco7ljngacy$ class of
$\cdot$

$r\mathrm{y}$ .
$\mathrm{i}\mathrm{i})$ If. $\mathrm{M}$ is an approximately finite dimensional $f\dot{a}ctor$ and $G$ is amenable,

then the triplet $(N(\alpha), \mathrm{m}\mathrm{o}\mathrm{d} (\alpha),$ $\mathrm{O}\mathrm{b}_{\ln}(\alpha)\}$ is a complete invariant of the outer
conjugacy class of $\alpha$ in the sense that if $\beta$ : $G\mapsto \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{M})$ is another outer$\cdot$

action of $G$ on $\mathrm{M}$ such, that $N(\alpha)=N(\beta)$ , and there exists an automorphism
$\sigma\in \mathrm{A}_{11}\mathrm{t})\theta(\mathrm{C})\tau\prime\prime\dot{r,}th$

$\sigma\cap \mathrm{m}\mathrm{o}\mathrm{d} (\alpha_{g})\circ\sigma^{-1}=\mathrm{r}\mathrm{n}\mathrm{o}\mathrm{d}(\beta_{\mathit{9}})$ , $g\in G$ ; $\sigma_{*}(\mathrm{O}\mathrm{b}_{\mathrm{r}\mathrm{n}}(\alpha))=\mathrm{O}\mathrm{b}_{\mathrm{m}}(\beta)$ ,

then the $automorph\dot{?}sm$. $\sigma$ of $\mathrm{C}$ can be extended to art automorphism denoted
by aagain to the non-comryvutative flow of weights $\{\overline{\mathrm{M}}, \mathbb{R}, \theta, \tau\}$ such that

$\sigma\circ\alpha_{\mathit{9}}\circ\sigma^{-1}\equiv\beta_{g}$ $\mathrm{m}\mathrm{o}\mathrm{d} \mathrm{I}\mathrm{n}\mathrm{t}_{1}(\mathrm{M})$ , $g\in G$ .

(Sketch of proof] Let $\pi_{G}$ : $H=H(c^{\alpha})\mapsto G$ be the resolution group of the
cocycle $c’\in \mathrm{Z}^{3}$

.
$(G, \mathrm{T})$ whose class is the obstruction of $\alpha$ and the resolution

map, $\mathrm{i}.\mathrm{e}..’\pi_{G}^{*}(\mathrm{r}^{\alpha}.)\in \mathrm{B}^{3}(H, \mathrm{T})$ . Choose $b$ : $(g, h)\in H\cross H\mapsto b(g, h)\in \mathrm{T}$ such
$\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}_{1}$

$c^{\alpha}(\pi_{G}(g), \pi_{G}(h),$ $\pi_{G}(k))=b(h_{\backslash }k1b(-c\int$ . $hf_{\iota}*|\{\backslash b(\lrcorner\iota, fi)b(gh, k.)\}^{*},$ $g,$ $h,$ $\mathrm{A}’\cdot\in H$ .
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$\overline{u}_{H}(g, f_{t})=b(g, h)^{*}\iota\iota(\pi_{G}(g), \pi_{G}(h))$ , $g,$ $l\iota\in H$ ,

we obtain

$\alpha_{\pi_{G}(g)}(\overline{u}_{H}(h, k))\overline{\mathrm{t}\iota}_{H}(g, hk)\{\overline{u}_{H}(g. h)’\overline{u}_{H}(gh, k)\}^{*}=1$.

Hence $\{\alpha_{\pi_{G}},\overline{\tau\iota}_{H}\}$ is acocycle twisted action of $H$ . Then by [Stl: Theorem
4.13, page 156], $\mathrm{t},\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}$ exits afamily $\{7^{f}H(g)\in \mathrm{u}(\mathrm{M}) : g\in H\}$ such that

$\overline{u}_{H}(g, h)=\alpha_{\pi_{G}(q)}.(v_{H}(h)^{*})v_{H}(g)^{*}v_{H}(gh)$ , $g,$ $h\in H_{\dot{l}}$

so $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}_{1}\mathrm{t}_{1}\mathrm{h}\mathrm{e}$ xnap

