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AR ZFOEMIZONT

FEHBA AN (Akito TSUBOI)
HPFE K (University of Tsukuba)

2003£F3 A REEMFTHI T

F. Oger X R" 2 HRBEDO ¥ A NV TR O MEEZETNVEROE 7=, FA1EE
FADORERT, FANEZANDDLRNY FERBERHETRATHIZLiITLY, #E
PR TDIENEDTAT AT Tholz. ZRTIE, oL EEREHELT
FNERMICERTHIZLEDHIT. :

ARCIXL3ARBORBRENORDEF/LTS. M,N, .. R L#E&%*H0bT. %
7=, ab,.. iXZhd L&Dt bbd. TOABINLEd,.. . R ThHbbT.

ER 1 1l.a,0€ MOERENRILUTTHS (d(ar,a3) < 1) LIXR(*1,..,%s) € L, a3, ...,an €
M & n @ permutation 0 € S, T M | R(ao(1),.-.»8o(n)) ERDZETHS. FWRIC
d(a1,a3) < n,d(aj,a) >n REEEE/ETHZ LN TES.

W8S A, BC MiZx L Tixd(A, B) = min{d(a,b) : a € A,b € B}.
2.y € Bu(21, ..y ) X d(y, {Z1,.-,Zm}) < n #FKT forumula &5 5.
3. B o(T) = p(zy, ...y ) 1

(@191 € Bay (21, -rs28)) o Quitim € Ba (31300 7)) [0(Z, 9)],

DOROREX L R/RANICRER L &, BERBRL LB LTS, £EL, Qb
BB THY, 0 IEIESEZRZRVEEATHS. itk TR 5RER
AR 2T btp(a) TERT.

4. ACMIZRLT, da,A) <wiBBRaec M2k%CA)TET. CCMMBC =
Cla)(a € M) DEE LT D L& M OERRTE KiThd. £8 A C M PERRESY
EEhbd L, AIERTHD LW,

TE 2 RERBEALEKILT—LVEETHLTWA.
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X 3 L @EK o) IBREREXIy,2)IcXoT
3y6(y, x)

DEELTNDHLE, RFM (HDWIL L) L LEZ LIZT 5.
2. a ik o> Tk a3 RFreBA 26t tp(a) TKT.

1 Gaifman OERE
Gaifman OEEZbh b DIE CaEAHT 5.

MBAMENZLEELL, NiZu, AL ERETS. CLDEZMBIWYNEhFh
OERERYET D, WEANEI {0,}ica CC & {b}lica CDBRICBET A T2EHLT 5.
TOLE, KeceClzHLTdeD %

btp({ai}ieon c) = btp({bi}iea’ d).
LRBEDITBREZLNTES.

Proof. q({z:}icary) = btp({aitieas €) £TB. ¢ € C({a:i}ica) BDT¢*({2:}ica) := {Iyb(Z,y) :
8(2,y) € q} B {a;}iea KK E>CHE SNBREF A TEEZTEV. LESST, ¢ ({zi}ics)
i {b}lica CDIZEoTHiTzEND. ThDYL, BEFA T q({bi}icary) is 1T N CHRFER
ML 7B, DD w R L, q({bi}icay) 2 WT d € D NIFHET 5.

EE. 5 {a:}ica CM & {bi}lica CNZTEFN LTS, H ({a:}icas {bi}ica) RKRDEHERaT
FTLE(MN)BERMLELSEZLIZTS !

1. d(ai,a;) = d(b;,b;) (1,5 € ) ;

2. Aiyyeeey Qi (b,'l, reey b,‘n) Z’Jiﬁgo) & %, btp(a,-l, ...,a,-n) = btp(a,-ﬂl, ...,ag").

FE6 lacMibe NBRUBEZA 72T, (3,013 (M,N)-HERANTHS.

2. ({ai}Yica {bi}ica) B3 (M, N)-T B3 72 51E, B o = {(a:,b)}ica XM & N OBOES
R L 25 : EREBIES AC {a}ico TR LT o|ARBALLICBYRARTHS. HL
{aiyy ..., i} BERETRO2RBE, (a,...,a;,) ¢ RM, (bi,....,b;,) ¢ RM BT _XTDn
EHRFERLB Re L TR, LMo To iR THS.

X7 q(z) B M OREY AT LT 5. dimy(q) = |[{C(a) : M = g(a)}.

