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Abstract

Let A(p) denote the class of functions f(z) which are analytic and p-valent
in the unit disk U. A new subclass Q(a, 3;v) of A(p) consisting of analytic and
p—valent functions f(z) associated with the certain integral operator Q7 which
is the generalization of the integral operator studied by I.B.Jung, Y.C.Kim and
H.M.Srivastava (J. Math. Anal. Appl. 248(2000), 475 - 481) is introduced. Some
interesting properties of the operator QF for functions f (2) belonging to A(p) are

investigated.
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1. Introduction.

Let A(p) denote the class of functions of the form

f(2) =2+ apne®™  (pEN={1,2,3,--}) (1)

n=1

which are analytic and p-valent in the unit disk U = {2 : 2 € C and |2| < 1}. Let
Sy(7) denote the class of functions f(z) of the form (1.1) which satisfy the condition

2f'(z )}
w3} m
for 0 <y <1 and z € U. A function in 5;(7) is called p-valent starlike of order ~ in U.
Let f(z) and g(2) be analyticin U. Then we say that the function g(z) is subordinate
to f(z) if there exists an analytic function w(z) in U such that |w(z)| < 1(z € U) and
9(2) = f(w(z)). For this relation the symbol g(2) < f(z) is used. In case f(z) is
univalent in U we have that the subordination g(z) < f(z) is equivalent to g(0) = f(0)
and g(U) C f(U).
Recently, Jung, Kim and Srivastava [3] introduced the following integral operator:

a0 =5 )5 [a-Yesoa

(@>0,6>-1;f € A(1)). - (1.2)
They also showed that
_ FB+n)(a+p4+1) n
Q5f(z) = z+21‘ﬂ+a+n)1‘(ﬂ+1) nt

It follows from (1.3) that one can define the operator QF for a > 0 and 8 > —1. Some
interesting subclasses of analytic function, associated with the operator @3, have been
considered recently by Jung et al.[3], Aouf et al.[1], Li[5], Liu[6] and others

Motivated by Jung, Kim and Srivastava’s work [3], we now consider a linear operator
Q3 : A(p) — A(p) as following:

Qsf(2) = (p;i;_ﬂ_fl ) -z%fo (l—é)a—ltﬁ‘lf(t)dt

(@>0,8>-1;f € A(p)). (1.3)

We note that

TGt AT rats) .,
@/ (=) zAu.zI‘(p+n+oz+ﬁ)lf‘(p+ﬁ) aptnz”
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(@20,8>-1;f € A(p))- (1.4)

It is easily verified from the definition (1.4) that

2(Q5f(2)) = (a+B+p-1)Q57 f(2) — (a+ 8 - 1)Q3f(2). (1)

When p = 1, the identity (1.5) is given in [3]. One can easily see that the operator
Q% has an inverse operator Q55, and QY is an unit operator.
A function f(z) € A(p) is said to be in the class Q(a, 3;7) if it satisfies the condition

2(Q3f(2)) + pz? p+p(l—27)z
Q3f(z) - 1-2
forallze Uand 0 <y < 1.
In this paper, we shall show the extreme points of the closed convex hull of the class
Q(a, B;7). It is then used to determine the coefficient bounds.
In the sequel, we denote the closed convex hull of a class H by coH. Also, let
E(coH) denote the set of all extreme points of H.

(1.6)

2. Main Results.

In order to derive our main results, we shall need the following lemmas.
Lemma 1 ([4]). E(coS;(c)) consists of the functions given by

2 o~ (22 = 2P0 _n_pin
T =ty e GeD, @)
where (a), =a(a+1)---(a+n—1),z € C and [z| = 1.

Lemma 2 ([9]). The function (1 — 2)? = e?*8(1=2) p 5 0, is univalent in U if and
only if p is either in the closed disk |[p — 1| < 1 or in the closed disk [p+ 1] < 1.

