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ON THE FEKETE-SZEGO PROBLEM FOR STRONGLY
0-LOGARITHMIC QUASICONVEX FUNCTIONS

NAK EuN CHO AND SHIGEYOSHI OWA

ABSTRACT. The purpose of the present paper is to introduce the classes M*(3) and
Q=(B), respectively, of normalized strongly a-logarithmic convex and quasiconvex func-
tions of order 8 in the open unit disk and to obtain sharp Fekete-Szegé inequalities for
functions belonging to the classes be the class M*(8) and Q*(3).

1. Introduction

Let S denote the class of analytic functions f of the form

f2)=2z+ ianz" (1.1)

n=2

which are univalent in the open unit disk & = {2 : |z] < 1}. A classical theorem of
Fekete and Szegd [8] states that for f € S given by (1.1),

3-4u - ifpu<0,
las — paZ| < 1+2e~2#/0-0) o< <1,
43 > 1.

This inequality is sharp in the sense that for each u there exists a function in S
such that equality holds. Recently, Pfluger [17,18] has considered the problem when
p is complex. In the case of C, S* and K, the subclasses of convex, starlike and
close-to-convex functions, respectively, the above inequality can be improved [10,11].
Also, Darus and Thomas [5] studied the class M of a-logarithmic convex functions
and they also have solved the Fekete-Szegd problem for the class M?. Furthermore,
London [14] have extended the results of Abdel-Gawad and Thomas (1}, Keogh and
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Merkes [10] and Koepf [11,12] to the class K(3) of strongly close-to-convex functions
of order 3. Now we introduce new classes which incorporate well-known classes of

univalent functions.

Definition 1.1. A function f € S given by (1.1) is said to be strongly loga-
rithmic a-convex of order g if

] l—c / I\ @
arg <Zf (Z)) ((zf' (2) )
f(2) F'(2)
Denote by M*(3) the class of strongly a-logarithmic convex functions of or-
der B. The class M*(83) was introduced by Chiang [4]. In particular, the classes

M2(1) = M* and M?(B) have been extensively studied by Lewandowski, Miller
and Zlotkiewiez [13] and Bramnan and Kirwan [2](also, see [7,20]), respectively.

Definition 1.2, A function f € S given by (1.1) is said to be a-logarithmic
quasiconvex of order [ if there exists a function g € C such that

? l-a ? I\ @
s (L) (1)
9'(2) g'(2)
We denote by Q%(8) the class of strongly a-logarithmic quasiconvex functions of
order 3. Clearly, @Q°(1) and Q'(1) are the classes of close-to-convex functions and

quasiconvex functions introduced by Kaplan [9] and Noor [15](also, see [16]), respec-
tively. Also we note that Q°(8) = K(8).

In the present paper, we derive sharp Fekete-Szego inequalities for functions be-
longing to the classes M*(8) and @%(3), which imply the results obtained by Abdel-
Gawad and Thomas [1], Darus and Thomas [5], Keogh and Merkes [10], Koepf [11,12],
and London [14].

ggﬂ(azmo<ﬂsnzeuy (1.2)

<26 (P20 z€U).  (13)

2. Results

To prove our main results, we need the following

Lemma 2.1. Let p be analytic in U and satisfy Re {p(z)} > 0 for z € U, with
p(2)=1+piz+pz2+---. Then

lPal <2 (n21) (2.1)
and
P, Imf '
lpg Li<2- Bl (2.2)
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The inequality (2.1) was first proved by Carathéodory [3](also, see Duren [6, p. 41])
and the inequality (2.2) can be found in [19, p.166].