XE 8 dimm(q) > m < qDMED ay,...,a, Td(ai,a;) = 00 (1 <m) Eﬁ'f:T%OZﬁ&J
5. LEXB->T, dimy(q) > m X I,-FARBROES TREAINS.



BEOMENZL, R LWEEETSH. MENBLED S, -ARBAZW-T LT 5.
(a) g(z) ZMERBROEEGLTSH. ZDLE ) B M THRAERMN < q=z) BN T
ARRFRAY.
(6) q(z) BREF A TDLE, Hmew THLT,

dimpy(q) = m < dimn(g) = m.

(c) ({ai}icas {bi}ica) & (M, N)-BRF LT 5. Fce MITHLT, ({ai}ieaU{c}, {bitica) U
{d}) (M, N)-#EBxt&725de N BEETS.

Proof. (a) ITHALNTH 5.

(b): EOHERERIZLY, dimpy(g) > m BITdimp(g) > m i v -EARERIcL v RBASHh
5. MENIIGED S, -ARAXLFOOTHREES. _

(c): Case 1. ¢ € C({ailica)r I = {i € o : a; € C(c)} LBL. BREDERIZL
v, {a,-},'ej & {bi}iel BRICBESF A FTE2FFD. KiZ {bi}iel ENEZBWCHEETHS. M
F4izkD,de NEbtp({a;}iecrUc) = btp({bi}ierUd) ERDESITBRD. ZDLE,
({aitiea U {c}, {bitica{d}) 2 (M, N)-BRIZR2DZ LIIALNTHS.

Case 2. ¢ ¢ C({ai}ica)- q(z) = btp(c) & B<L. BT dimpyr g =00 LRKETS. NIZBITD
qORTCHERL 2D, LEBRSTN O w-FEIZEY, d€ N\ {b}icc TqZEWTH
DOBH 5. ({a:}tica U{c}, {bi}ica{d}) B (M, N)-ZBRBRZLZRDZDIIRLE L.

Kizdimy(q) = n € w BRET . (b)IZLY,dimpy(q) =nTHS. b L dimep}.ea)(9) <
n &I, d€ N\C({bi}ica) T 2T HDONRHSD. BOHNIT ({a:}ticaU{c}, {bi}ica{d})
X (M,N)-#RTH.

#itdime().ea)(9) = n ZEELTFEZHHIIV. ¢, ..., 6, ZZDRTOREE 255
ELTERE. ZHTECThy,..0 by, Ze; € Cby) (7 <n) &2558e 5. ({ai, .0}, {85
DERELMEAEA, d,€C(a;,)(j<n)ZqDRELTLD. d(a;,a;,)=00 (J#k) &
25, dime({a}ica) (@) 21 THB. ¢ ¢ C({aitica) ITb IV E DD g DMIEN D, dimp(q) > n
285 ZhiZFETHS.

TE 10 M, N2 L &L T5. aeMEbe NIZxLT
1tpps (@) = ltpy(B) = tpys(@) = tpy(B).

Proof. ltp(a) = ltp(b) ¥ES 5. M & N i36EO S, MRBLX S Wiy, 7 (a,b) 12
(M,N)-ERX LD, M NEZIHEKTAHZEIZED, Thfhw-fafn L {KEL TLL.
L7ch3-> THERE 9 & back and forth argument IZX YV, FIEETN M, & Ny 2ROFHE W
ETEoiteéhns:

18

N })
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eacMy<M,a€ Ny <N,
® (Mo, NQ) (e (M, N)—%E.
Lo THER6IZLY, (Mo,d) and (No,a) IHERE RS, LENRoT tp(a) = tp(B) ThH 31

R11 MELIBELL, a,be M L3 5. (a,b) (M, M)-ERZLIXtp(a) = tp(b) TH5.

Proof. EER 10 OFEATIIMEI 250 T, M & N BRI L I,-BAREXEW /-4 = L A3
Blilol, ZORFBIITNEDORBETIXARICHKILT S, & EIXER 10 OFEA & FROBES
ZThidkuv.

R12a e M (i <m) &T5. Fa PNEKT, da,a) =0 (1 #j). RoEFATS
P(Zoy -y Trm) = tP(0, ., @) IR TERINS :

(%o, Zm) = | btp(@) U |J “d(@:;,3;) = oo”.
i<m i<j<m
Proof. ¢ £ d & q D 2D ETHIZ, (6,d) IXTFJRAERSD. LeBo TLORIZL Y R
/5.