$g\in H\mapsto\overline{\alpha}_{g}=\mathrm{A}\mathrm{d}(v_{H}(g))\circ\alpha_{\pi_{G}(g)}\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{M})$

is an action of $H$ on M. It is shown that the characteristic invariant $[\lambda_{\overline{\alpha}}, \mu_{\alpha}]$

for $\overline{\alpha}$ is an element in $\Lambda_{\alpha}(H\eta L, \mathrm{J},I, A)$ such that

$\delta([\lambda_{\overline{\alpha}}, \mu_{\alpha}])=\mathrm{O}\mathrm{b}_{\mathrm{m}}(r\mathrm{y})$

wlxere $L=\pi_{G}^{-1}(N)$ . $M=\mathrm{K}\mathrm{e}1^{\cdot}\pi_{G}$ .
Let $\beta$ be another outer action of $G’$ on $\mathrm{M}$ with the conditions in (ii) The

action $\overline{\beta}$ induced by $\beta$ as above has acharacteristic invariant $[\lambda_{\overline{\beta}}, \mu\beta]$ such
that

$\grave{\delta}([\lambda_{\overline{\beta}}, \mu_{\beta}])=\mathrm{O}\mathrm{b}_{\mathrm{I}\mathrm{n}}(\beta)$ .

Since we have only to prove $\mathrm{t}_{\mathrm{J}}\mathrm{h}\mathrm{e}$ outer conjugacy of $\alpha$. and $\beta$ in the case of
$\mathrm{O}\mathrm{b}_{\mathrm{n}},(\alpha)=\mathrm{O}\mathrm{b}_{\mathrm{h}1}(\beta)$ , it follows from Theorem 2.5 that $[\lambda_{\overline{\alpha}}, \mu_{\alpha}][\lambda_{\overline{\beta}}, \mu_{\beta}]^{-1}$ is
the image ${\rm Res}[\mu]$ of $\mu\in \mathrm{H}^{2}(H, \mathrm{T})$ . Let $u$ be aprojective unitary representa-
tion of $H$ in $\mathrm{M}$ with 2-cocycle $\mu$ in $\mathrm{Z}^{2}(H, \mathrm{T})$ . The action $\overline{\alpha}\otimes_{\backslash }\mathrm{A}\mathrm{d}u$ of $\mathrm{H}$ on
$\mathrm{M}\otimes \mathcal{L}(L^{2}(H))$ has the same characteristic invariant of $\overline{\beta}$ . @Adtz is cocycle
conjugate to $\overline{\beta}$ by $[\mathrm{K}\mathrm{t},\mathrm{S}\mathrm{T}]$ . Since $\overline{\alpha}\Theta \mathrm{A}\mathrm{d}u$ and $\overline{\beta}$ are the inner perturbation
of each, we conclude that aand $\beta$ is outer conjugate.

Theorem 3.3 [Model Construction]. Let $G$ be a countable $di.sc7^{\backslash }ete$ amen-
able group and $N$ a norrnal sttbgroup. Let $\{\mathrm{C}, \mathbb{R}, \theta\}$ be an ergodic fiow and

$\alpha$ an action of. $Go77$, the florn $\{\mathrm{C}, \mathbb{R}, \theta\}$ with $\mathrm{K}\mathrm{e}\mathrm{r}(\alpha)\supset N,\dot{r,}.e,.,$ ($\}$ is $\mathrm{r}\iota$ hom,0-

morphism of $G$ into the group $\mathrm{A}\mathrm{u}\mathrm{t}_{\theta}(\mathrm{C})$ of automorphisms $comm\prime uti,ng$ vrith
the flow 0evith $\alpha_{m}=\mathrm{i}\mathrm{d}_{\dot{i}}m\in N$ . Let A denote the unitary group $\mathrm{U}(\mathrm{C})$ .
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$Fo$ ? every modular $obstr^{i}uction$ cocgcle $(c, ()\in \mathrm{Z}_{\alpha.5}^{\mathrm{o}\mathrm{u}\mathrm{t}}(G\cross \mathbb{R}, N, A)$ , there
exists an amenable resolution system { $H,$ $L$ , Al. $\pi_{G},$