With the help of Lemma 2.1, we now derive

Theorem 2.1. Let f € M?(8) and be given by (1.1). Then for complez number
K ‘

B 13(1 + 30) — 4u(1 + 20)|8
1+2amax{1’ (1+0)2 }

For each y, there is a function in M(B) such that equality holds.
Proof. From (1.2), we can write

(75 (S5) -»e

where p is given by Lemma 2.1. Equating coefficents, we obtain

|as — pa3| <

ag=—p1 (2.3)
(64

and

% = T (ﬂ(ﬂ ~ 1)p} +26p2 ~ (0 ~Ta =2 (ffa) ) -

Then we have

_ B p? (3 + 90 — 4p(1 + 2a))B%p}
as — pag = 2(1 + 22) ( - 'él') 4(1 + 20)(1 + a)? = (24)

Hence (2.4) and Lemma 2.1 give
las — pad]| < B o lp1 2 + 3 + 9 — 4u(1 + 20)|8%|m |
~H% > 5 1 2a) ) 4(1 + 20)(1 + a)?

B, {349 4u(l+20)|87 - (L+)*B}imP®
1+ 20 401+ 2a)(1 + )2

Therefore, by using |p;| < 2, we have

) 1+a)?

— 2 1 1 .
stoosullizald”  if k() > LE2),

<
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where

k(o) =13(1 + 3a) — 4u(1 + 20)).
Equality is attained for functions in M©(3), respectively, given by

(F5) ™ ()= (25) o
and
(38 () = () 29

Remark 2.1. It follows at once from (2.3) that |az| < 28/(1 + @) and Theorem
2.1 gives

I |<{ Ty if (1+ a)? > 3(1 + 30)8,
agy S

2 .
st i (1+a)? <3(1+30)8,

The inequality for |az| is sharp when f is defined by (2.6) and the inequalities for
|as] are sharp when f is defined by (2.5) and (2.6), respectively.

Next, we consider the real number u as follows.
Theorem 2.2. Let f € M*(B) and be given by (1.1). Then for real number u,

3(14-3a)~-4(1+2a)u) 32 ifu < 3(1+30)B~(14+a)?

14+2a) (14 ’ 4(1+2a)8 ’
- na? B ' ¢ 3(143a)8~(1+a)? 3(14+3a)B+(1+a)?
as ”a2| S T if W¢;+2a)ﬂ =-<p< 4Za1+2a;3 =,
(4(14+20)p—~3(1+30a)) 52 if u > 3(1+3a)B+(1+a)?
(I+2a)(i+a)? » YHZ i(i+2a)8  °

For each p, there is a function in C*(3) such that equality holds in all cases.
Proof. 'We consider two cases. At first, we suppose that u < 3(1+3a)/(4(1+2a)).
Then (2.3) and Lemma 2.1 give

2 B P12 | 3+ 9a—4p(l +2a))8%p |2
las = pas| < 2(1 + 20) (2 -5 ) + 41+ 20)(1 + 0)?
< B (B+9—4u(l+20))5% ~ (1+0)*B)lp[*
=T+ 2 41+ 20)(1 + a)? '

So, by using the fact that |p1| < 2, we obtain
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(3(1+3a)—4(14+2)pu)B”  5¢ u< 3(1+3a)B=(1+a)?

Ias Iia"" < { (14+2a)(14a)? ’ 4(14+20)8 o
i g ¢ 3(1+30) S (1+0)? 3_.§1..+._%3a
1+2a’ if 05707 - < p < Hitea)
Equality is attained by choosing p; = p2 = 2 and p; = 0, p2 = 2, respectively, in
(2.3).

Next, we suppose that x4 > 3(1 + 3a)/(4(1 + 2a)). In this case, it follows again
from (2.3) and Lemma 2.1 that

B (2 _lm |2) n (4p(1 + 2a) — (3+90))B%|;1 °

las — pa3| < 2(1 + 22) 2 4(1 + 2a)(1 + 0)?
< B ((4p(1 4 22) = (3 +9a))8% - B(1+)*)|;
= 1420 4(1 + 2a)(1 + a)? ’

and so, as in the first case, we have

¢ 3(143cx 3(1+3a)B+(14+a)?

I“ ""azi <] T if -4§1+2a; <u< i(i+2a)8 !
8TH%I 2 ) @O42a)u-30143a))87 ¢, > 3(430)8+(1+a)’
+2a)(i+a)?  + U HZ T 3{+2a)8 -

The results are sharp by choosing p; = 0, p2 = 2 and p; = 2i, ps = -2, respectively,
in (2.3).