# 13 (Gaifman) EEOHAREBRIIROED S, -HRBARXDO T — LB L LThiT5 .
(*) 3xo..3zm[Aign 0(20) A Aigjam d(wis2;) 2 1], 0 IZBRTERIR,

Proof. M & N % (*) OO BEGREAUZE L T elementary 285 L 35. ZDLE, M=N
ERDH TRV EIV. HERIZLY, TRFIOETNVTw-fafuE LTEW. FRESZA
7ML NTRLKRE:RR> (AFRZLELHE) . LEd->T, (M,N)-ERX(0,0) b
T, BRATBT S back-and-forth argument %2475 Z & B TE, ABEFV M, < M
and Ng < N L ZDORDORELZE 5.

¥ 14 1. MPBRFIAR < |B,(b)| BT RTDnecw b TITDbe MIZHLTHR.
2. M R—RRTAR < sup{|B,(b)|: b€ M} B%Fn cw i LTHR.
3. M BRFTREUEZ RO < BRERIENK o(2) I L Tm, € wIFHELTH B, (a)(a €
M) B p(c) DRRERES.

KB L.

BR 15 M= NiZxH LU TRBERE :
1. M B—RRFER < N R—RHER.
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2. M BRFEAEREEZ RS < N ¥REFTREMEZ .

B 16 L THEEREFAR << ToOhsd (£2TD) TTFAR—ERFTAR.
2. T RRFIFEBEELF> — TOHS (£2TD) T /VERHFEREEZE-.

KbE L.

#HE 17 o THARFRBENEEZM-IE, T TD 1-F 1 71X non-algebraic TdhH 5.
o THR—IRRBTARRD I‘i, T 1% superstable T U-rank 1 TH 5.

> BEFERE.

e 18 M*Zw-faRRM®D elementary ertension £ 35, ZOLERIIEETH S :
(a) M BRFTIRBMEEFFD ; ;
(b) M* DEBOBBERSY C XL T, C < M* ThH5.

Proof. «—: M BRFTRIEMER R &35, ZDL &, consistent RIRERAN o(z) TH
m > 0IZHLTh e M T By(b) # o) DMEBFERNLSICTES. LiekioT, MRk
I2X D b € M* #BATOD) 2% p(z) DMEBERNESICTES. EoTOW ) IEM D
elementary submodel TiX72v .

—: (a) ZRETS. C & M HBRIL Z-BAREREZRM- T2 L 2 RiE L. HCR131IC
£V, PARER o A

Hwo...ﬂxm[/\ 0(z:) A /\ d(zi,z;) > n]
i<m i<j<m

DEDLDEEZNITLV. ZZTHRIRERBNTHS. MR EDp#Wi=TLLT, C
ThRiEInd Z LaREE IV, TRREFRBEEZEFFODT, 0 ICHEEHIITE Y72 ng A
FELT, COBRDOn MBI OME LD ENTES. ZhitC R T L%
Y.

BE 19 AEOBRT, THARFRBMEEREOLE, ACMIZHLT, CA) < M BRE
ns.

#HE 20 M* 2T Ow-MEMETFNET D, RIZFHETHS.
LTI —&RFTARTHS ;,
2 fEBD a e M* TR LT, Ca) C acl(a).

Proof. 1+ 2B LNTHS. 2> 1iwAMEICES. TR HRRFARTRNELT,
a€EMénecw# By(a) BEBRICRDLIITBRE. ZDL & {z€ B,(a)}U{z ¢ acl(a)} IX
FRRFE A Lo THRbe M ZFo. ZObiXC(a)\ acl(a) IZBT B.
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LOZoOWECL Y T 25— BRFARCRFTFREMEE R TE, acl(a) = C(a) TCa) £ T
L%

3 ETFILOEH

EE 21 M 2 —RRFTARE L RETRREL - LWL 5. T =Th(M) IZBT3RD
FMIIFETH .

(a) FEED S|(T)-Z A TIXMIM TR ;

(6) [51(T)| 2 w.

(¢) 15:(T)| = 2.

(d) ERERE ST EREETNVDBFET D ;

(¢) EFIRBOEMEE T NVNFET S ;

() [(T,w) > w;

(9) I(T,w) =2%;

Proof. If we assume (a), we can easily construct a 2“-many 1-types, using a binary tree
argument. This shows (a) — (c). (c) — (b) is trivial. The local isomorphism property
implies that if a is a point in a model of T then C(«) is a model of T. So the implications
(c) = (d) = (e)— (f) and (c) — (g) — (f) are obvious. So it is sufficient to show the
implications (f) — (b) and (b) — (a).