$\lambda,$
$\mu$ } writh (A. $\mu$ ) $\in \mathrm{Z}_{\alpha}(\overline{H}_{7}$

$L,$ $\Lambda\prime I,$ $A)$ and a cross-section $5_{\mathrm{f}}$ : $G\mapsto H$ of. the map $\pi_{G}$ such that

$\delta_{\epsilon_{H}}(\lambda, \mu)\equiv(c_{\dot{l}}$ $()$ mod $\mathrm{B}_{\alpha.\epsilon}^{\mathrm{O}11\mathrm{t}}(G\cross \mathbb{R}, N, A)$ .

$Con\iota.\mathrm{s}e,q^{i}ne,ntly$, the action $\alpha^{\lambda_{\dot{J}}\mu}$ associated rnith the $char.acter\prime i|9ti\mathrm{r}\cdot c,ocycl_{l}e_{-}(\lambda, \mu_{2})$

gives an outer action $\dot{\alpha}^{\lambda./\iota}=\alpha_{\sigma_{H}}$ of $G$ on the approximately finite dimen-
si.onal factor $\mathrm{M}$ with flow of. weights $\{\mathrm{C}, \mathbb{R}, \theta\}$ such that

$\mathrm{O}\mathrm{b}_{\mathrm{m}}(\dot{\alpha}^{\lambda_{l^{l}}}’.)=([c\rfloor, \lfloor\zeta])\in \mathrm{H}_{\alpha,\epsilon}^{\mathrm{o}\prime 1\mathrm{t}}(G\cross \mathbb{R}, N, A)$.

Remark 3.4. If $\mathrm{M}$ is of $ty^{\ell}pe\mathrm{m}_{1}$ , then $\mathrm{H}_{\alpha,\epsilon}^{\mathrm{O}11\mathrm{t}}(G\mathrm{x}\mathbb{R}, N, A)$ is $isomor^{4}phic$ to
$\simeq \mathrm{H}^{\mathrm{d}}$

.
$(G, \mathrm{T})$ . If’ $\mathrm{M}$ is of type $\mathrm{m}_{1}$ , then $\mathrm{H}_{\alpha,5}^{\mathrm{o}\mathrm{u}\mathrm{t}}(G\cross \mathbb{R}, N, A)$ is also isomorphic

to $\mathrm{H}^{3}(Q, \mathrm{T})\cross \mathrm{H}\mathrm{o}\mathrm{m}_{G}(N, \mathbb{R})$ .
The other casees are relatively complicate, especially the case of type $\mathrm{E}_{()}$ .

Not.e that third cohomology

$\mathrm{H}^{3}(\mathbb{Z}, \mathrm{T})=\mathrm{H}^{3}(\mathbb{Z}^{2}, \mathrm{T})=\{1\}$

and
$\mathrm{H}^{3}(\mathbb{Z}^{3}, \mathrm{I})\simeq\{c(g, k, k)=\lambda^{l,m_{\backslash }’n’’} : \lambda\in \mathrm{T}\}$

for
$g=(l.m, \prime n)\mathrm{l}h=(l’, m’, n’),$ $k=(l”, m”, n”)\in \mathrm{Z}$ .

Example 3.5. Let $\alpha,$ $\beta,$
$\gamma$ be automorphisrns which $ind\prime uces$ the $Z^{3}$ -outer

action on $\mathrm{M}$ with the normal subgroup $H=\{e\}$ .
Then there is $\lambda\in \mathrm{T}$ :

$\alpha(u)v^{*}\beta(u’)=\lambda w\gamma(v^{*})u$

where
$\gamma\beta=\mathrm{A}\mathrm{d}u\circ\beta\gamma$ , $\alpha\gamma=\mathrm{A}\mathrm{d}\prime w\circ\gamma\alpha$ ,
$\beta\alpha=\mathrm{A}\mathrm{d}v\circ\alpha\beta$

This Ainduces the 3-coycle $\lambda^{l,m’,n’’}$ and the Ais invariant, up to outer
conjugacy, for the $\mathbb{Z}^{3}$ -outer action with $N=\{e\}$ .
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