Remark 2.2. If we take 8 = 1 in Theorem 2.1 and Theorem 2.2, then we
obtain the results by Darus and Thomas [5].

Finally, we prove

Theorem 2.3. Let f € @Q*(B3) and be given by (1.1). Then fora >0 and 8 2 0,
we have

[ 1+ (1+B)’(2(3(:‘-:_11));3(2a+1)p) , if u < JT—LT(ZL?T)'M;;::? : :""’1 ,
32041 Jas el < | 1428 + s st et e W& £ ’: < Staatiy

1 1+28, ifsa:ﬁ S”SW’
14 g1+g1’gs(z(o;i+112)q—2§3a1m ’ .if p> 2@;{:;%;";&::(130_14_-‘__%.1211 .

For each p, there is a function in Q%(B) such that equality holds in all cases.

\
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Proof. Let f € Q*(8). Then it follows from (1.2) that we may write

(58 () - o7

where g is convex and p has positive real part. Let g(z) = 2z + by2% + b32z® + .-+ and
let p be given in the Lemma above. Then by comparing the coefficients of both sides
of (2.7), we obtain

2(a + 1)ag = fp1 + 2b

and

3(2a + 1)as = 3bs + Mb% +8 (Pz - -;—pf)

(a+1)?
B%(3a+1) 26(3a + 1)
(a+1)2

2(a+1)? Pibz.

2 +

+

So, with

_ 2Ba+1)-3R2a+1)p
v (@+1)? ’

we have
1
3(2a + 1)(a3 — pa?) = 3 (b3 + 5(2 - 2)b§)
1 - (2.8)
+8 (Pz + 7(Bz - 2)??) + Bzp: bo.
Since rotations of f also belong to Q%*(3), without loss of generality, we may assume
that as — pa3 is positive. Thus we now estimate Re (ag — pua3).

Since g € C, there exists h(z) = 1+ k12 + k222 +-++ (]z| < 1) with positive real
part, such that g'(z) + 2¢”(2) = g'(2)h(2). Hence, by equating coefficients, we get
that b; = k;/2 and b3 = (kz + k%)/6. So, by Lemma 2.1,

3Re(b3 + %(z - 2)bg-) = ;Re (k,,, - %kf) +5(z + DRek]
<1-p? + (2 +1)p? cos 29,

(2.9)

where by = k; /2 = pe*® for some p (0 < p < 1). We also have
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1 1
- 2y 2.2 112 2
Re (s + (02 - 051 ) = ORe (pa = 3o2) + gP0east
< 28(1 — r?) + B%zr? cos 20,
where p; = 2re'® for some r (0 < r < 1). From (2.8-10), we obtain

3Re(2a + 1)(ag — pad) < 1— p? + (z + 1)p* cos 2¢

(2.11)
+ 28(1 = r?) + B*zr? cos 20 + 2Bzrpcos(d + ¢),

and we now proceed to maximize the right-hand of (2.11). This function will be
denoted by 3(z) whenever all the parameters except x are held constant.

We consider first the case
20(1 - a) +28(3a + 1) < 2(3a+ 1)
322+ D)1 +8) - F3@a+1)

so that 0 < z < 2/(1+ ). Since the expression —2t? 4?3z cos 26 + 2zt is the largest
when t = z/(2 — Bz cos 20), we have

2 ZL'2

<
2— Brcos2 — 2- Pz’

—2t% + t28z cos 20 + 2zt <

Thus

¢(w)5x+1+ﬁ(2+2f2z)

2{2(3a+1) — 3(2a + )p}
2(a+1)2 - B{(2(8a+1) — 3(2a + 1)u}
and with (2.11) this establishes the second inequality in the theorem. Equality occurs
only if