(b) = (a): Assume the negation of (a) and choose an isolated type r(z) € Si(T'). We show
that any 1-type is isolated. Let p(z) be any type and a a realization of p. By the local
isomorphism property, C(a) is a model. Since r is an isolated type, C'(a) has a solution b of
r. By the uniform local finiteness, a € C(b) C acl(b). So p = tp(a) is an isolated type. This
shows that there are only finitely many 1-types.

(f) = (b): Assume the negation of (b). Notice that a 1-type determines the isomorphsm
type of the connected component that realizes the type. So there are only finitely many
connected components Cj, ...,C, modulo isomorphism. Let M be a countable model. Let
m; < w be the number of components C' in M with C = C;. M is completely determined
by the tuple (m,,..,m,), so there are only countably many models.

M MEEERUSNCH SRR EZR R VWL EiZrigid THH L bh5.

%22 M % —BRFARNE L BFREEL & LEELT 5. T X rigid CRIFET 2
¥ BOHEEEET NVEFRFD.

Proof. If T has a rigid model, then any two points in a component have different types. So
there are infinitely many 1-types. By the above theorem ((a) — (d)), we are done.
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4 Rigid GHE.
Let M = ;cq

isomorphic components C; and C;, then the mapping which exchanges these two isomorphic

C; be a decomposition of M by connected components. If there are two

components (and fixes other components) is an isomorphism. So M is rigid if and only if
(1) there are no isomorphic components and (2) each component is rigid. In this section, we
study rigid connected models.

T 23 1 p(z,)) RROFEER T LE (IZEDBT, MicEBWT) —ERICRENRE
BRELTIND ncwBFELTEEDae MIZRHLT|{be M : p(ba)}| <n.
2. M OHECHEE o iZIROFMEWI=T & & translation & XT3 : —RITARKPOZK/HA
Rp(z,y) BEELT M E ¢(o(a),a) (aec M) .

TH 24 M = N BROFHGEW=T LT 5

(¢) M = acl(a) for anya € M ;

b)kew BFELTACN BPEBULORZKETIIN =dd(A4).
ZDLE M B rigid 25X N IXAB TR translation ZRFF2R20.

Proof. Suppose that N has a translation o # id. We show that M is not rigid. Then, by
property 2, for any k-element set A C N there is a € A with o(a) # «, since otherwise we
would have o = id. Let ¢(z,y) be a formula witnessing that o is a translation. Let ¢ (z,y)
(§ = y1...yx) be the formula '

V (#@w) V(@ =u).

i=1,...,k
Then for any A C N with |A| = k, thereis a € N such that N | ¥(o(a), A)A¢(a, A)Ao(a) #

a. In particular for any formula 6(z) we have

N E Vil A\ yi # y; = Fe3' (2, §) A p(',9) A (8(2) & 6(2")]] (1)
i

Since ¥(z, 41, ..., yx) is a uniformly algebraic formula, there is a number n such that

N E Vg3 ap(z,5) (2)
By (1), (2) and M = N, if ay,...,ar € M are distinct elements, then for each 6(zr) we can
choose distinct ag, by with M |= ¢¥(aqg, a1, ..., ax) A ¥(bg, a1, ..., ax) such that

M = 6(ag) < 6(b).

So, since (2, ay, ..., ax) has only n solutions in M, we can easily deduce that there are a # b
having the same type.
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25 T HBIARRBRLTD. EMENZ2TOEFETNLVET D, MR rigid
TN =dc(A) BT RTOEBELUEDTEEFSOACNIZHLTRIYET S LTS, ZDLEN
BB TR translation ZFF7-720.

Now we are going to show:

P 26 —HRBFARZ_SOEEM = N TREZWITHONFEETS :
(a) M & N iXRBTRIEHEZFFD ;
(b) M X rigid TRUVH N iX rigid.

—HEOHEAZHEA LB S LOBMEZRT. For each n € w, we define two subsets I, and D,
of Zby

o I, =[-2"2"|={a€Z:-2" <a< 2"

o D, = Uign(Ii + 242 7).