Lemma 3 ([7]). Let g(z) be univalent in U and let §(w) and ¢(w) be ana-
lytic in a domain D containing ¢(U) with ¢(w) # 0 when w € ¢(U). Set Q(z) =
2q'(2)#(a(2)), h(2) = 6(¢(2)) + Q(2) and suppose that

(1)Q(2) is starlike (univalent) in U;

(2) Re{%(%l} =Re{%((gg)l)l+z—&%l} >0 (z€U).
If p(2) is analytic in U, with p(0) = ¢(0),p(U) C D and

0(p(2)) + 2p'(2)8(p(2)) < 0(a(2)) + 24'(2)8((2)) = h(2), (2.2)
then p(z) < ¢(z) and ¢(2) is the best dominant.
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Theorem 1. A function f(z) € A(p) is in Q(e, B;7) if and only if f(z) can be
expressed as

1) = Q3. {2 - Peasl-2 - ) [ og(1 - adu(@]}, (23

where p is a probability measure defined on the unit circle X = {z : |z| = 1}.
Proof. Let f(z) € Q(w, $;v). Then by Herglotz formula [2], we have

2(Q5f(2)) 1+z2
@i tioe T "’)/

where i is a probability measure defined on the unit circle X = {z : |z| = 1}. By means
of the identity

—dp(z) +p7, (2.4)

d, Qff(z) _1|2@Q3f(2)) pz*
;,;logm ?[ Qi I-# } (25)
(2.4) yields
Q5f(2) = 2P(1 — 2P) exp[-2p(1 — v) /X log(1 — zz)du(z)). (2.6)
Thus
(2) = Q52a{="(1 = ) expl=2p(1 ~ ) [ log(1 = 22)du(a)]}.
Now the proof is complete.
Theorem 2. Let 0 < 71 < 72 < 1, then Q(a, B;72) C e, B;71).
Proof. We define a linear operator on Q(a, 3;7) as following:
r() =B ev). .)

Then T, is a linear homeomorphism from (c, 5;7) to S;(7). It is well-known that
Sp(v2) C S;(m1) for 0 <7 <72 < 1. The result follows 1mmed1ately
Theorem 3. (i) The extreme points of coQ2(a, 3;+) are given by the functions

f2(2) = Qpfa {(12-’1(:;)_“‘;?"")}

(zeCz|=1;2€U). (2.8)



(i) Co Qa,B;7) ={f: f(2 j fo(2)du(z)}, (2.9)

where p varies over the probability measures defined on the unit circle X.
Proof. Since T, defined by (2.7) is a linear homeomorphism from Q(c, 8;7) to S;(7),
it preserves extreme points. By making use of Lemma 1, the results follow at once.
According to Theorem 3 and Lemma 1, we have the following corollaries.
Corollary 1. Let f(2) = 2P + 3 6p1n2?*" € Q(a, 5;7). Then

n=1

(2p~2py)n . L(p+n+a+B)T(p+8
) n! ) I‘{s+n+ﬂ)l‘(p+a+ﬂ)’ 1<n<p,
18540l < @p-20mn-sl f1 (2p—20v+n—0)- f1 (n—pri)

A=l . I{ptn+a+B)l(p+8)
n! " T(p+n+A)T (p+a+h)’

n 2 p.

The result is sharp.
Corollary 2. Let f(z) =27 + E ap+n2Pt™ € Q(a, B;7). Then for |z| =r < 1.

v (2p - 2m)n To+n+a+BIP+0) pin
f@<r +Z Te+n+B)(p+a+p)

>

n=p

n! Tp+n+B)TE+a+p)

The result is sharp. .
Theorem 4. Let f(z) € Q(a,B;7). Let p be a complex number with p # 0 and
satisfy either |2pp(1 — ) +1| < 1 or [2pp(1 — ) — 1{ < 1. Then

Qsf(z) \* 1
(zp('f‘__zp)) S A= = 9(z) (z€), (2.10)
where ¢(2) is the best dominant.
Proof. Let
RO
p(z) = (;;;(-1—_'2—,,)) ; (2.11)

then p(z) in analytic is U with p(0) = 1. Differentiating (2.11) logarithmically we have

s () e
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Since f(2) € Q(a, 8;7), (2.12) is equivalent to

p+ ;1;((5)) <E +p1(i‘227)2 = h(2). (2.13)
If we take
g(z) = - z)lzpp(l_y),ﬂ(w) =p and ¢(w) = L (2.14)

pw’

then ¢(2) is univalent by the condition of the theorem and Lemma 2. It is éasy to show
that ¢(2),8(w) and ¢(w) satisfy the conditions of Lemma 3. Since

Qe) = 2 (2)d(q(2)) = 2L (2.15)

1-2

is univalent starlike in U and

h(z) = 6(a(z)) + Q(z) = BB =202 (2.16)

1—-2

it may be readily checked that the conditions (1) and (2) of Lemma 3 are satisfied.
Thus the result follows from (2.13) immediately.
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