=1+28+

2 2{2(3a: + 1) - 3(2a + 1)p} _ =
P = T e - pRBat ) —3at Dy P2l 2=k=D
and the corresponding function f is defined by
PO @)) = s (M + (- V1)
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NG 12+ (1-8)(2(8a+1) - 32a+1)u)
T 4(a+1)2-28(2(3a+1)-32a+1)p)

We now prove the first inequality. Let

2a(1— @) +28(3a + 1)
B2 3Ra+)(1+8)

so that z > 2/(1 + 8). With z¢ = 2/(1 + 8), we have

Y(z) = P(z0) + (z - o) (0 cos 2¢ + B2r? cos 20 + 20pr cos(6 + ¢))
< (o) + (= — 2o)(1 + 8)?
(1+8)%{2(3c + 1) — 3(2a + 1)}
(a+1)?

as required. Equality occurs only if p; = p2 =2, by = b3 = 1, and the corresponding
function f is defined by

<14

& )" = =3 112)?

Let z; = —2/(1 + 8). We shall find that 9(z;) = 1+ 28, and the remaining
inequalities follow easily from this one. By an argument similar to the one above, we
obtain

P(z) < P(e1) + |z — 21| (1 + B)*
(14 8)%{3(2a+1)p — 2(3a + 1)}
(a+1)? '

<-14

if ¢ < x,, that is,

u> 2(a+1)2 +2(3a + 1)(1 + B)

= 3(2a+1)(1 +B) ' |
Equality occurs only if p; = 2i, by =4, py = -2, bz = —1, and the corresponding
function f is defined by

ir)
(FEN (=) =7 —-liz)2 Gfiz) ‘

Also, for 0 < A <1, we note that
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P(Az1) = Mp(z1) + (1 — A)p(0)
<AM1+28)+(1-=-X2)(1+28)=1+28,

so ¢¥(z) < 1+ 28 for z; < z < 0, that is,
2(3a +1) <y< 2(a+1)2+2(3a+1)(1+B)
32a+1) 4= 32c +1)(1+4)

Equality occurs only if py = by = 0, p2 = 2, bz = 1/3, and the corresponding
function f is defined by _

2\ 7 42)8
PO = 12 (B = g

We now show that ¥(z1) <1+ 28. Since

(=2 + Bz1 cos 20)t2 + 2z1tpcos(0 + ¢)

z1pcos(0+¢) \* . 22p? cos?(6 + ¢)
-2 + Bz, cos 26 2 — Bz, cos26

= (—2 + Pz, cos 20) {t +

for all real t and

2 2
2-—ﬁxlcos20=2+lfﬂcos2022-—-17ﬂ§20,

we have

2

Thus we consider the inequality

 Bzi(1 +cos2(8 + ¢)) + 2(2 — Bz cos20)(—1 + (z1 + 1) cos 26 < 0.

After some simplifications, this becomes

4(3%(cos 26 + 1)(cos 2¢ — 1) — B(1 + cos 26 + sin 20 sin 2¢) — 1 — cos 24) <0,
which is true if

232 cos? 0 sin? ¢ + 23 cos 0 sin 6 cos P sin ¢ + cos® ¢ > 0. (2.12)
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Now, for all real ¢,

2t% + 2t sin @ cos ¢ + cos® ¢ > 0,

so, by taking t = Bcosfsin@, we obtain (2.12). This completes the proof of the
theorem.

Remark. Letting a = 0 in Theorem 2.3, we have the corresponding result ob-

tained by London [14], which extend the earlier results by several authors [1,5,10-12].

For a = 1 in Theorem, we have the following

Corollary 2.1. Let f € Q'(B) and be given by (1.1). Then for 8 > 0, we have
2 — .
( 1 + Qiéu‘i.s_?ﬂ 1fu < WTB-EE’

2(8—9 .

o | 1T+ iy Fanm SHS
9|a3-ua2]$< 8 8(2+

1+26 if § < 1< 5T

148)3(9u—8 . 8(2+
| —14 (4B (u=8) tf#ZQn%}-

For each p, there is a function in Q1(8) such that equality holds in all cases.
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