R 27 Let {A,}neo be a family of subsets of Z with A, C I,,. Define the A%’s by A% =
Uicn(Ai + 242 Z). We assume A4 N D, C AL for alln € w. Then A}, C D, and
As N Dy = AL So (Uie, A7) N D = A

Proof. First notice that by our assumption we have A, N D, C A}, for all m > n. A} C D,
is clear. Since A}, N D, D A}, is clear, we prove the other direction Ay, N D, C A;. By
assuming z € A}, N D, and z ¢ A}, we derive a contradiction.

z=b+ 2%

So we have a = b+2'*%m for some m € Z. This means that a € D;. Hence, by A,ND; C A},
we have a € AY. So x = a + 2"3k € AY C A%. A contradiction. 1

Now we are going to construct specific sets A,,’s satisfying the conditions in lemma 27 plus
the symmetric condition

A, = —A,.
We put Ay = (). Suppose that we have defined A;’s for : < n.
Case 1. n = 2m. It is clear that m € I,. Clearly I,4; \ I} # 0. For example, a =

142+4+---42" € I,41 \ I;. Choose b € I, such that a — b is a multiple of m. If b € A, then
we put A,y = A,. f b¢ A, then we put A4,4; = A, U{—a,a}.
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Case 2. n = 2m + 1. As in the first case, choose the least positive a € I,,4; \ I;. Then
—a + m € I}, by the minimality. If —a + m € A, then we put A,;; = A,. Otherwise we
put An+1 = An U {—a,a}.

It is clear that A,’s satisfy the required conditions. As in lemma 27, we define A%. Let
A* be the set | ¢, A;. Now we consider the structure

M = (Z,R, A%),
where R is the binary relation {(z,z + 1) : 2 € Z}.
iR 28 M IXRBTRAUEZ .

Proof. Let n € w. It is sufficient to find m € w such that any B(a,m) = [a — m,a + m]
contains an interval which is isomorphic to the substructure I,,. By the definition of A’s,
we have A N I, = A, (I > n). So, by lemma 27, we have A* N D,, = A}. This means that
for any k € w, the following equation holds:

AN, +2"2 k) = A, + 272 k.

Now two subsets (I,, +2"*2 k) and I,, are isomorphic as { R, A*}-structures. Hence m = 2"+!
has the required property. i

29 M OHCREIIMESER L 0BT 2K (2 —» —2) BT TH 5.

Proof. The transposition at 0 is an automorphism by the property A* = —A*. We show
that there is no other nontrivial automorphism. Let o be an automorphism of M. By the
definition of R, o(z) = z+m (m € Z) or o(x) = —z + m (m € Z). First let us assume that
o(z) =z +m and m > 0. Put n = 3m. Both 2" 4+ 1 and ™ +1—m belong to I,,4+;. But by
the definition of A,4; (case 1), exactly one of 2" + 1 and 2" + 1 — m belongs to An4;. Using
A* NI, = Apy1, we know that o is not an autormophism. The case where o(z) = z + m
and m < 0 is treated similarly. Next we assume o(z) = —z + m and m > 0. Now we put
n = 2m + 1. Then both 2" + 1 and —2" + 1 4+ m belong to I,4+;. But by the definition of
Apt1 (case 2), exactly one of 2" +1 and —2™ + 1 + m belongs to A, = A*N I,4;. Again we
know that o is not an automorphism. The case where o(z) = —z + m and m < 0 is treated
similarly, by A* = —A*. 1
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Let p,(y, z) be the (possibly) partial type asserting that d(y, z) = n and that the mapping
0,:(2) = —z + y + =z is an automorphism of M. Notice that the only solution of p(y, 2) in
M is (0,0). We prove

A8 30 p,(y,2) X T = Th(M) IZBO TSI TR,

Proof. By way of contradiction, suppose that p,(y, z) is isolated by ¢(y, z).” By Gaifman’s
theorem, ¢(y, =) can be assumed to be a bounded formula. Since (0) holds in M, we can
choose n € w such that

MEMW)[By.2") =L = ¢)l.
By the local isomoprhism property, there is a # 0 satisfying B(a,2") = I,. From the above,
a satisfies ¢, so a realizes p(y). A contradiction. |

Using the omitting types theorem, choose a model N |= T omitting the type p(y,z). By
the local isomorphism property, we can assume that N is connected.

#E 31 N iLrigid TH 5.

Proof. Since N omits p(y, z), any o, is not an automorphism. Recall that any 7,(r) = z+a
is not an automorphism of M. By N = M, 7, is not an automorphism of N. §

BEW
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